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. PROFESSOR THOMAS CRAIG, Pz. D. 


Thomas Craig, the former editor of this JOURNAL, and Professor of Pure Mathe- : 
matics in the Johns Hopkins University, died May 8, 1900, in his forty-fifth year. His 
connection with the AMERICAN JOURNAL OF MaTHEMATICS, as editor or associate editor, 
continued through the greater part of its existence, being severed at the end of 1898, when - 
failing health compelled him to retire from the editorship. Craig was connected with the . 
Johns Hopkins University from its foundation. He was attracted thither by the desire to 
pursue mathematical studies under the guidance of Sylvester. From the beginning he 

. showed an extraordinary. development of the faculty of acquisition, being able to master, 
almost without effort, the writings of any. of the great geometers to which he was at- 
tracted. The productive faculty was developed more slowly. 

He was naturally among the earliest Doctors'of the University, and the first, or one 
of the first, to graduate in mathematics. His earliest publications were two small books 
on hydrodynamics, and a work on projections, prepared for the U. S. Coast Survey, with 
which he was associated for a short period after his graduation. His most elaborate sep- 
arate work was a treatise on Linear Differential Equations, embodying the course of 
instruction.on that subject which he gave to the students of the University. A work on 
higher geometry, on which he was engaged, but, so far as the writer is aware, on which. 
he had made little progress, was left unfinished at the time of his death. i 

He was also a frequent contributor to the pages of this JOURNAL. Among the con- 
trit, ations worthy of especial mention were his various papers on Thetà functions, in the 
sit and sixth volumes, and a memoir on Linear Differential Equations whose fundamental 
jntegrals are the successive derivatives of the same function, in the eighth volume. 

“ During his editorship ‘he devoted. himself with great energy to the interests of the 
i JOURNAL. ` The principal object of at least one of his visits abroad was to interest Euro- 
pean geometers in it. He recognized and admired the genius of Poincaré; and two elab- 
orate memoirs by the latter, which appeared in the seventh and eighth volumes, were 
believed to have been sent to the JouRNAL on Craig’s personal solicitation. 

As an expounder of mathematical subjects to advanced students, Craig’s abilities were 
of a high order. “His lectures were well prepared, and he spoke with rapidity, clearness 
and force. It may well be that only the best students were able to keep up with him, but 
these profited in a high degree from his expositions and entertained a permanent appre- 
ciation of his efforts for their development. Concentrating his intérests almost entirely on his 
«family and his students, rarely taking a long rest, he mingled little with men, especially 
in hig later years, when his activities were greatly restricted by failing health. | 


| SIMON NEWCOMB. 
The writer is indebted to Dr. L, P. Eisenhart for part of the material on which this notice is based. 


` Appareil a liquide poùr l’intégration ie de 
certains types d’équations différentielles. 


Par M: Micrer PérRoviron à Belgrade (Serbie). 


| Dans mon Article, “Sur Pintégration hydraulique des : E différen- 
tielles ” (American Journ. of Mathem., vol. XX, No. 4), j'ai indiqué une.methode - 
- pouvant servir & intégrer graphiquement des équations différentielles du premier 


ordre. On peut faire varier la disposition de l'appareil et par cela même les 


types d'équations que la methode permet d'intégrer. 

J'ai fait construire un appareil de ce genre, particulièrement facile à réaliser, 
pouvant servir à enregistrer directement les intégrales de certains types d’équa- 
tions. Ces équations sont, il est vrai, intégrables analytiquement, mais il est 
commode pour les applications, d’avoir une methode rapide. et sûre pour la con- 
- struction mécanique de leurs courbes intégrales. 


l Déscription et fonctionnement -de Vappareil. 


Supposons que sur une plaque d’epaisseur uniforme (p. ex. sur une planche 
en bois) on marqué un système d'axes AU 0%, ot PE 1); qu'on y trace 
ensuite une courbe donnée 


ee 








-2 E “Appareil & liquide pour l'intégration graphique | 


et qu’on découpe la surface limitée par deux dites a et z, la courbe ainsi Less 
et l'axe des « (si la courbe s'étend de deux cotés de oz, on découperait la plaque 
suivant cette courbe et les deux droites z; et z). Ootte partie decoupée" sera 
appelée dans la suite: plaque D. 

Traçons ensuite sur une autre plaque, d’epaisseur également. iinne; un 
systeme d'axes ov, ow et une courbe donnée R 


w= 9(0) | 
et comme -précédemment découpons. la partie de la plaque comprise entre la 
_ courbe et les deux droites v, va. Cette. partly découpée sera appelée : 
plaque H. 

CT mélntenant que sur un cylindre Ọ on ait- tracé deus axes 
of et.ox, de sorte que oğ soit parallèle à la. base du cylindre et que ox soit une 
des ses génératrices, Traçons y ensuite une courbe donnée 


s= 0 ($). 


Ceci étant, supposons un appareil construit d’après le schema suivant. ` 
Une cuve K (fig. 2), ayant la forme d’un parallelipipède, communique par 











i certains types d'équations différentielles. ie | 3 


un tube horizontal M.avec un autre tube vertical N. Le cylindre -0 est placé 


sur un support (p.ex. sur une caisse en bois) et peut tourner lentement autour 


| d'un axe vertical soit par l’action d’un mécanisme d’horlogerie, soit par une 


Som 


+ 


manivelle qu’on tourne à la main. . 
| On fixe Ta plaque # de sorte qu'elle immerge dans la cuve Ket qu elle ne 
vyisse pas se déplacér pendant l'expérience. É 
La plaque D, également immergée dans la cuve, est fixée au bout d’une tige 
P pouvant glisser verticalement. Sur la tige P se trouve fixé un repère R; en 
e tenant par la main, on pourra, en le déplaçant verticalement ensemble avec la 
ige (et par suite ensemble avec la plaque D) faire de sorte que lorsque le 
ylindre C. tourne, le repère se trouve constamment sur la courbe x = = 0 (£) 
racée d'avance sur le cylindre. = 
Versons ensuite d’un liquide A ‘dans fa: cuve è K, ju u une hau- 
eur arbitraire. Lorsque le cylindre C commence à tourner et qu’en déplaçant : 
à chaque instant le repère À on fait de sorte qu'il se trouve constamment sur la 
courbe «= 6(£), le niveau du liquide s’elèvera ou baissera avec la longueur £ 
parcourue par un point du cylindre suivant une loi dépendant des formes 


1° de la courbe æ = 6(£) tracée sur le cylindre ; 
2° de la courbe t= F(z), suivant laquelle a été découpée i plaque D; 
3° de la courbe w= % (v), suivante laquelle a été découpée la plaque F. 


ous qu’une tige verticale S soit placée. à coté du tube W, pouvant 
glisser verticalement et sur laquelle se trouve fixe un repère T en. bas et un 
crayon @ à la hauteur du cylindre. Si un observateur déplace à chaque instant 
le repère T de manière que sa pointe se trouve constamment à la hauteur du 
niveau du: liquide dans le tube N et que, à l’aide d'une vis, on fixe le crayon Q 
sur la tige S de sorte que la distance QT soit invariable pendant ce déplacement, 
le crayon déctira sur le cylindre tournant une certaine courbe .. 


y=x%) | 


~ 


| dépendant des trois données 1°, 2, 8° et donti nous allons clietehei l'équation 


| différentielle. ay: 


4 Pyraovrmon: Appareil à liquide pour l'intégration graphique, 


À cet effet désignons (fig. 3) par 








Fra, 8, . 


a et b les épaisseurs uniformes dés plaques D et F; 

l et g la largeur et l'épaisseur de la cuve K; | 

r le rayon du tube N; 

a la distance du repère R au point O, Crane de coordonnées de la courbe 
suivant laquelle on a découpé la plaque D; 


oa 


`A la distance de l’origine de coordonnées pour la plaque. Æ au plan du fond 


de la cuve K; 

B la distance. dé Vase fifa des . eur le eylinare C au ee du fond de‘la 
cuve K; 

p la distance du crayon Q au niveau ah liquide.; 

5 la distance. de l'axe ae des & relatif à la courbe y = xy Ha décrite par le 
crayon Q, au plan du fond de la euve. On pourrait faire coïncider cet axe avec 
laxe fji relatif à la courbe décrite par le repère Æ. Mais comme ces deux 


`. courbes varient dans les sens inverses, il y a avantage dans la pratique, pour 


r 


diminuer la hauteur du cylindre, de choisir convenablement la hauteur de cet axe; . 


a Pordonnée de la courbe x =-6(£) tracée sur la cylindre ; 
y Vordonnée de la courbe Y=X (&) décrite par le crayon ni 
z z la distance du point O au niveau du liquide ; oo 


de certains types d'équations différentielles... °° | 5 


u-la hauteur de ce niveau comptée à partir du fond de la cuve K; 

vla distance de Vorigine des coordonnées de la plaque # au niveau du 
liquide. 

Les quantités a,b,l,g,r,a, h B: p, ò sont des constantes pour une éxpé- 
_ rience donnée; les a, Y, Z, u, v sont des variables. | 

- Ceci Sant soit HH’ le, niveau initial du liquide.. En faisant i immerger la 
. plaque D de sorte que x se change en x — dz, le volume dV du Hauts qui s’est 
élevé au-dessus du niveau primitif u sera | 


, . APE gdut ndu — Wp) du — oF de (1) 
et comme Yon : a - : 
; | iy ti—p, nar”) 
|  vmh—u=h+p—S—y,. (3) 
en posant pour abréger ` ` | a CA i ee 
7 gl Pm — bp (h-+p—8—y) = BG), ee A 
aB()=¥(2) we A) 
on aura E je 
| | dV= [P (y) —F (2) dy. 0) 


Mais ce volume est égal au volume du liquide déplacé par linmers{on de . 
‘a plaque D. Comme la largeur de la- partie immergée audessous du niveau’ 
HH' est, Ba son épaisseur a et la hauteur — dx, son volume sera 


— aF (2) de = — Y (2) de 


* aon l'équation | TE 
| [® (y)—W CIE En LOL (7) 
Mais on a à das instant | J 
l : etetamet 8° = (8) 
d’où mr. | (8): 
| EE ; E a =g + yA l 
avec : | a= B+5—a—p; 7 ' (10) 


. par suite on peut Sie Péquation (7) sous l’une on. l'autre des formes suivantes : 
@ (y) dy + € (2) dz = 0, a | (11) 
Tootest L4ee—yta=o - a) 


6 “Prrrovrron : Appareil à liquide pour l'intégration graphique 


Telle est Péquation différentielle du. -probléme. Si 


nes Y, 0) =0 à | ; (13) 
est. l'intégrale générale de (11), celle de ( (12) sera : | 


n(e—y FA Y, 0)=0, | © (14) 
fæ y, 0)=0 : | 

est A de (12), celle de (11) sera : 

| S@+y—a,y, 0) =0.° 


pa suite, si la courbe, tracée sur le cylindre et le jong de laquelle on fait 
déplacer le. separe R, est > 
s= 0 ($), 


et si l'intégrale penbrale de (11) est (18); la honte y= À () tracée par. ine crayon 
. Q sera 


et inversement: : gi 


xO Ey +A, Y, o =0, 


o, étant une valeur. particulière de la constante d'intégration, déterminée p..ex. 
par la condition imposéé à la courbe y= .(£) de passer par un point donné 
E = Éa, Y = Y; ceci donne les trois équations - 


m=O), m=m~Ytr, nla mw C)=O, 
détérminant la valeur de O. ter À 
Remarquons aussi qu’ ’étant données : 
` 1° la courbe æ= 0 (£), tracée d'avance; 


2° la courbe y = y (£) tracée sur le cylindre par i crayon Q; 
3° les valeurs initiales £, 2, Yo (liées d’ailleurs par 


tm = 0 (E,) — yo + À 


et dont deux, par conséquent, sont arbitraires), on déterminera la valeur de z 
correspondant à une valeur donnée de y (et inversement) dé la manière suivante. 

Si y =y, est la valeur donnée de y, la valeur correspondante de z 2 est 
VYordonnée d’un-des points d’intersection de la courbe 


y=0E)—-n+x l (15). 


parallèles à laxe des y. . : - wk š 


` avec lés droites ; 


‘de’ certains types d'équations différentielles," oT 


Inversement, si z% est une valeur donnée de. g, la value correspondante de y: 
est l ordonne d’un des points d’intersection de la courbe ` 


y = x (8): 


avec la courbe 


y=0 6 —a4 A. ne - (16) 


Les courbes (15) et (16) ne sont autres que” la courbe æ= 6(E): deplacée 
dans la direction de l'axe des Bie. 


| Application à yina problèmes. 


I. D'abord, l'appareil peut servir.comme intégrateur, pormottant de calculer 
la valeur d’une intégrale definie- | 


J= fi sO da. 
A cet effet supposons : | 


1° qu'on a donné à la plaque’ E ta forme fun pareléipitde, de sorte 
.- qu’on ait 
i D (y) = ent = = =B; 


2° que la case w = 0 (E) soit une droite quelconqué 
x= mE + ni. 


-8° qwon a donné à la plaque D une forme telle, que la fonction “Ha 
F (z) soit égale à f(z), ¢ 'est-à- dire qu’on ait . 


D) = af (2). 


L'intégràle de (11) sera alors . 
=- fiout 


et, d'autre part, la valeur Yi; éormeapondant à la valeur 6%, sera l'ordonnée du 
point d’intersection de la droite 


; y = mE + A 
(où a =n +à — z) avec la courbe y =x (E), tracée par le crayon Q. Cette a 
vases yı étant ainsi détérminée, on aura 


+ an . a Ge 


8  Prrnovinoi: Appareil à liquide pour l'intégration graphique 
IL. L'appareil seb servir aussi comme intégraphe. A cet effet supposons 


1° qu'on a donné à ia plaque D a forme d'un paralélipipède de aoe 


qu’ on ait 
F(:) = = const = H; 


2° que la courbe x = 0 (£) soit une droite quelconque 
| | z=mÉ+n. | 
2 ‘L’équation différentielle (12) devient alors, après avoir posé . . 
dx ="mdË; | 
- [© (y) — aH] dy + ma dé = 0 
d'où | A | M 
| JIO OaE] dy = — malt — E). 
~ We $ 
| Par conséquent, d’après l'équation (4), pour. que l’abscisse £ de la courbe 
Y=X (E), tracée sur le cylindre par le FE Q, représente à tea instant da 
‘valeur d’une iia donnée . | 


il faut et il suffit qu'on ait FE 

| NUE ae abl 
. maH Fo) oe 

c vestacdite que la courbe, suivant laquelle a: été découpée Ja plaque Æ, soit telle 


qu’on ‘ait 
p U) = af (b—y) + an 


mH ~ _gl+rn—aH 


avec toot 
CRE a a a 


~ ID. L'appareil s'applique à l'intégration graphique des équations . 


SU) dy + @)da=0, a 


où f et 4} sont des fonctions’ positives. données. 7 
Pour qe on donnera à la plaque D une forme telle qu'on ait | 


F= 


de certains types d'équations diférentiele. Ea 9. 


et à la plaque Fune forme telle qu'on ait 
2 A aa = Bi — pur D. E 
aveo 


enfin, on prendra pour le courbe w= = 6 (6) une droite des D’après ce . 
: qui a été dit précédemment, en ayant la courbe -y = y (Ë) tracée par le crayon Q- 
et les valeurs initiales £,; %, yo, on en deduit facilement la valeur y corres- ` 
pondant à une valeur donnée de.z (ou inversement), ‘y et 2 étant liées par l’équa- ` 
tion différentielle RARE, 


IV. L'appareil se prète aussi à l'intégration graphique des équations, 
(En = Eoo > 0 


qui ne peuvent pas s'écrire directement sous la forme (17), mais dans lesquelles 
_ les variables peuvent être séparées par un changement de la variable indépen- : 
dante de la forme 


E= My +2), << 


où z-est la nouvelle variable indépendante et Mune fonction donnée. 
„En effet, en effectuant ce changement, on aura entre y ‘et 2 uné équation 
différentielle de la forme i 
S (y) dy +40) d= 0 


(od nous supposerons les fonctions f et # positives). ‘ D'autre part, en désignant 
‘par V(&) la fonction i inverse de 


on aura l E POI eric 
dod i O 6O=¥O) a. | 


. Par conséquent, pour que lé crayon g trace : des courbes intégrales de (18), 
il faut et il suffit : 


Te. au on donne à la plaque Dune forme telle qu'on ait 


20-3 


t 


10 Parrovrrom: Appareil. à igi pour Vintégration graphique 
et à la plaque E une forme telle qu'on | ait 
l o(y) = Bi — pfa o), 


peu =, Baht pd; 


avec 





2 que la courbe a = 0 (É) soit la suivante : 
= a= NẸ)— 
où À a la signification précédente. | 


VW, L'appareil se prète à la résolution du ‘problème suivant : étant donnée 


une fonction arbitraire 
=Q () 


‘et une courbe quelconque déjà tracée «+= 0(£),-tracer la courbe . 


| y= Q [0 (E). L 
‘Hn remarquant que si vette courbe est celle décrite par le crayon Q, on aura’ 
so GeO GS OR) | 


et par suite y, définie comme: fonction de z par cette équation, doit satisfaire à 


l'équation Re 
Dy) dy 4 COLE 


(cette conato étant d'ailleurs suffisante). Cette condition ne dépend pas ae la 
forme de la courbe «= 0 (Ẹ) et une fois qu’on l’a réalisée pour une .quelconque . 
des ces courbes, elle sera satisfaite pour une courbe quelconque. 

On la réalisera en donnant aux plaques D et Æ des formes convenables.. 
Remarquons que la dernière condition revient à celle-ci: si 


l Hes t= A(z) . oo 
est la fonction inverse de Do og Fe a 
7 p 7=0(, 
z définie par a 
| = A(y)—y+2,. 


doit satisfaire. à l'équation. (11), ce qu'on peut réaliser de bien de façons. iP. ex. 
on donnera à la plaque D la forme d'un parallélipipèdé et à la plaque E une 
forme telle qu ’on ait ` 


“1A =e), LU 


de certains ape Péguation dirt, ae 11 


ou bien, en doit à E la forme d'un parallélipipède de largeur B ét à.D une - 
forme telle qu'on ait : cu 


r= — 26 


où l'équation y = y (z) représente la bon de 


F y=Q(z +y— à). 
. par rapport à y ete. | 





Au lieu d’avoir une plaque mobile et une fixe, on peut en avoir plusieurs. 
Désignons. les plaques mobiles par D, et les plaques fixes par ;. Supposons 
que toutes les plaques D, se meuvent indépendemment les unes des autres et qu a 
Ja. epee D, correspond la’ courbe 


a= 0 (E), | 
tracée sur le cylindre. En désignant comme précédemment par 
| | i é = F, (2), 


la T suivant laquelle on ait sie la plaque D, et} par a, l'épaisseur de 
celle-ci; par 

w = ĝi w) | 
la courbe suivant laquelle on a découpé Æ, et par b; l'épaisseur de-celle-ci, on 
trouve facilement que la variation du niveau du liquide, contenu dans la cuve E, 
lorsque le cylindre se met en mouvement, sera regles par l'équation différen- 
tielle 


vy +E WG) aa =0, 27 AT (19) 
a Yon a posé pour abréger Un oe z 
D = gl + on — Y bp (ls — y), 
+, (z) = = a F, (2), 
| les k, étant certaines constantes. En désignant par 
| wY, Rs see ..,4)=0, 4 | : (20) 


la os entre y et les Z, exprimée par l'équation 


ae Senin +5 fa ont (21) 


12 PHTROVITOR : it à ré pour l'intégration graphique, ‘etc, ` 


` la courbe décrite par le érayon Q est celle, dont Dedukto: 


Yr.% (£), ` : . 


‘s'obtient en éliminant 2, %,'«.+., # entre (20) et les Æ équations 
| ARE) —y + | re 
a= b (E) y + da, >. (22) 
my = 0, (E) — Y + Am, 


où A, sont certaines constantes analogues & th constante À “precedents 
l On peut ainsi, en partant d'une équation quelconque de la forme (19) et en 


y remplaçant les z par leurs valeurs (22)- (où les fonctions 6, et les constants A 


peuvent être quelconques), former des équations du premier ordré, en & et y, 
dont les courbes intégrales peuvent: ‘être “enregistrées par le’ oregon Q de 
l'appareil. — 


Remarque. Je saisis l’occasion de signaler quelques erreurs de calcul, qui se. 
sont glissé dans mon Article cité; on retablira aisément les formules exactes en 
re dans cet Article équation (1) par la suivante: 


| [® (y) — — (NT dy = — F (2) de 
(comme il est facile de s’en rendre compte) et par suite en modifiant les formules 


qui en resultent. Cela, d'ailleurs, n'atteint pas la signification de la méthode et 
ne change que des types intégrables par les procédés décrits. 


Proof that there is no Simple do whose Order lies 
between 1092 and 2001. 


By G. H. Bite AND G. A. MILLER. 


In thia paper it is proposed to continue the m for simple groups of low 

orders. This work was begun by “Hôlder,* who examined all. groups whose 
orders do not exceed 200. It was carried by Cole up to the order 660 and by 
Burnside t up to the order 1092, It is here proven that no simple Son exist 
. having orders between 1092 and 2001. 
The work is, in general, based on the theorems of Sylow. For the sake of 
` clearness it may be desirable to state the principal theorems used. : In the first 
placé, Burnside shows that all groups of odd order within the limits given are 
composite, and he proves also that a group of even order cannot be simple unless 
` its order is divisible by 12, 16, or 56.§ We have‘also the theorems: 

1. The only simple groups, whose orders arè the product of four or of five ` 
primes, are groups of order 60, 168, 660 and 1092; and no group whose order con- 
“tate less than Jour prime factore ts simple. a 

2. If H is one of n conjugate subgroups of a group G of order N, and. if Nis 
not a factor of nl, Œ cannot be simple.| 

3. Group of order Pips PiP, and pip (B=1, 2....5; Pi <p are 
soluble.** i 

After rejecting all the orders not divisible by 12, 16, or 56, we have left 
118 possible orders. We are enabled to reject the following ones : | 


By theorem 1: 1116, 1128, 1136, 1140, 1164, 1168, 1212, 1236, 1264, 





* Math. Annalen, vol. XL, pp. 66-88. . f t American Journal, vols. XIV and XV. 
À Proceedings of London Mathematical Society, vol. XXVI (4895), pp. 888-589. 
§ Burnside, “ The Theory of Groups.” Arts. 266, 260. | Hélder (1. o.). - 


“+ robenius, Berliner Pe EBAN ENA 1895, p. 190, and Burnside Me) 
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1272, 1284,. 1288, 1308, 1328, 1332, 1866, 1380, 1416, 1424, 1498, 1459, 1464, | 


1476, 1524, 1548, 1562, 1572, 1596, 1608, 1616, 1624, 1644, 1648, 1668, 1692, 
1704, 1712, 1716, 1736, 1740, 1744, 1762, 1788, 1808, 1812, 1860, 1884, 1896, 
1908, 1932, 1956, 1992. 

By theorem 2: 1176, 1456, 1500, 1960. 

By theorem 3: .1152, 1184, 1216, 1280, 1296, 1312, 1376, 1408, 1472, 1504, 
1536, 1568, 1600, 1664, 1696, 1792, 1866, 1888, 1936, 1944, 1952, 1984, 2000. 

By Sylow’s theorem : 1248, 1360, 1368, 1392, 1488, 1632, 1760, 1776,-1840, 
1904, 1968. - 

There remain 28 possible orders which require special treatment, viz. 


1104 = 2%, 3, 23, 1120 = #.5.7,. 1188 = 2.33.11, ` 1200 = 2.3.5%,. 
1224 = 2.39.17, 1232= 2.7.11, 1260 =.2, 3.5.7, 1320 = 2.3.5.11, 
1344 = 2.3.7,  1400=2.5.7, 1404= 29.39.13, 1440 = %. 37.5 
1612 = 2, 35.7,, -1520 = 2.5.19, 1560 = 2.3.5.13, 1584 =.2. 3’. 11, | 
' 1620 = 2. 34,5, 1656 = 2.32.23, 1680 = 2:3.5.7, 1728-= 2.3, | 
1764 = 2°. 83, 73, 1800 = 2.3.5, 1824= 9.3.19, 1836 = 2.37.17, 
1848 = 2. 3. 7.11, 1872= 2, 3. 18, 1920 = 2.3.5,  1980— 27.3%.5.11. 


We now proceed tothe consideration of these cases. 
~ 1104 = 24.38.28. 


‘A group of order 1104 must contain 1 or 24 conjugate subgroups of order 
‘28. Ifit were simple, it would; therefore, be represented as a doubly-transitive 
group of degree 24. The maximal group of degree 23 would be of order 46. 
As this group of order 46 would contain negative substitutions, a meroup of order 
1104 cannot be simple. 

1120 = 25,5 ST 


A group of order 1120 must contain 1 or 8 subgroups of order 7. A simple , 
group of this order could, therefore, be represented as a doubly-transitive group 
of degree 8. Since there is `no transitive group of degree 7 and order 140,* this 
> is impossible. ue | i 

1188 = 2. 3°, 11. 


* Mathieu, Comptes Rendus, vol. XLVI, p: 1048. 
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If ie this group has 12 conjugate subgroups of de 11. It could then 
be represented as doubly- transitive in 12 elements. But there is no such group. 
of this order.* - | | 
| 1200 = 2.3. 5%, 


A simple group of order 1200 could be represented as ‘a transitive group of ` 
degree 16, since every group of order 1200 must contain 1, 6 or 16 subgroups of 
order 25. ‘This group could not be imprimitive, since there is no group of 
degree 8 and order 1200.f: It could not be primitive since there i is no primitive 
group of degree 16 ae order 1200. t i 


e 


1224 = 28.833,17. 


Since every group of this sider contairis r or18 subgroups of order 17, a simple 
group of this order could be represented as a doubly-transitive group of degree 18. 
The maximal subgroup of degree 17 would be of order 68. The group of order 
1224 would, therefore, contain a subgroup of order 8 that contains a substitu- 

- tion formed by four cycles of order 4 and substitutions of degree 18, Since the 
` latter would have to be ‘negative, the simple group is impossible. It might 
appear that the group of order 8 could contain 5 substitutions of order 2'and 
degree 16, but this is impossible, since there would be just 17.9 conjugate substi- 
tutions of this kind. | 

1282 = 9%. T. 11. 


| Every group of order 1232. must contain 1 or 56 conjugate subgroups of 
order 11. A simple group of order 1232 would then contain 560 operators-of 
order 11.- Hence, it could not contain 176 conjugate subgroups of order 7. It 
would then have to contain 22 conjugate subgroups of order 7, and- could .be 
represented. as a transitive group of degree 22. - There would -be subgroups of 
order 56 and degree 21.. Such a subgroup must contain 28 operators which 
transform the operator of order 7 into itself. This group would: contain opera- 
tors of order 14 and degree 21. But these operators would be negative. Hence, . 
no simple: group of this order exists: 


. Miller, Quar. Jour. r. Mathi, vol. XXVII; pp. 198-281. : + Mathieu (1. o.), p. 1208. 
} Miller, Amer. Jour. Math., vol. XX, p. 829. ` - , 
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1260 = 2. 87.5.7. 


_ A group of order 1260 has 1, 15, ‘or 36 conjugate subgroups of order 7. If 
_ there are 36 such groups, each of them is self-conjugate in a subgroup of order 
35, which is necessarily cyclical and whose operators are circular in 35 elements 
if the group is represented as a transitive group of degree 36. All the opera- 
tors then affect 35 or 36 elements. There is no group of this order and type.* 

The group, if simple, would, therefore, have 15 conjugate subgroups of order 

7, and could be represented as a primitive group of degree 16. But there ig no 
such simple group. Lu ; 
2% or i 1820 = %#.3.5.11. 


A simple group of thia order would have 12 conjugate subgroups of order 


11 and could be represented as a doubly-transitive group of degree 12. There‘is 
only one doubly-transitive group of unis order and degres, and it is composite: t 


1344 = 8.3.7. 


i -A simple group of this order would have-21 „conjugate subgroups of order 
64. The groups of order 64 cannot be eae If the groups are not distinct 
we get, by means of the equation, § yo i 


rt 2a, + 4a, + 8w + 16%, = 21, 


“either (a) x, 0 or, (b) m0, FO : 
(a). Let 2 #0. There are then several subgroups of te 64 which have 
in common a.subgroup of order 32. The latter is then self-conjugate in a group 
of order 64(1 + 2%) which has 3 or 7 conjugates. The main group could then 
be represented as transitive in 7 elements, in which case it could not be simple.|| 
(b). Let x= 0 and æ £0.. Then several groups of order 64 have in 
common à subgroup: of order.16 which is then selfconjugate in a subgroup of 


“ order 32 Gi + 2x). The latter. group then has AUTA conjugates. The only 


case that noen be dealt with is that in which k=1. The main group can then 


* Jordan, Liouville’s Journal, giéme ger. , vol. XVI, pp- 851-867. = 
' tMiller, Proc. London Math. 800., vol. XXVIT, pp- 588-545. 

+ Miller, Quar. Journal, vol. XXVIM, p- 198. 

$ Burnside, Proc. London Math. B00., vol. XXVI, p. 886. 

i3 Mathieu’ (L o. +), P 1208. . 
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be represented as transitive in 14 elements. There are thrée transitive groups — 
-of order 1344 and. degree 14, but all are composite.* There is then no simple 
group of this order. 


1400 = 2°. 5*.7 


A simple au of order 1400 would have 56 conjugate. subgroups of order 
25 and 8 or 50 conjugate subgroups of order 7. If the subgroups of order 25 
should: be all distinct, it is clear that there could be at most 8 operators of even : 
order and, if the group exists, a self-conjugate subgroup of order 8. 

If the subgroups of order 25 should not be distinct, there would be a sub- 
group of order 5 self-conjugate in the whole group. _There is then no simple - 
group of thig order. 


1404 = D. 3°, 13. 


À simple group of this order would have either 13 or 52 conjugate tee 
groups of order 27. The group could not be represented as a transitive group 
of degree 13. Hence, there must be 52 conjugate subgroups of order 27, and 
the group could be represented as primitive in 52 elements. Hence, it would have: . 
a subgroup’ of order 27 and degree 51. This group would have at least one 
transitive constituent of degree. 8. There must then be & subgroup of order 9 
which would be common to several of the. groups of order 27, and hence self- 
conjugate in the group generated by them. This would require that the groups 
of order 27 should not be maximal. Consequently there can be no simple group 
of order 1404. 


1440 = 25. 37.5, 


If a group. p.of order 1440 were simple, it would o gontai either 96 or 36 con- 
jugate subgroups of order 5. | 

If it would contain 96 such Hs it could ba Load as" a transitive 
group of degree 96. If it were primitive, then it would have a subgroup of 
degree 95 -and order 15, which would be cyclical. Consequently all the transi- 
tive constituénts of this latter group would be of degree 15. This is impossible, 
since 95+ 16 Æ integer. If the group were imprimitive in 96 elements, it 
could be primitive and of degree’ either 48, 32 or 24. A primitive group of 
order 1440, and of degree 48, would have 48 subgroups of order 30 and degree 


° : > a 
* Miller, Quar. Jour., vol. XXIX, p. 248. | ` - .  ‘iIbid., p 224. 
3 ; . ' ` : 


i s $ | ‘ : | AA * 
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47, each of which would contain -one subgroup of order 5. We would: not then 
have 96 subgroups of order 5. A primitive group of order 1440 and degree 32 ` 
would have 32 subgroups of order 45 and degree 31, each of which would ‘con- 
tain one subgroup of order 5, giving in all 32 subgroups of order 5. A primitive 
group of order 1440 and degree 24 would have 24° subgroups of order 60 and 
degree 23. These. could contain at most 6 subgroups of order .5. and degree not. 


greater than 20. Hence, the total number would be at most = = 36. There 


cannot then be 96 subgroups of order 5. 

. If the group has 36 conjugate subgroups of order 5, it can be represented 
as a primitive group of degree either 18 or 36. ‘In the first case the group 
would :contain 18 subgroups of order 80‘and degree 17. These must contain 16 
subgroups of order 5, and, consequently, a self-conjugate subgroup of order 16 
and degree <17. These subgroups of order 80-could not then be maximal. 
‘The group then must be primitive in 36 elements. There must be 36 subgroups 


of order 40 and degree 35, each containing a substitution of degree 35 and 


order 5, and at least one of its tränsitive constituents must be of degree 5. The 
order of this constituent could not -be 5, for the order of each constituent must 
be divisible by the same prime numbers. If the order were 20, the group of | 
order 40 and degree 35 would contain a substitution of order 2 and degree 20 
that would be commutative to.each one of its substitutions. Hence, this group 
of order 40 and degrée 35 would contain at least 85 — 20 = 15. substitutions of 
- degree 20 and order 2. This is impossible, since only the 10 which correspond 
to substitutions of order 2 in the constituent group of degree 5 and order 20 
could be of order 2, i , 

It remains to consider the case in which the order of the constituent of 
degree 5 is 10. The group of order 4 which corresponds to identity of this con- 
stituent has at least one substitution of order 2 and degree 20 which i is commu- 
tative to every substitution of the group of order 40 and degree 35. Hence, 
the latter group must contain at least 15 other substitutions of degree 20 
‘and order 2. We shall divide the problem into three parts: (1) when the 
subgroup of order 4 is cyclical, (2) when it is non-cyclical and.of degree 20, 
(3) when it is non-cyclical and of degree 30. | 

(1). In this case the substitutions of order 4 must contain 6 crée of order 4 : 
and 5 of order 2, and there must be a transitive constituent of degree 20 and 
order 40 that contains a cyclical subgroup of order. and degree 20. `The 
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i persian in the tail of TA group. ‘must transform the operators of the head 
either into the 9 or into the 19 power. In the former case there would bé 
only 10 operators of order 2 in the tail, and in the latter case the degree of each 
of the operators of order 2'in the tail of the group of order 40 and degree 356 
‘would exceed 20, since the degree of the part of these operators ‘that belongs to 
the transitive constituent of degree 20 could not be less than 18. 

(2). In the second case the given group of order 4 and of degree 20 is found 
in 15 conjugates of the group of order 40 and degree 35. All the subgroups. 
which correspond to this group of order 4 and degree 20 in these conjugates 
‘must be contained in the first group of order 40, and a substitution that belongs 
to the group of order 4 cannot be transformed into itself by every substitution 
_ of a conjugate to the first group of order 40. Hence, it is impossible to construct . 
_ the required 15 subgroups of order 4 with ‘the substitutions of the first group of 
order 40. 

In the third case, any two of the substitutions of order 2 in the group 


of degree 30 and order 4 have 10 elements in common. If each of these substi- 5 


tutions of order. 2 is commutative to every substitution of the subgroup of order 
` 40, then every one of the conjugates of this group of order 40 must contain sub- _ 
stitutions of the group of order 40 for its 4 operators that are commutative to 
every operator of the group.. This is impossible, since no two of these groups of - 
order 4 can contain any common operator except identity. If only one of the 
three operators of order 2 in the. given subgroup of order 4 is commutative to 
all the substitutions of the group of order 40 and degree 35, this group must. 
contain a transitive constituent of degree 20 and order 40 whose tail contains . 
only substitutions of degree 20. Hence, this group of order 40 and degree 35. 
cannot contain 15 substitutions of degree 20 and order 2. This completes the 
proof that there is no simple group of order 1440.. 


“10122907, | 
In a simple group of this order there would be 36 subgroups of order 7. 
The group could, then, be represented as a transitive group of degree 36. It could ` 
not be represented as an imprimitive group of degree 36, for it could then be repre- 
sented as a primitive group of degree 18, and hence would contain a group of. 
_order 84 and of degree 17 which would have only one subgroup of order 7: In 
this’case there would not be 36 subgroups of order 7. The groups of order 


La 
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de 1519 and- degres 36 must then contain’a maximal subgroup of order 42 and of 
degree 36. Since the order of each transitive’ constituent of this subgroup must 
` involve tho same prime factors,” this group would consist of a simple isomorphism : 
between groups of order 42. If one of thesé constituents should be of degree 7, 
the group of order 42 would be simply isomorphi¢ to the group of. order 42 and 
of degree 7. If noné of the constituents should be of degree 7, the constituents 
. would be of degrees 14 and 21. ` There are only two transitive groups of degree 
14 and of order 42. As one of these contains only a single substitution of order . 
2, it cannot be represented as a transitive group of degree 21. The group of 
` order 42 would then have to be simply isomorphic to the metacyclic group of 
degree 7. This latter group can be represented as a transitive group of each of 
the degrees 7, 14, 21 and 42. In each case it contains negative substitutions. 
‘Hence, the group of order 42 and of degree 35 would have to contain an evén 
number of transitive constituents, viz. 14, 7, 7, 7 or 14, 21. In the former case, 
the main group would be of class 30, and in the latter, of class 32. ‘In the former: 
case the substitutions of order 2 and 6 would be of degree 32; in the latter case, 
those of order 3 would be of degree 33. 

If the group of order 42 and of degree 35 should have the constituents ` 


(a 


14, 7,7, 7, it. would ‘contain 2-36 = 63 subgroups of ordér 6, each of which 


would be generated by á substitution containing 5 cycles of order 6 and one 
transposition. The group of otder 24 which would transform such a subgroup . 
into itself, would therefore contain a transitive constituent of degree 2. ‘As the 
group of order 42 could not contain a subgroup of order 12, this is impossible. 

It remains to consider the case in which the group of order 42 and of degree 
35 would involve the two constituents of degrees 14 and 21. The group of . 
order 24 which would transform one of its substitutions of order 2 into itself 
. would have to contain.4 cyclical subgroups of order 6 and of degree 85. Hence,’ 
` the subgroup of order. 8 contained in the whole group would have to be trans-- 
formed into ‘itself by at least 24 substitutions. If this subgroup of order 8 should 
' be trarisforméd into itself by just 24 substitutions, there would be 63 such sub-. 
` groups, and the main group could be represented -as a transitive group of degree 
63. This could not be primitive since the group of order 8 in the group of ` 
` degree 62 and of order 24 would have to contain a constituent of degree -2. 





* Jordan, ‘‘ Traité des Substitutions;’’ p. 984. 
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If it were imprimitive, it would be simply isomorphic to a primitive group 
of degree 21. The group of order 72 and degree 20 would then contain 3 sub- 
groups of order 8 and of degree 20. These would be transformed according to 
` the symmetric group of degree 3,-and hence the’ group of order 72 would have 


to contain a self-conjugate subgroup of order 4 and of degree 20. The group of. 
order 72 would contain 4 subgtoups of order 9, which it would transform accord- 


ing to the alternating. or symmetric group of degree 4, and hence it would con- 


tain also a self-conjugate subgroup of order-3 and of degree 12. It would, there-. 


‘fore, have to contain a constituent of degree 12, which would be either transitive 

or would contain two constituents of degree 6. The substitutions of order 3 in. 
` the constituent of degree 8 would have to be of degree 6. As the constituent of 
degree 12 could not contain 20 — 12=—8 substitutions of degree 6 and order 8, 
the whole group could not contain 63 subgroups of order 8. 


If the groups should contain 21 subgroups of order 8, the degree of each.of 7 
the transitive constituents contained in the selfconjugate subgroup of order 8 .. | 


which occurs in the subgroup of order 72 and degree 20, would be divisible by 4. 
It can be proven as before that this group of order 72 would contain a self-con- 


jugate subgroup of order 3 and degree 12. The constituent of degree 12 would : 


be transitive and the proof given above would apply to this case. 

It is impossible that the number of subgroups of order-8 should be 27 or 
189, since the number of substitutions that transform the SUDEFOUP of order 8 
into itself is RE by 3. 


1520 = %.5.19. 


À simple group of this order would have 20 conjugate subgroups of order 
19. The group could be represénted as doubly-transitive and of degree 20. 
The group of order 76 and degree 19 would have a substitution of order 38 which 
could not be repr esented by means of 19 elements. Consequently there can be 
. no o’simple group of this order. 


1560 = %,3.5.18. 


A simple group of this order would have 40 conjugate subgroups of order 
18, and 26 or 156 conjugate subgroups of order 5, The group could then be 


represented as transitive and of degree 40. Ifthe subgroups of order and degree | 
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39 werè transitive, the operators of ii group would all be of degree 39 or 40. 

No such group of this order can exist.* If the subgroups of order 39° were 

intransitive, each of them would contain 26 operators of degree 36, forming 13 

conjugate subgroups of order 8.and degree 36. The whole group would then 

40.13. | 
4 


| contain = 130 conjugate subgroups of order 8. The subgroups of order 3 





are self-conjugate in groups of order 12 which would contain operators of order 6. 


From the consideration of the representation of: the group as transitive and of 


degree 130, it- becomes clear that there would be 129 conjugate subgroups of l 


order 6. Since the groups of order 5 are not commutative to the groups of order 
3, it follows that the number of groups of order 5 must be 126. The group 
would then contain 480 operators of order 13, 624 of order 5, and 520 of order 
6 or 8. But this is impossible. Hence there is no simple group of this order. 


1584 = 2, 37,11. 


A bte group of this order would have 12 or 144 conjugate paimin of | 


order. 11. The group cannot be transitive ‘and of degree 12. Hence, it must 


be transitive and of degree 144, In this case all of the operations would | affect | 


144 or 148 elements. Buch. @ group cannot exist. + 


- "1620 = 3, 5. 


A simple group of this order would have 10: conjugate subgroups of 


order 81. But there is no transitive group of order 1620 and vente 10.7 | 


Hence, there i is no simple’ group of this order. 


1656 = #, 3. 23. 


There would be 24 conjugate ‘subgroups of order 23 in a nee group of 
this order. The group could then be represented as doubly-transitive and of 
_ degree 24. The subgroup of order 69 and degree 23 would be çyclical. But no 
` such subgroup oxista. There is then no simple group of this order.. 





* Jordan, Iouville’ s Jour.; gtème ser., vol. XVII, pp. 851-867. 
{Jordan (1. ec.) . ` , | | Cole, Quar. Jour., , vol. XXVI, p? : 89. 
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a 


1680 = 2°.3.5.7. 


The number of subgroups of order 5 in a simple group of order 1680 would 
be 16, 21, 56, or 336. There would also be 120 subgroups of order 7, so that - 
there could not be 336 of order 5. There could not be 16 subgroups of order 5, 
_ for there is no simple group of this order, primitive and of degree 8 or 16. The 
number of groups could not be 66, for the group would then permute them 
primitively or imprimitively according to a group of degree 56. If primi- 
tively, there would be a subgroup of order 30 and of degree 55 which would 
contain a cyclical group of order. 15 and whose systems of intransitivity would 
consequently be multiples of 15. But 55+ 15+ integer. Hence, this case 
could not occur. If imprimitively, the only case that requires consideration is 
that in which the systems of imprimitivity contain 2 elements. There would be ` 
operations leaving some system unchanged, and such an operation, if it left one 
. of the elements unchanged, would have to leave the other unchanged. -But a 
subgroup of order 5 leaves itself unchanged and does not leave unchanged any 
other group of order 5. The number of subgroups of order 6 could not, there- 
fore, be 56. If the number were 21, there would be a subgroup of order 80 
and of degree 20 in which the group of order 6 would’ be contained self-conju- 
| gately. In this group 20 operators would be commutative to the operations of 
order 5, and would form a regular group. The group of order 80 and degree 20 
would then be transitive, and the average degree of this operation would be 19. 
The average degree of the subgroup of order 20 is 19. Hence, the average 
degree of the remaining 60, operators would have to be 19. If each were of- 
degree 19, this would give rise to 680 distinct operations. In addition, there . 
would be 399 from the groups of order 20 and 720 from the groups of order 7, 
or in all more than 1680. It can be shown that, in case all of the tail of 60 in 
the group of order 80 were not of degree 19, the total number would be -still 
. higher Hence, the group could not have 21 subgroups as order 5 and no 
simple group of the order could exist. 


“i728 = 2.8 
‘ A group of this order has 1, 9, or 27 conjugate subgroups of order 64. The 
group, if simple, could not be transitive and of degree 9.* Hence, it could be rep- 


* Cole, Quar. Jour., vol. XX VI, p. 886. 
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resented as primitive and of degree 27. It has then a subgroup of order 64 and 
degree 26, one of whose transitive constituents is of degree 2. Hence, there is'a 
group of order 32 common to several subgroups of order 64 which are then not 
maximal. Hence, there is no simple group of this order. 


1764 = À. æ. LE 


l The order of this group is of my form p ‘a Consequently the group is E 
- composite 


1800 = 8, 3*, s, 


A sat group of this order would contain 36 subgroups of order 25 and 
could, therefore, be represented as a transitive group of degree 36. The: sub- 
group of degree 35 and order 60 could not be maximal because its ‘subgroup of 
order 25 would contain a transitive constituent of degree b. Hence,.the group, ` 
if simple, must be primitive i in 18 elements. In this case the subgroup of degree 
17 would be of order 100, and hence the group could not contain 36 subgroups 
of order 25. 


1824 = 25.83.19. 


A group of this order bag 1 or 96 conjugate subgroups of. See 19.- If it 
“had 96 such subgroups, it could be represented as transitive. and of degree ` 
96. It would have subgroups of degree 95 and order 19, all of whose opera- 
tions would affect 95 elements. All of the operations of the group would then 
affect 96 or 95 elements. Such a group cannot exist.t - Hence, a group of us 
one must be composite. | 


1836 = % "85.17. 


A simple group of order 1836 would have 18 ie Sig ie of ce 
17, and hence could be represented as doubly-transitive and of degree 18. There 
would then be a subgroup of degrée 17 and ordér 102. But no such group 
exists.f . Hence, there is no simple group of this order. - | ` 





` © # Maillet, Quar. Jour., vol. XXEX, p. 350. > ‘ : Oi ¢ Jordan (1. o). 
t Miller, Quar. Jour., vol. XXXI, PP- 49-57. 3 
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"A simple group of order 1848 would have 12 or 56‘conjugate subgroups of 
order 11, and 22 conjugate subgroups of order 7. There is no group of this order | 
which is transitive and of degree 12. There must then be 56 conjugate subgroups 
of order 11, each self-conjugate in a subgroup of order 33. Representing the group 
-as transitive and of degree 22, the operator of order 11-would have 2 cyclesnd 
the group of order 33 could not be constructed. Then no simple group of this 

order can exist. | 


E 1872 = 2,3". 13. 


Any group of this order has 1 or 144 conjugate me of ander 13. If 
there were 144 such subgroups, the group could be represented as transitive and 
of degree 144. All of the operations of ‘the group would then affect.either 143 
or 144 elements. Such a group of this onder cannot exist.* Hence, all groups: 
of this order are composite, i l 


1920 = 2.3.5. 


À simple group of this order would have 15 conjugate subgroups of order . 
128. But there is no simple primitive group of this orast and of degree 15.+ 
Hence, Der: is no ‘simple group of this order. 


1980.= 2. 8.5.11. 


À group of this order, if simple, would have 12 or 45 conjugate bouge 
of order 11. There is no doubly-transitivé group of order’ 1980 and degree 12. 
Hence, there would be 45 conjugate subgroups of order 11. The group could be 
represented as transitive and of degree 45... The group of order and degree 44, 
which leaves one element unaffected, could not be transitive; for then all of the 
operators of the whole group would be of degree 44 or 45. Such a group.of 
this order cannot exist.t If the group of order and degree 44 is intransitive, the : 
operations of order 11 are transformed into themselves by 22 substitutions. 
Hence, the group contains a cyclical subgroup of order 22 and degreé 44: The . 





* Jordan (1. o.). t Miller, Proc. London Math. S00., vol. XXVII. tJordan (L o). 
e ye * a ai 
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‘tail of this group Sonat 11 operations of order 2 and degree 44, and 11 opera- 


i nxi 


tions of order 2 and degree 40. There are then - = 99 conjugate groups 





5 
of ander 2 and- degree 40.. Representing the group as transitive and of degree 
99, the subgroup leaving one element unaffected is of order 20, ‘and contains one 
eee of order 5 which leaves. unaffected 4 + 54 elements, and consequently .. 


a has a = ea conjugates. It is easy to show, however, that the number of. sub-- 


groups of order 5 must be either 36 or 66. Hence; there can be no simple group - 
of order 1980. 


ITHAOA,: July, 1899.. 


Note Additional to a Former Paper “ On Certain Ruled 
Surfaces of the Fourth Order.”’ . 


By Tuomas F. HOLGATE. 


In a paper entitled ‘ On Certain Ruled Surfaces of the Fourth Order,” pub-- 
lished in volume XV of this Journal, I discussed those surfaces of the fourth 
order which may be generated by two projectively related sheaves of planes of 
the second order, or by the reciprocal method of two projectively related conics. 
It was there shown that when the collinear bundles in which the two projec- 
tively related sheaves of planes are chosen have a self-corresponding ray, the 
surface generated will have as nodal curve two straight lines which may be 
either real and distinct, coincident, or imaginary, and a double generator, namely, 
the self-corresponding ray of the bundles. The surface for which the nodal lines 
are real and distinct, Fý, and that for which the nodal lines are coincident, 
F4, were discussed, but no mention was made of the surface for which the 
nodal lines are imaginary, though the existence of such a surface must have been 
in mind at the time.* From the algebraic point of view it would perhaps be 
unnecessary to distinguish between these three surfaces, but from the geometri- 
cal standpoint a study of the separate surfaces is of considerable interest. 

Before taking up the study of this surface, however, I wish to call attention 
to a misstatement in my former paper. 

In article 40, page 380, the double generator on the ici FH is ee 
of as being real or imaginary according as the points O, and O, in which the 
double generator meets the nodal lines #, and & respectively, lie without or 
within the generating cones. It should have been stated that the double gene- — 
rator lies actually on the surface or is isolated according as these points lie without 
or within the generating cones. In the discussion of the subforms of this surface 


*See former paper, article 89, page 879. 
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in doi 41, again in article 45, and in the treatment of the surface Fé (art. 47), 
the game mistake is made and should be similarly corrected. | Ta 

Two collinear bundles of planes S and S’, which have a self-corresponding 
ray SS, generate a line congruence of the first order and first class. When the two 
self-corresponding planes of the bundles, a, and a,, are real and distinct, the singu- 
lar points of the congruence lie upon two real and distinct straight lines 4, and ity, 
-which are gauche to each other and meet the self-corresponding ray SS! in points 
O, and O,. If these planes are coincident, Æ, and 4, coincide. If the self-cor- 
responding planes are imaginary, there are no real singular points of the congri- 

' ence-outside the ray SiS’. 

Suppose that in the latter case two projectively related ianei of planes of 
the second order ®, and }, enveloping cones K, and K} respectively, be chosen. 
These will generate a ruled surface of the fourth order, Ft, whose generators are 
rays of the congruence that is generated by Sand S’. No two generators of this 
surface can intersect, since the congruence in which it lies has no real singular 
points; consequently, the surface has no real nodal lines. Two planes.of the 
sheaf ®, and the two corresponding planes of the sheaf o! will, in general, pass 

_ through the self-corresponding ray SS’. This ray will, therefore, be a double gen- 
erator of the surface. 

Ifthe cones K, and K! be so chosen that the ray. ss lies outside either of 
them, and, consequently, also outside the other, the double generator will lie 
actually upon the surface and the two sheets of the surface through it will be - 
distinct. If SS’ lies on the cones, the surface will be torsal all along this gerie- 
rator, while if this self-corresponding way lies inside the. cones, the double gene- 
rator will be isolated. : 

The section of the surface F7, made by an bee plane, is a quartic curve > - 

_ “having a real double point where the plane intersects the double generator and 
. two imaginary double points. The section by a plane through an arbitrary gene- 
rator consists of this generator and a cubic curve which has a double point at the 
intersection of the plane with the double generator and which intersects the gen- 
“erator of its plane in only one real point, namely, the point at which the plane 
is: tangent to the surface. The real double point in both these cases is a crunode 
a cusp, or an acnode, according as the double Bene ravorse! Lx the surface is cruno- 
dal, torsal, or isolated. | 
= The section of the surface made F a- plane Ho the double generator . 
consists of this line counting doubly and a conic which intersects the line in “those ` 
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points at which. the plane i is tangent to. the its These points are real and . 
distinct, coincident, or imaginary, according as the double generator again is cru- 
nodal, torsal, or isolated., The planes through the double ee dre the only 
real bitangent planes of the surface, . ` 

That the surface FF is self: reciprocal may ‘be shown by a Dhs of 
the sections made by two bitangent planes, exactly as was done ‘for the surface 
Fý in the original paper. | 

For convenience of reference I iss append a. table douane the principal 
. characteristics of the various forms of Ruled Surfaces of the Fourth Order, 
including those which do not yield themselves to the projective methods of these 
| papers; 


SURFAOBS WHIOH ADMIT X TRINODAL QUARTIO SECTION. . p—0. 








- GOBRASPONDING 
EOIHS. 


spores. | Character of the real nodal curve. Du Reciprocal 


Cayley. 
„| Cremonae. | & 
Balmon, 





F, . | A twisted cubic; no straight A sheaf of the.third | Of the same 40 | i | VL 

















line director. , ,| order. , ‘| form. 
. A twisted cubic, witha > | A sheaf of the. first | `- 
F, straight line director. order, each plane |: Fy `. 8 7 | VII. 
‘ ; tritangent. à 
F, |A conic and an intersecting | A sheaf of the first | Of the same 
straight line which is not a |‘ order and one of| , form. R. 2 | VIII. 
generator. , the second order. ; 


A conic and an intersecting | A sheaf of the first 








straight line which is also] order, each plane Fy i 4 {| 1X. i 
a generator. ' ¢ tritangent. - . | i 
Two distinct straight lines Three. distinct sheaves Of the s same : 
and a double generator: of the first order. . form. a 5 X, say. 
One straight line and a dou- wo sheaves of the 
ble generator. first order. - Sr a 6 6 | XIT, say. 
F, JaA double-generaior. — A sheaf of the first)  « as il sees 
7 , | order. ss A 
A i ` se. » d t 
Fy triple line; no single line ‘A ‘sheaf of the third F, g fe it 


director. | order. 
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Character of the real nodal curve. Forms constituted by 


A triple line which is a gene- A sheaf.of the first 
Ê order and one of the 
second order. 





A triple line, with'a single A sheaf of the first | Of the same ; 
line director. `` order, each plane} form. - 
Š tritangent. : 











A eels line ; not a genera A sheaf of ‘the first 
order, each plane 
tritangent. 








Two distinct straight lines, 
but no double generator, ‘first order. 


“| One. straight ` line, ‘but no| One (entr count- | ` 
double generator. ing) sheaf of the 
waar first order. . 





From the above table it will be observed that the two’ self-reciprocal 
triple-line surfaces and the two surfaces which do not admit a trinodal 
quartic section (Cayley’s third, sixth, first, and fourth species) have not been 
treated in these papers; and, further,.that neither Cayley, Cremona, nor Salmon 
makes mention of the surface for which the two nodal lines are imaginary, 
although they all distinguish the surface for US these lines coincide from that 
for which the liries are real and distinct. P 

-Ina paper in volume XXI of this Journal, Dr. B. M. Blake has desoribed 
simple mechanisms for generating many of the forms and subforms of the sur- 
faces discussed in, these papers, and I should add that it was through corres- 
pondence with him that my attention was called to the omissions in my former 
paper. i | 


NORTHWESTERN UNIVERSITY, EVANSTON, August 20, 1898. 


Non-Euclidian Properties ef Plane Cubics. 


By Henry Freeman Srmocer. 


Take a 0 as the st of the absolute ; Q,,=0 the equation of the 
polar of the point y with respect to the absolute; ©, = 0 the equation of the 
cubic. Then Qu =0 is the condition that the pont b lie on the polar of the 
point a with respect to the absolute. Take (xy) as the non-Huclidian distance 
from the point œ to the point y, or between the polars of those points with 
respect to the absolute, «y, the corresponding distance from the point x to the ` 
polar of the point y with respect to the absolute. 

Then we have: 

cos(ay) _. sinsy__ Q 
het thi M Qn OD, | 


It seems desirable to use, in any discussion of non-Huclidian properties of : 
curves, certain terms used by W. K. Clifford and also by Professor Story in 
regard to certain properties of the conic, since they apply to any curve, viz. 
There are six intersections of the cubic with the absolute, the absolute points. 
Twelve common tangents to cubic and absolute, the absolute tangents. Six tan- 
gents to the cubic at the absolute points, the asymptotes. Fifteen lines joining 
' the absolute points in pairs, the focal lines... Sixty-six intersections of pairs of 
absolute tangents, the foci. Twelve points of contact of the absolute. tangents : 
with the absolute, the asymptotic points. The lines joining the asymptotic points 
are the directrices: The intersections of the asymptotes are the directors, í 

Then there are certain other terms which apply to the cubic alone. Related 

to any pair of tangents there is a third tangent ;. viz., the tangent to the cubic at 
the third intersection with the cubic of the chord of contact of the two given ~ 
tangents. Such third tangents will be spoken of as third absolute tangents, etc., 
depending upon the character of the original pair of tangents. Associated with: 
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T ites ‘such tangents there i is a aatelia line, which will be designated as an abso- 
lute satellite line, etc. Then there are certain first and second polars, with respect 
tothe cubic, of fixed points and lines. These are designated by prefixing 
the special name of the fixed point or line as absolute-tangent first polar, etc. 
Lastly, N. E. D. is used to designate the non-Huclidian distance. divided by the 


proper constant, i. e., (ey) 


. Consider the six as points. Connect them by three diet lines, no l 
| Soin being on more than one of the lines. Then if a, b,c are the directors of 
these focal lines, their equations are : 


Qua = 0, 
' À = 0,. i 
Qs = 0. 


Bach of these lines cuts the cubic in a third point, ‘These three points, sy ‘s 
Pı, Ps, Ps, lie on a line, 0=0: l 
Then the equation of the cubic may be written in the three wapi 
Ona = a De Loa — Os Qus =0, 
o Ons Ag Quo Quo — 00, Qro = 0, ar 
Ooa hg Qu Qu — as dre 


‘or what is the same thing, 








G) 


l A — Qr wo i a 
Ba a Dee Me | BE 
O 20, 
Ag — Qua Quo k | E 
0 O20," 


| But the right-hand member of (1) may be written: 


Qe Que Qr Do 
NO On A Oise De 











. Therefore, (1) may be written : 
Da VO No — Ai ‘Wei a . (4) 
CN, 7 ‘cos (xa) , a 


2 Fe 


"+ STECKER : Non-Euclidian Properties of Plane Oubics. - 83 


similarly for (2) and (3). + 
cos (xa) cos (ae) 
° VO NO _ i Th  :. (5) o 
© ÜM Qa Qa cos (æ) | | 
JE 


cos (xa) cos (xb) | 
VA V Qro i -2a ‘ (6) 


CN — cos (ac). 
Qht 


. Dividing (4) by (5) we have 
es, cos? (xb) sin? xb K 
‘Okt 


w Que UE 1, 
EN "On cos? (aa) ~~ sin? za : 
het lai 


and similar relations from (4) and (6), (6) and (6). The left-hand member is .. 
constant, hence the theorem: 
The ratio of the squares of the cosines (sines) of the N. E. D. from any point of 
. œ cubic to any pair of directors whose focal lines do not have a common absolute 
point (to any pair of focal lines not through the same absolute point) is constant. 
' If the lines are such that some of them pass through the same absolute point, 


then the above ratio multiplied by ri is constant. 


Take Tand 7’ a pair of absolute tangents; À the ‘corresponding third abies: 
lute tangent; Q the chord of contact and S the absolute satellite line.. Then if 
the poles of these lines, with’ respect to the absolute, are 5P D PERRA by the. 
corresponding small letters, we may write: | 

Oe Qui Qué Qaa — Ag Qu = 0. (7) 
This gives à | 
| Qu RU Qu | 
V0.0, VOLQ JO. on = JET On, 
re om aq Shee 
Qu OO 











or sin of sin xf sin ch 
i. Un" 7 Det _ ' (8) i 


à gin pe sin as ie 


aod 2 2h 
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Hence: | | 

The ratio of the product of the vines of the N. E. D. oi: any point of a vibes 
to any pair of absolute tangents and third absolute tangent, to that of the square of | 
the sine of the N. E. D. to the chord of contact into: Me sine of the N. E. D, to the 
absolute satellite line, is constant. 

. For the absolute points we should have equation (7), and also the equation 
of the absolute, which may be written 77’ —O2,==0, where a is the corres- 
` ponding focus, simultaneously true. Hence, for such points, say a point m, we 

` may write: o | 


Wa Qin = Aha Qs ` 








or | [= Ims 
which gives ' A | 
sin? ma sin ms 
sin? mg 7" sin mh | 
2 let 


as a relation connecting an absolute point m with the other quantities, involved: 
in the preceding, theorem. 5 : 
Take ai, &, ag the poles, with E to the tite of the: ae at - 
three collinear points of inflexion ; c that of their chord of contact. 
Then we may write: 
; \ a On Qa, a a = red 
or Es | Q 





a VO ds NB — = à V Du Dae, Pau = const 
PAT x | 


+ This gives 
A sin za, sinva sin ‘Tag 
“Okt o 2i ` 2 





= const. 


Hence the theorem : 

The ratio of the product of the sines of the N. z. D. from any poii afi a cubic 
‘to the tangents at three collinear points of inflexion, to the cube of the sine Li the . 
N. E. D. SE OL a) eae ee 
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“If O,,=0 and Q,,==0 are two lines cutting the cubic in three sets of 
points; Qua, = 0, Qua, = 0 and Qua, = 0 be lines joining corresponding pairs of 


these points; and Q,,== 0 be the line on which the remaining intersections must 
lie, then we may write: 


Omn E Don Dn, D, — ae Da Pae 0: 
Treating this as before, we have | | 


sin ga, sin za, Xa, Bin Tas 


om a a iy, Qaa Qua, Q (A) D 
mt ein T dd niet © D 
gin xa sin xb sin xe Oaa Qos Qoc 


di Ji. 2 


Since all the lines are fixed if Qu — 0 and Q,,=0, therefore, the left-hand 
ratio is constant for any two fixed lines Qu = 0 and Qa =0. This relation 
applies best to focal lines—since, then, two of the chords of contact are also 
focal lines—as follows: 

Consider four focal lines du four absolute points—two through each 
point. Say Qu, Qua, Qu, Qua Where ai, dg, Qg, & are the corresponding 
directors; take Qu, and Nu the chords of contact of the third intersections of 
pairs of focal lines not through a common point. Then from relation (A) we 
write: | i f 

sin wa, sin æd, sin xb . 
2i o ki. ki ak - 25 — = const. (B) 
sin ed, Bin va, singe . e X 

2 kn’ 2m 2 





Hence: 

The ratio of the sines (cosines) of the N. E. D. between any point of a cubic and ` 
_ any pair of focal lines, not through the same absolute point, and between the chord of 
the third intersections of such a pair (to. the directors of such a pair of focal lines 
and to the pole, with respect to the absolute, of the chord of third intersections) to ae 
corresponding product for any other like pair of focal lines, is constant, 

If we consider the six possible focal lines through four absolute points, there 
would be three concurrent lines, Q, = 0, Qu = 0, Qu = 0, where the first two 

have the same meaning as above and Q.a = 0 is the corresponding sine for the 
other pair of focal lines. We should find six relations like (B), but only two of 
` them independent, viz. (B) and (C) where (C) equals 
l sin EZA sin EZA sin 2b | 
0 mi i Mi = const. - (C) 
sin £a; sin za, sin vd. 
2 Di het 


where a; (i—1,..... 6) are the directors of the six focal lines. 
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The product of these two independent relations gives a relation between the six | 
focal lines through any four absolute points and the three. concurrent lines on which 
their third intersections lie, viz. 


sin za; sin xa, sin Za, Bin xa, sin xb 
Ti i Ti Ti const: © (D) 
sin? xa, sin? xa, Oy sin 0 sin ad. nu 


, Since the chords joining M points are directrices, it follows that 
. rélations corresponding to (B), (C) and (D) hold for directrices, if we replace focal ` 
lines of original pair by directrices, directors by foci and ‘absolute points by the . 
intersections of the: directrix with the cubic; here, era the chords will not 
be directrices. i 
If. we consider a pair of asymptotes, we may use equation (8). We have 

the two tangents as asymptotes, and the chord of contact is a focal line. Tiien | 

we have the third asymptotic tangent and asymptotic satellite linie: We have 

then at once the relation : 

The ratio of the product of the sines of the N. E. D. Ed ma ciao 
to any pair of asymptotic tangents and third asymptotic. tangent to the product of the _ 
aquare of the sine of the N: E. D. to the corresponding focal line into the sine of the | 
N. E. D. to the asymptotic satellite line, ts constant. ` 

Consider the. triangle with vertices at any two directors aad any point of 
the cubic. Take a and 6 the lines joining the point of the cubic to the directors ; 

othe line joining the directors; a, 8, y their alts angles. Theos from the 
first theorem of this paper we have: oe 


n a = es a gin? a ' | l 
W. :. a A 
are À; the relation aero me is also true,” which gives 
F. Tio W | 
l coa 
1 2s ; À 
1— cosa cosb. cosb sec b sin? a. 
ee Ti z- I ALO 
1—cos® b — 1 ~ gee 6 O = ain’ B 
- A, a 2 2 


Æ | So 
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k WO 2 o 
E - = = const. 
Sy cos D snmp 


Mi 2% 


This gives | . sink B  sina sin? d 


`- Similarly, we obtain the corresponding relation involving a, viz. ` 
sinta sin’ 8 sin? a» 
2k! 2% het 
co a: sin’ a . 


These sonstunts are reciprocals, hence we have : : 

If a and b are the non-Euclidian distances from any point of a adie to any pair 
of directors and a, B the ame which they make with the line joining ` the aa erari 
then we have the relation: 





J sin? a sinB ||sin 8 sina 
ei © 2% ||. 26. 2% | coa cob sina sin 8 
sin? a j ‘| sinb i ci Aa W wW 
Tio ao nae Ha 
We also have the relation : 
i = COR 
cos ot. = cos zÊ, $ cos 2, + 608 sin -% sin -2_ and cos ~~ 
2 okt Qke a. - 2}. 2 ` b 2i 
; . | 2 . 
, . _ Cosa sina tan b 
are constant, hence we may. write: © 3% a a — = const, and similarly, 
B D. tan = = const, which may be written, 


Sos agr OO ong a 


. (sin a sinb cos a 
a) 2 2) 
l a Cone 


sin a Bin b cos B. 
2h 2ks 2h = const, 
-cosa ‘. 
Hence, we. may Bay : 
"Th product of the cines of the NB D. from any poiné of-a cub to any pair 
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of directors multiplied by the ratio of the cosine of the angle at either director to the 
cosine of the N. E. D. of the adjacent side, is constant. 





We may write: 
sin yg — °°" ag tan 2 rae = cos -8 
2he 2ht 2 2k’ OR? 
RTK er ene ee ay 
sin iy cos zyz tan 008 Sir = — SD gy COS ST? 
sin a 
a l ` oki sine _ cop. € 
Tiem À is constant and equal to a! calling ag = and jgh we 
have by subtraction : re 
ca o Bo b a 
tan <7. cos 6, — tan g COR 


ake 


i tan ar cos Tr 
| l B 


ed cos -577 






Hence, we have: The ratio is constant for any point of a 


a a. 
WON og): O08 oar f 
B B 
a an 2 


| cubio and. any pair of directors. 
Starting with the first theorem of this paper, dia taking a and A to be the 
distances from any point of a cubic to any pair of focal lines not concurrent at 
‘the same absolute point; e the distance between their intersections with the pair 
of focal lines, and a, 8; y the opposite angles, We may write at once: 


2.%. . ss © 
sin’ p | sin oe a T 
B + 3 "0 | " 
3 7 . 
sin? an 81n 7 ; 





Hence: . | 
The ratio of the squares sof he's eines of the angles 4 which the lines from any y poini 


A 
d L 1 
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of a cubic to any pair of focal lines, not concurrent at the saine absolute poini, make 
with the line joining the intersections, is constant.: 

‘Tn relation (8), join the intersection of at with its absolute inggi to'the. | 
intersection of zy with the chord of contact and call the angles thus formed at | 
the intersections $ and a; connect the last intersection with the intersection or 
ax? with its tangent and call the angles 3B, ô; lastly, join the intersection of ah 
with its tangent to the. intersection of za x8 with the satellite and call the angles 
y, x. Then we have the relation : 


D AUS in er 
= const. 
Do sin ar sin or 
for all er of the cubic. . 
| Evidently other relations involving na for (B) of page 35 contain- 
ing other constants—could be derived in a similar manner, but they would not 
be simple, and will not be deduced here. 
I wish next to derive two or three properties of a cubic from certain non- 
Euclidian properties of a conic. Such properties of a conic are taken from | 
Professor Story’s paper before mentioned. ‘Other properties might be derived i in 
a similar manner. 
The relation holds for the conic that the os of the sines of the N. E. D. 
from any point of the conic to the focal lines of either pair is constant. 
That constant is really the parameter of a cam of conics through four of 
' the absolute points. © ~ 
If we take as the. aes of the se of conics ee of the absolute — 
points and as the fixed conics a pair of focal lines and the. absolute, the cubic will 
be generated by this pencil of conics and a pencil of rays. - This pencil of conics 
and the cubic-will have the same set of focal lines. The cubic will have a point 
` on each conic of the pencil, hence the product of the sines of the N. E. D., from 
any point of the cubic to its focal lines of either pair, varies as the parameter of 
the pencil of conics of which the pair of focal lines is one fixed conic: and the 
: absolute the other. 
= If k and & are the parameters for two different pairs of focal lines, we may 
write: | 
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The product of the sines of N. E. D. from any point of a cubic to the focal lines 
of any pair equals 3 times the corresponding product for any other pair. ‘ 


Next, consider the tangent to a cubic. It will be tangent to one jé the 
conics of the pencil through four of. the - absolute points; for the pencil contains 
all the conics through the four points, and a conic. through four points and tan- 
gent to a given line is possible. 

As the tangent to the cubic varies, the conic: will vary, but its focal lines 
and directors, which are also focal lines and directors for the cubic, will not vary. 
Considering, then, two different focal lines and the directora of those lines, we 
may, from a property of the conic, write : | 

| The ratio of the a the N. E. D. de de at to a cubic to any pair. 


‘of focal lines equals —* ia times the ro ti the aonan of We N. E. D. to the directors 


of those focal lines. 


Consider any absolute tangent to a cubic, ae the polar conic, with- pa 
to the cubic, of the point of contact. This conic will pass through the point of 
contact and have the same absolute Haut; hence, from a , property of a conic, 
‘we have: - 
Any point a contact of the oubio e an E tangent is equidistant eon the 
‘intersections with those tangents of any. pair of focal lines of the polar conic oy the 

point of contact. Also, the absolute tangent makes equal angles with, the lines joining 
the ae of contact to either pair of foci of the polar conic of the point of contact. ` 


. This brings us to the consideration. of first and second polars which I reserve ` 


for a future paper. 


Note on the Differential Invariants of Goursat and 
Painieve. 


By E. O. Lovett. 


ie 


In a memoir on linear homogeneous differential equations published in the 
last number of the Journal de l’École Polytechnique, second series, fourth cahier, 
M. A. Boulanger constructs a class of differential invariants first studied by MM. 
Goursat and Painlevé for ternary and quaternary finite linear groups. In deriv- 
ing the forms of these invariants for quaternary groups, the author makes use of 
the process of elimination employed by Sophus Lie* for the construction of differ- 
ential invariants when the finite equations of a group are given. The method 
of procedure followed by M. Boulanger leads readily to a class of differential 
invariants under the n-ary finite linear group, as in fact he himself predicted. 

Consider a finite group of linear substitutions in n non-homogeneous vari- ` 
ables v, and the n corresponding fundamental invariant functions - | 


ay =f (tty Up, vee ey Um), 1, Boss (1) 
Let the defining equations of the group be 


u= LU a + oe F Or nUn Finga | | (2) 


Ap, a ae <. + Go nn + %, n+1” 
il ET (Pe 


which, for convenience, are written, 


Go, à Uy Uy F dy, à ty UE e e e e E o, Ur eH Go, n1 Ur 
, n Sy, 1 F arat tee F O, nUn F Ai apis 
Ay, 1 Ug Wi F Go, 3 Uy Uy too eee F Oo, Ue Un F Oy, np Ue | ; 
= dy, 1t F a 9-Uy F eee HO, nUn F Aa, npa (8) 


s ! nl I * > . f x 
do, 1 Un U F Go, à Un Uy He ee FH Go, n Un Un F Ao, à +1 Un 
= ! l j 
= On, 1 + On, gtg fees wan, nUn F Au, n+1° 
* Bee Lie, ‘* Theorie der D een oe von F. Engel, volume I, chee 


ters XII and XXV. 
6 
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‘By differentiating the first equation of this system (3) successively with 
regard to a, Tg; oses, ypy We have 


| (a, 1% F tho, 9 tty + + Ao, n Unt do, n-+1) a 


; / : 
= (uae ap + eure + (ai, n —@, n) yn) 


ne ren ae Ste ad Re ehaina ane (4) 


(ai + aus + 0 + on wh rane 


z / 
Gi Senay’ Bob eee H (ar nto, a) ge. 


From this sien (4) we deduce by solution that. 


D res n 
m15 on ta + D tee t (a, ut. ee E o ath F do, at); 


l D ye eHay n 
Ay, 3 = My, gth + itinn i ) (a, put... 6 + a n Un +, n+1) (6) 


/ 
Oh, n= Oy wtb ae Saree aman H) (a, LUE ee e + Hao, pW A0 n41); 
where D (ui, us, a.e., uh) represents the functional determinant of ui,» » Uy 
with regard to ty, «s.s, On 
Differentiating this same first equation of the ae (3), first twice with - 
regard to a, and then with regard to x, and a, and dnosutmtng the above values 
© Of Ais Ag eeeey d, n in the results, we obtain 


of au, 
(mag tee, + et) DE 


hit: + Oo shtati SaD ! 1 
RE 
D ar vee) Un) ( a ) 


+ a Wh, e. se u) e + op Uys sees thay w)}, 


(6) 
(a tee + GY SB + (age te és + ao a g = s 


wiat: E de tr natif — d'u Dul, a... 
Du, tig, eee; Un) GE Ca: . 


UT DT nee: D a 
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For convenience put . 

e (aides + on Uh F o, nar) Ei 3 
| oa du l .. OU, Fe 1 
= (tgp te. H do,a Fr) D (ths Why ve ey ui). 


Then the above equations (6) become 


Oe Ox? Oat “°°! Ox 4 
Ou Ou Qu! du, 


dE Be + dx Oa: de "3m [= 0, 





tn Ox, CEA n 
7 
Ou, Put Pul oul, (7) 
+ ee ee ‘te 
ai Ou; du Aus oul, 
ign tg. + Ox, mu On | Ox, =0; 
ou Ou! dus du, 





in tho same way, by differentiating the first of equations (3) twice with regard 
to the other variables, we obtain $ {n (n + 1)— 4} other equavons, 


Ou, du, Pu du! 








Ud Oi dd | 

ou (a Où Où. du i 

2 Ds + Ce Om Om ‘Om |—0,....; (8) 
Ov, Ou Om, Ou, | 


and by treating the remaining equations of (3) one by one in like manner, we 
have, all told, 4 nê (n + 1) equations from which the n functions é, &,...., En 
may be eliminated. The resulting 4n(n— 1)(x + 2) equations define as many 
differential invariants which come to light as follows. 

The functions £, and $ can be rata from the three equations written 


above by multiplying the first b : "the second by ze du Cin the third 
. °y mu y a > Ox, Oa,’ 
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by (a): and adding member to member. We thus have - 


E ONE i + a a ELET ses) | 
“eG auf A e al Sul du Bul. dul 





j 




















a Jade Da- Be oe 
P| Bu Du: cas 
. ie | $ | 
1 , | 
Fa à Le Qui + 0. me à : a D ` . (9) i 








Oak’ A a "dx, | 
The ratios of any ‘two of the coefficients of this -a (in which coeffi- 
cients only the derivatives of- tH, Uh, eee, Us enter) are not Postes by a linéar — 
substitution. Fun | 


By forming the équations analogous to (9), we obtain the following system 

of differential invariants, omitting the factor 1 / D{u,...., w) and TE 
Ca Qu, à du, 
$4, re Bale Diane Be ee Duta - 


| namely, n (n — 1) of the form 





7 faim, t a | 5 (10) 
hate a SE a 
, JF uUFt; A : 4= 1], 2, ss., n, K 
| and Wjy even, Dy is a cyclical-combination of the remaining n —1 saken n—2 at 
_ a time; $2n(n—1)(n — 2) of the form : 
F ` g ; ta, Lis Tj, Les ss. t Taha i à sie | | (11) 
where -> RS oh NE ick is ne 
x To eS ile 0j YH lis... n; 
and Br, sees, Vu iB à cyclical combination of the remainin A and n(n—1) of 
the form 
[ti Byr pas eve ey Mab 2m, a nos si (12) 
+: e.s., n; JE l, sien. | ` f 


This system of invariants (10), a 1), (12) may be regarded is an extension 
of SN 8 invariant 
l a le y’ D Me | 


to the case of x variables. 
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For n= 2, the system (10), (11), (12) gives the system set up by M. Goursat 
` (Comptes Rendus, vol. 104, p. 1362), 


Ov du du Pv AA du Po dv du 


Due D op on Da de mi nA 
du Do _ dv u, (3u Do. De uyo pa 
da Oy dx dy Oy Oxdy dy Oudy/ — ’ 








Ov Fu du dv + 2 (2 Fu du, dv 
Oy d dy dx" Ox Oxdy du du dy 
where A= 20 v dv Ou er 
— x Oy . dx dy" Se 
For n==3, we have the system constructed by Painlevé (Comptes Rendus, 
vol. 104, p. 1500), | | | 
et: Lae LT Uy, Vali | Tis U., Val 
(Ei ‘Uns LAR | Ton Uz, V|, | Thi U,, Fal; 
| Ty: U,,, Vols | Tas U, Va | Tesi U,, le 
(Ta Op A CE CP r Vae tee EE TE RE Tal 
| Tw» U,, Va| — 2| Toys U, Vh | Tyu» U,, Feat, Uy) Vz |, 
| Tası Uz, V,|— 2| Teas U, FE eee Uz, V,|— 217, U;; Vets 
_where the factor 1/D(7, U, V) has been omitted. : | 


PRINOETON, New Jersey, May 16, 1899. 
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Supplementary Note on ; Projective 2 Invariants. 


By E. O: Lover. i 


` While a note on projective invariants, inserted in the April number of 
volume XXI of this Journal was printing, Lie’s method for determining differ- 
ential invariants was applied to the construction* of the following more general 
second order differential projective. invariants ‘of a: system of m +1 points in a 
space of n +1 dimensions, namely, 


a i 








n3 
— af? rs (as? = a) a 
à à 
a) — af? Dre (a? — -af » | 
b= Oy 1,2; M, . 
where D i 249, of, a, nr. $=0,1,2,....,m. (2) 
are the coordinates of the system of points, and — | 
p — Ong? a Pay — E 4 E 
pi = Ba,’ Pus Ou, Oa, Pee E (8) 
For the case m = 1, the invariants reduce to the single one 
l ` s n n+3 
aP — af” — 2i pi? (xj? — af”) 
| 1: . PE n AJ PET ; (4) 


a — Din oP = af) 


*See Comptes Rendus, August 16, 1898; Darboux’s Bulletin des sciences mathématiques, January, 
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‘moreover, the i invariance of the forms (1) follows a ae by summation from 
. the invariance of (4). 
| ‘In the note referred to above, the cases of (1) corresponding to m=r, 
n= 1, 2 were applied to the construction of certain geometrical theorems. 
The:particular cases of (4) corresponding to m==1, n= 1, 2 were given by 
-Mr. Bouton ;* as remarked for the general case, the i invariance of (1) for m= 7, 
n= 1, 2 follows a fortiori from the invariance of the form (4) corresponding to 


=l,n=1,2. 
By noting the relation + o . 
| l z LS | 
(— 1)" |p, eee , pË n ae G: fi + 3 PP} y (5) 


where G, is the Gaussian curvature as generalized by Kronecker,f the above 
invariants may be given the following geometrical interpretation: - ` 

Take m + 1 hypersurfaces arbitrarily chosen, except that through every one 
of the m + 1 points of the system, there should pass at least one hypersurface; 
let P;, P,, H;, H, be respectively the points (af?,...., 0), (af,...., x®), and 
the hypersurfaces through these points; join P, by straight lines to all the other 
points of the system ; let 0, be the angle between the normal to H, at P; and the 
straight line P; P,, 4, the angle between the line P, P, and the normal to H, at 
P,; finally, let 9,1, pisse... , Pn be the principal radii of curvature of H at 
P,; then the invariance of the expressions (1) shows that the forms ; 


m (j= 
Ge cos" +3 6, ff 


. ¢ s=1 


Tps cortet, (6) 


j=i 
k=0, 1, 2s, M 


suffer no change by projective transformation ; and in particular it follows from 
tbe invariance of (4) that every flement of the last summation is an absolute 
constant. 

By employing the investigations§ of Casorati and von Lilienthal in the 
theory of curvature, the geometric interpretation of the above invariants can be 








`# Bulletin of the American Mathematical Society, April, 1898. 
+ Beez, Mathematische Annalen, Bd. VIL ` 
} Berichte der Berliner Akademie der Wissenschaften, 1869. 
g Acta Mathematica, tomes XIV, XVI. 
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‘varied ; these latter forms are simple enough for space of three dimensions, but 
become very complicated for spaces of higher dimensions ; : this fact is another 
confirmation. of Darboux’s dictum,* that the total curvature is the most impor- 
tant notion of curvature for geometry. | . 

The invariants (1) and (4) are productive of various ; geometrical theorems “ 
for which the reader is referred to the notes already cited. : 


—s 








*“ Théorie des Surfades,” | t. II, p. 865. 
Proton, New Jersey, May 16, 1809.. ` 


Certain Subgroups of the Betti-Mathieu Group. 
By L. E. Droxson. a 





1. It was shown in ‘the writer’s Dissertation * that the transformation in one 
variable, 
ZX! =A, = Sue CRT (A) 
il : Y ~ 
represents a substitution upon the marks of the Galois Field of order p™ if, and 
only if, the determinant 


Ap mn Ap wa ape 1) 
does not vanish in the Field. The totality of substitutions (A) form a group 
studied by Betti (for n = 1) and by Mathieu. This Betti-Mathieu Group was 
proven in the dissertation cited to be identical with Jordan’s group of all linear 
homogeneous substitutions on m indices, 


=D out (i= 1,.... m) 
j= - : 


belonging the GF [p"]. In setting up certain subgroups of the Betti-Mathieu — 
Group, we make use of the following formula, holding for any integer & and 
- quantity X such that X°"=2X: 


m 


{$ aare ES nee (mod z), 0) 


im] 


where the subscripts to 4;;, are taken modulo m. 





* Annals-of Mathematics, pp. 65-120, and pp. 161-188, 1897. 
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2, Consider the subgroup of the Betti-Mathieu Ging defined by the rela- 
tive invariant, in ı which B pelonge to the GF Cp], | 


mJ 


Ze >, aye 


J=0 


> Applying t to Z the substitution (A), we have, by ( 1), 


=F ex) yay {any Ap” ie | 


j=0 j=0 


The conditions for the identity: Z' = pZ are, therefore, 
‘m1 


D APL) = Bee, (¢=1, 2,...., m). (2) 


= canis) (2) to the power p” and setting l=j+1 we find 


m—] 


DE Afii- 159, BA + BA, = p” Brat, 


lol 


Changing the summation index from {to toj, we have 

m—l g n l 
Spay, + — mi (8): 
j=0 ‘ 

‘Aside from the factor p”, formula wi is identical with the (è —-1)* formula 
of the set (2). A condition for the i invariance of the function’ Z is that the factor 
=p ue the equation. i 

= | p” = p. | 
With ne restriction upon p, all of the m formulæ (2) are consequences of a 
single one of them, say that given by i =m. We may thus enunciate the fol- 
lowing 

Theorem : The totality of substitutions (A) for which 


ek 


7 : aa p= BS pra 


J= 


is a mark of the GF [ p*] form a group whose substitutions my the fet Z 
by the parameter p. 
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Note.—Since the -function Z belongs to the GF [p"], the corresponding ` 
linear group is that subgroup of the general m-ary linear homogeneous guoup in. 
the GF [p°] which leaves ue invariant a certain Unean function Z of the, 
m variables. . 


3. By way of illustration of the general developments of §4, we consider ' 


the special case of the group of substitutions in the GF [ Pp”) on the variable X, 


XS AZ + A XY + A X 


which multiply byi a parameter p the function 


| Y= XX” + X” xmp XP X. 
To form the transformed function F', we note that 
XXP = A, AP Xe++ (APH + 4, AF) X+ A, AP XP 
+ (A, AP + APH) EH 4 (AP +1 A, Anar A, apr. 
Raising this equation. to the powers p” and p™ and adding the three results, we 
find that the conditions for the identity s 
iv XIX p Xir x + XX) = pY 
are the following six relations : 
PEAR A Ag ms PAPH APH A Amp, (9 
ht APAE AP Ay = 0 Mig, SR gal) 
together with (6) raised to the powers of p” and p”. 


Those substitutions in which the marks A,, As, 4, of the GF p™] nue the 
condition. (6) and give to the function f a value sia to the GE [ p"], form a 


‘group leaving Y invariant up to the factor f.. 


4, Consider the substitutions (A) of the Betti-Mathiou Grade which leave 


._ relatively invariant the function 


m—1 


= (Bx) (OX y" "+9, 
=D 


where B, o and X belong to the GF[p™] and s is any integer <m. We 
obserye that 


~ 
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80 fiat Y, belongs to the GF[p"]. Applying to F, the substitution (A) and 
making use of formula (1), we find that ne : 


Y! =5 (BX ( ay Eta 
nae 7 ; à 
=F ro QP vx Saran ane XM On gre- | 
i, lez], 


=> Dre a D "Dy mn "art J 


tæl t<i 


-where we have used the abbreviations 
sa! 


DoS BM OM AP Apt, 
j=0 ë 
mom] i 
LED Be OPH (APE, APE, + APL ARNAR). 
Se 0 


The subscripts to Dy, like those to A, are to be taken modulo m. 


4. Suppose first that e is notes 0 nor m/2. The powers of X in the 
| terms of Y, have, then, distinct exponents. We may write Y, in the form 


r=S (BX wya (05yr oy (BX P91 (0X)rt-, 
i=l . i=l 


The identity Y; =p Y,, where p is a parameter, thus imposes upon the coeffi- 
cients a the following conditions : | 


D,=0, ; (i= 1,2,....,m) (7) 
Dig, Spee rt ore = @=1,....,m—s) (8) 
Dieppe Geen - (61 sang ek) | (9) 
‘nD n fb El, eee he ET 
a (Hi; ote, or itme (10) 


We verify immediately that | 

. - DẸ = Diii. r} (11) 
The conditions (7) thus reduce to a single one, as Dı = 0. The conditions (8) 
are consequences of a single one, in view of (11), provided p satisfies the relation 
p” =p. Similarly for the conditions (9). Further, we may verify that the p 
calculated from (8) equals p7" as calculated from (9). Hence (6) and (9) reduce 
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-to the single condition that the value for p shall belong to the GF [p]. 
Finajly, the $m (m—1)—m conditions (10) reduce to 4(m — 3) or $ (tm — 2) 
` according as m is odd or even. Indeed, by (11), we may retain only the condi- 
`- tions D,=0. From the symmetry of Dy, it equals Dy. Hence from D= 0 
follows Da = 0, and by (11), Dimps-1= 0. a 
The two equivalent equations of one pair, ; 

AE ee: T=... m ELS, 

Dy= 0, Di mpe = 0, € i Rigas (12) 
‘are identical only when l= 4 (m + 2), i i. e. when m is even. The two equa- ` 
tions excluded in (1 2), 

D, 14: = 0, "D, 1tms "0, | 

would have formed a pair of equivalent equations. There remain 4(m— 3) 
pairs if m be odd and $(m— 4) pairs with an additional middle eevee if m 
be even. We have proven the theorem : 


“ 


Fors+0, +2 T , the number of nas conditions upon the m coefficients 


A, of a substitution à in order thai ii leave relatively invariant the Junction Y, i 
at mosi 
(m +1) for m odd, 
(m+ 2) for m even. 


4,, For s = 0, we may give Y, the form 
= a fe — 1) yr m=, 
teal 
The conditions for the invariance of Y, are, fete. . = 
Dy = p(BC}""T?, (= 1, 2,....,m) (13) 
Dı = 0. | (,1=1,....,m;i<t) (14) 
As before, we derive from (13) the nie pe" =p, in virtue of which the con- 


ditions (13) reduce to a singlé one. The conditions (14) reduce to $(m—1) if m . 
be odd, ard to 4m if m be even. The above theorem, therefore, holds true if 


0, 


Ay. Ife= m/2, the terms in Y, -have in pairs like powers of X, viz., the jt j 
„and s+j™ The conditions become more complicated. 
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5. To the groups in §§3-4 there correspond certain linear homogeneous 
m-ary groups defined by single quadratic invariants. Indeed, if Z bea rgot of 
a congruence of degree m belonging to and irreducible in the ae Cp], we 
may set 


zur, B= S47, on Sinn 


‘40 
where £, B and y; are marks of the GF [p]. Then, for example, (BX)" 


becomes a linear function of Eos Erase A since 


Hence Y, becomes a quadratic function of the £’s. As noted above, F, belongs’ 


to the GF[p*]. Hence our. quadratic function of the Es has for coefficients 
certain marks of the GF[p"]. The corresponding m-ary linear group is, there- 
fore, defined by a single quadratic invariant. The structure of all such groups 
has been fully. determined by ‘the writer in the. American Journal of Soe 
matics for July, 1899. - 
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On the Excess of the Number of Combinations in a Set 
. which. have an Even Number of Inversions 
over those which have an Odd Number. — 


- By W. H. Merzzer, Pu. D. 


~- 1 If we are given any combination of n numbers m at a time, the combina- 
tion of the remaining n—m numbers is said to be the complementary with. 
respect to n of the given combination. 
Let it be understood (unleas otherwise expressed) that the MEIA in any 
combination are arranged in their natural order (order of magnitude). Let : 


(n|m), (nm). re (n|mi) denote the ee = ln =u com- 
, binations of the numbers 1; -2, 3... n taken m at atime, and let (n | m). (|m) 
denote their sprl Let (nm | D), ( n|m[t).. «(nim | D denote the 
# = À combinations of the numbers in the combination (alm) TA l at a time, 
and let (n (n|m | p denote the combination which i is the complementary with respect 
to m of the ohan alni: i. 6 the combination of the m—I numbers 
remaining after the numbers in the combination (almi: are taken out of the 
combination (n| m). For present purposes let Gun me denote the ‘combi- 
nation made up of the numbers in (aim | ns followed - the MRi in (alm]D). 


In contrast with this I have used vers + (n| m m] Dalm | D to. denote the com- 
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bination of the numbers in the two PETT ofm [m |Z) and oe | m 12) arranged 
8 ag 


in, thelr natural order. i è 
Let any combination having an odd number of inversions from the- natural 
order þe affected with the negative sign. 


2. If k.denote the number of inversions in (n| m|2n|m|2), then it may be 
easily proven that the number of i inversions in (z [m m | Gp m | Di is l(m —l)— k. 


Therefore siya? he 2 ; 
CT i) = (— et oD 
= (2) (are nm D. 


3. The combination (n|m| In| m |Z) = +: (n|m) according as the number of 
i ` a fp a B y a = 


inversions is even or odd. 
Let 


TD + Cl + ee + Cam D 


= on, D.(Rim), (1) 
then will i 


E E 
B t Ba aa (art. 2) 
+ pm D=(— 1-9 (m, m=). | 


ft, the signs of the left-hand member of de (1) a are evidently 
| alternately positive and negative, therefore, 


p(m,1)=1 or 0 > 


dons as m is odd or even. 
Iti is also apparent that 


. o(m, m) = 1. 
4, The set of combinations 


(nmin ||), oom. sei (amama) + 


+ 
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may be divided up into groups as follows :: 


_« The first ‘group containing the first (genie 1 combinations, 
a ~seeond ee HE me jot à 


st (m—141)* o to 7, 46 last Ca =l se 


The first number i in | the second ai of each combination of .the yi group is 
the same, and is the r™ of the selection of m numbers, i. e., the rt-of the 
numbers in (n|m). The first r —1 numbers in. the first part of each combina- _ 


tion of the pth group are the same and are the first r — 1 of the numbers in 
(r|m). It follows from this that the signs of the combinations of the tb group — 


are the same as or thie opposite to (according as m — oer + 1 is even or odd, 
there being m—l— r + 1 numbers in the first part greater than the first number 
in the second part) the signs of the corresponding members of the set obtained 
_ by striking out the r— t numbers common to the first part and the one number 
| common to’ the second part of each combination of a group. 

E We have, ‘theréfore . 


(m, =o (0—1, 1—1) = or ie bise . 
+ (= 19 (m—r 1) + Femara), 


A reduton formula for ẹ (m, 2). 
~ As an immediate consequence of canon (2), we have’ : 


pm, Pme DA (SeH (m =n 19). 
+(—1)"" p= bend) 
= 9(m—1,) F (1) (mL. (3) 


5. By successive applications of equation (2), we have 


(2m, 2+ 1) = @ (22, W) — (2041, A) +... — $ (2m — 112) ` 
` = (2l—1, 21 — 1) 
—®(2—1, A — 1) + (21, 21—1) 
| LEA nee. ne (27, 2—1)+e (+1, 21 — 1) 
© —— (21 ial, 1). | om À 
Bi atela, 2— 1) +.. i ae 
+ Em a) (4) 
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Put l= 1; then g | on 
p (2m, 3)=p(2,1)+6(4,1)+....+9(2m— 2,1) a 
= 0, (art. 3). l = 
Put. = 2, anew MS COR 
“p(2m, 5)=@(4, DHA: at. . + (2m — 2,3) 
=0. : a seg 


In this way: it may be shown that | , 
(m, at 1)= 0:. ({=1:2....m—1). (5) 


6. Seon equations (33 and (5), we have 


@ (2m + 1, À) = p(2m, al) — $ (mi, a1). 


= (2m, À), 
(2m + 1, Ql +1) =o (2m; A+ 1) +p(2m, 2) 

oa 2). - 
90m $1, al-+1) = (2m + 1, 2) = + a). | i (6) 


Tt follows from this. and art. 3 that 

(m, )=o(m, ri. 

Ifi=m, then 

l | o(m, m)=$(m, 0) = 1. 

7. From equations (2), (5 ) and (6), we have 

| (2m, = p (2m — 1, 21— 1) +$(2m—3, gl—~1)+. 
+91 1) 

=9(2m—1, D 2) + 9(am—4, 2i—2)+. Le 

+para, a oe 

E These properties at once suggest that 

(2m, 2) = My, 

_ and it may be aile proved that this is true. 

Tf, in equation (7); we put— 
ist. [= 1, then - : l 
$ (2m, 2) = 9 (2m —2, 0) 492m — 4 0) ++. +9 (0,0) 


=m or my 
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“9nd. Z= 2, then 


° e (am, 4) = o (2m — 2, 2) + @(2m— 4, 2) +... £9 (2, 2) 
E à =, (m—1), + (m— 2), tere bh 


i = m; 
8rd. r= 8, then : Ri a , 
$ (2m, 6) = (Im — 2, 4) + p(2m—4, 4) F s... + O(4, 4) 
i = (m—t}k+(m—2h Fierro hh | 

f =, Mg . 2 & Ai 

In this way we see from equation (7) itself, that if it is true for any value. 
of Z, it is true for a value one greater and, therefore, true for all values. Hence 

l © (2m, A)=m,; = ({=1,2...,m) | 
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inh seen} , 


An r-parameter group generated by the . infinitesimal ‘transformations 
. Xi, X4,...., X, is continuous if each transformation of the group, without ~ 


. exception belongs to a one-parameter group whose equations, at least in the ” 
neighborhood of the identical transformations, are 


aaatSugat ey AG Rat. g 
(i= 1, Dei.) | | | 


| that i is to say, if each transformation: of the group, can a be Fe by an infini- 
tesimal transformation of the group. a: 

In his ‘‘Continuerliche Gruppen,” Lie demonstrated that every transforma- 
tion of the general projective group can be generated by an infinitesimal trans- 
_ formation of this group. Whence it follows that this group is continuous.* . But 

‘Professor Study’s important discovery t} that not every transformation of the. 
special linear homogeneous group can be generated by an infinitesimal transfor- 
. mation’ of the special linear homogeneous group, shows that not every subgroup 
` of the general projective group is continuous, as was apparently assumed by Lie. 

In this paper I shall-term a transformation of an r- -parameter group G, that ` 
cannot be generated by the repetition of an ‘infinitesimal transformation of this 
group a singular transformation of the group @. Study pointed out that the 


“7 special linear homogeneous group in two variables contained ‘singular transfor- 


‘mations. Subsequently: Professor Taber’ established the existence of singular 
_ transformations i in thé group-of orthogonal substitutions in n variables, for n> 4, 
and also in the group-of. linear automorphic transformations of an alternate . 





.* Lie, is Continuerliche Gruppen,” p. 45. 7 ; +‘ Leipzige Berichte,” 1892. 
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bilinear form, and hei group of linear Ron amati of a panera) 
bilinear form.* 

In what follows I shall investigate the two- and TAE subgroups à 

_of the general projective group in two variables, and of the general linear homo- ` 

geneous group in three variables, enumerated by Lie on pages 288 and 519 

respectively, of his “ Continuerliche Gruppen ;” and. I propose to show that sin- 

~ gular transformations occur among. ‘the transformations of many of these sub- 


groups. . 
Let X, J, dues À he the r infinitesimal transformations that generate a 

given r-parameter group Ge. . I shall denote by T, the Les defined by -~ 

the equations | l | 


af v + +) ites r — LX Baek hay, re 
Pe 1 2,....,n) 
and, therefore, goneratac by the infinitesimal transformation whose nan is 
Rte bad. o 
`- Similarly, 7, and T, will denote. the transformations defined respectively by 
sat hga gA Bab Rat a 
G=1,2....,n) 


and . Ep ae vin 1 


m= + jo Ze + D Moet tat -- 
à G=1,2....,n). 
E and, therefore, generated respectively by the infinitesimal transformations 
FR: HR aoe, 2e | 
| and - De | E: Ge es ea 
| Furthermore, Ty T, will denote the composition of T, and T, in the order named, | 


+ Am. Journ. Math., vol. XVI, p. 180; Bul. N. Y: Math. Soc. ., July, 1894 ; Math. Ann., vol. XLVI, 
p. 561; Math: Review, vol. oF 154. 
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that is, the transformation resulting from the successive iaio to the mani- 
- fold (x, Did In). of the transformations T, and T, in the order. named, À 
In ‘general, whatever be ‘the values of the a’s and o's, we can put. 


BRR Ce 
| where D l L = mea, beee b); i °° (2) 
se CS k=], ean f 


# 


that is to say, the composition of ‘two! transformations Ta ‘and 7, generated 
. respectively by the infinitesimal transformations aX,+.... +a, X, and 
| by x, +i... +5, X results, in general, in a transformation, Te. which can also 
be generated by an infinitesimal transformation, viz.: 


at: “on. 


Now, a transformation of Cu can often be generated by more than one infinitesi- 
mal transformation of G,. In this case, equations (2) give more than one set of 
values for the c'a that correspond to the particular set-of values assigned to the 
‘a's and b's; that is to. Bay, the o's are multivalued Punctions of the a’s.and b's. ‘Let 
T, T, be finite for a= a and b=, (j= ml ut at) It may be, for this 
system of values of the a’s and b's, that— | D o & 


1st. Every branch of each function À, .... 2; is finite and determinate ; 
and. One or more, but not all, of the branches of one (or more) of ae functions 
Ap aa Ay 18 infinite or indeterminate; - g 


3rd. Each branch of one (or more) of the functions a À is. infinite or inde- oe 


terminate: ny ee 


Only i in the: last case a6 sos (2) fail.to give us ‘the parameters of an infini- 
‘ tesimal transformation which will generate 7, T.. In this case, there is no 
. infinitésimal transformation of G, that will generate T, T, 1; that is to say). f, T 
is a singular transformation. is ‘8 

To ascertain whether G, contains singular danserna nons we have then 
. (knowing A... X) to ascertain whethér one (or more) sets of- values of the 
as. and 6’s will make each branch of one ə (or more) of the functions A, +... Ap. 


‘*Lie denotes ky T, T., the transformation resulting -from the application to the manifold 
{Ois Bgy: eee s n Jy first of the transformation T , and then of the transformation Ts. 


Rerrazr: On ‘Lie's Theory of Continuous Groups. _ 68 ` 


infinite or indeterminate. If no such system of values of the a’s and b's can be ` 
E found, | G, contains «no singular transformation. If, on the other hand, one or 
more such systems of values of the a’s and b’s can ‘be. found, then the group G, 
contains one or more pan transformations: . | nn 

To determine A, Ays.. Aes let the summation of the Antone series | 


dant iXat LYS x pat. - 14 
G=1, 2, oD 7 : 5 | 
give : T | ail i (ati von + Sar hareek); = 1, ae ., n) : 
| or, in the abbreviated notation, F a 7 Ne Eo 7 
| a= qe, 1). a 4 (G1 >) | (3) ' 
Then 7, and T, are defined respectively by the equations | 


e a a 
D. ASS ae (a, b). a 


Eliminating æi .... a, from the ‘last. two systems of equations, we obtain, asa `` 
MAPS of the fundamental property of a group, un | 
i a! = Qi (w, 2 (ab)). ‘ter 2,....,n) 
If the transformation defined by this system of equations ‘is identical with the | 
transformation 7,, this system of equations is equivalent to’ the system | 
ides CSB ee) 
and, from this ou we derive the gystem: of lot | 3 
| y= Ma (a By: G=12. er) (2) 
I shall ale the foregoing: to several subgroups of thé Fenari projective 
group of the plane. : 


Sr 
` # 2, + ET, € E nee -- 4 . 





š . *Lie employs pand g to denote respectively = and s É 


EA 
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and. equations (1) become : oe eo 
a=athat+ 4G Gti Ae, To o to 


Ysyththyt SEE +. ah ae —ì) 
i OTR T, and T, are defined respectively by the equations 
a! = 6 g, ; a F 
y= =e y + Sh a (nn) | À A ee S 
and a A Ero e ae a 
a a = oy + pe ee: | Lol 
Eliminating x! and y between equations (A) and (B), we obtain, as the: system 
of equations defining DT A | de | 
; : oi = eats a; i 3 ; . i . ` : (C) 
ae eat by +N, i | 


where N denies 
oe ba y+ Rens 


i” Moreover, T, is defined by the sata of equations 
oe a, LES. gine 
D so 


Therefore, if 7, T, = T, that i is, if. the system of equations M is equivalent to i 


.- the nyatet of équations. D), 
s = = per $ 


gt x gta tes 
a Den 


Consequently, equations (2) become: 
Cg = ds + b + Amat, 


Cy = dy t+ by mn, haa 71 
i eats] : ` 


-where m and n are arbitrary integers or are equal to zerĝ. 


. equations (1) become ` 
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_ From. equations (E), it follows that cs and p, are finite for all sets of finite 
valueg of the a’s and b's. Moreover, à is finite for finite values of the a’s and 
b's, unless a, + 6, is an even multiple, 2n’, of xi. But in this case, if we put 
n= —n', we have c, = N which is certainly finite. Therefore, c,, Ca, and c can z 
all be taken finite for finite values of the a’s and b's.. Whence, it follows that — 
this group does not contain singular transformations. We have here an illuétra- 


~ tion of the. 2nd case mentioned on page 62. 


The subgroup, q, ya + P: Hor this oom he = = hg +4 ava + p); and 


taste 
RE LT: $ e 1). 


Consequently, T, and T, are defined EN TES by 


Ka = oy t & =a), ss. A 
and), a aH By, | ae, 
| | para à à vet (B 
and 2, T, by i | | 
í Ht ath) . es 
y'= i | (©) 


where N denotes- e 41 ae D +- 3 ee 1). Moreover, T, is defined 2 


— ety + À ao © (D) 
Therefore, if T, T= T,, ` a o 
| ama + Oy + 
O (gs DEN | 
° G : oe 


nt 
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Consequently, equations (2) became. 


= ay + dg, we sete ee 
o = Na + b). i (E) 
1 aF] s . 


` From the first of equations (E), it follows that c, is finite for all finite values 
of thé a’s and b's. If a, += 0, it follows from the last of these equations 
that ¢,, which in this case equals W, is finite ; but if Gy + by = Qi for some: 
integer m #0, & is infinite, provided N#+0. Now, we can so choose the a’s 
and b’s that ú +b = 2mm 0, and at the same time that N=:0.. For let 


a, + 0, = Ami 0, then 
‘ G N= E aia $a — 4) 


By ‘properly choosing the a’s and b’, subject to the negative condition hal’ 
AL + à and that dy is not an integer-multiple of 2i, N may be taken arbi- i 
"B We may, therefore, assume NÆ 0. We thus obtain a E 
T, T; of our group, e | 

a” = y + lee - (m an integer Æ 0)- 
oy’ =y +N, = (NEO) 


which cannot be generated by an infinitésimal transformation of our group. Con- 

sequently, the given group contains singular transformations. | 
I shall now develop a féw theorems, more or less evident, that will be made 

use of in. this paper. Let the two transformations T, and T, of G,, generated 


respectively by Dax, and je Anse be applied successively to the manifold 


pére 2). We BENG then ie simultaneous systems of on 


al = i Bana tis za + oe i (4) 

(G=1,3%....,n) oS | 

“ei ve alt Si B, Xi ol 4°43 (È b, ZY Las (5) 
$ 1 1 2 ” 


(= 1, 2, ss... , n) ; Se s 


rate X! denotes ‘the. résulte of substituding in. x ‘the: xls for tiie 2'8, ai DEN, 


ł 
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et tu, Xy y m, ete., denote respectively 3 a, x Èa da - X, a); eto. : 


On eliminating a, j, . ; a, from t ihe syste of equations w and (5), 
we obtain the equations * - T N NS 


| era a 1 ee. 


T. + Gex) +$or Sou de ayet PON | | 


G=1, 2. . nr) 


which define the transformation T, LE = cs an : 
` Let now the no ons transformations DE Sana DCE X, be commu- 
tative ; that is, let (Xe À >. x)= = 0; Or, whatris the same. thing, let | 


Yaz. Santen, Bax, Ton (Ña zt jaa, Sax, 
+(Saxys (Sax) + ax Bat yin.y Bag) . 


= (Sax +3 =), (axti x)= (an +, %) 


= = (Bars eae Similarly, (Sie) s ($è x (Ga a). 


| es zy. Sax +(e) (Sent n= Gerry 


eanas if (È a, X,, > sb, x)= = 0, ‘equations (6) may be written 


staat Sarinatrs OC Batra 7 ra (Sara ar. 


i = 1; 2 o ee 


* Lio, ‘ t Continuerliche ‘Gruppen, np 487. 


PA me oe 
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and hence, in this case, ni T =T, aS me TE moreover, T, T,.= T,, where 1, is 
defined by | ase 


d'a+Ë Lat E RO er 2. CSS 
: (i=1, DE 


+ 


we may. put: Cy == ay, + be. for RS dus 17 and, therefore, the c'e are finite 

for finite values of the a’s and b's. We have thus the following theorem : 
THEOREM L- —Tf the "two -énfinitesiniaal transformations Dax, and Sia, À 

| which generate respectively the finite transformations T, and T, of G, are nie 


. tative, or what isthe samé thing, if ie; a, X,, De Z,)= = 9, then the transfor- 
mation Le T resulting from their composition as tes to a non-singular trans- : 
formation -T, generated wy the infinitesimal ana oian D c, X,, where 


Re oh ae te a 4 (b=4, 2, «s+. m) 


La now, (Z, x)=0 pes k=1,2,.,..,7, thett fr every system of 
values of the a's. and .6’s (Š Gott È b, x)= =, and, therefore, d7 theorem I, 


LT (which i is now equivalent to Ta T, for every system of values of the a’s and 
bs) is- non-singular. Conversely, if T, T,= Ta T, for every system of values of 

the a’s and b's, then, ($, X) = 0 for j, k=1, 2, lues, +; and, consequently, " 
T, T, is ‘non-singular. Whence we derive— 


Taxoreu IT.— jf the transformañions 2 G, are all commutative, or, ipl is the — 
same. thing, if (X, go for Qi ht Diya stew, f, no Ci of Nu 18 
i singular. i i 
- Asa particular case; we have, since the transformations of a one-parameter 
group G, are commutative, ‘a one- paramere group, G,, contains no singular trans- . 
Sormaiions.+ Bad 








_ * Lie, " Continuerliche Gruppen,” p. 487. 
tThat is to say, the composition, of transformations Fo by the same “infinitesimal transfor- 
mation can alwayy be generated by this infinitesimal transformation. 
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Groups whose transformations are commutative need not, therefore, bé con- 
sidexed in our investigation. ` 

“Let us next assume that the symbols- -of infinitesinial transformations of” our 
| group aré not in general commutative, -but that ($, Ay) =.0 for k=1, 2, 


We shall then have (& > sa, À, = =0 for every system of values of the a's; 


and, conséquently, by theorem I, each transformation generated by x; will be - ` 


commutative with every transformation. of our group. 
| Let, now, S, denote a finite transformation posent by 4s, that i is, let S, 
be defined by the equations ` 


He a a = (x) ét = 
i dire 





: = si eee 


Further, let T and. T, denote. two finite transformations sons ed respectively 
by the infinitesimal transformations. — > > E 


. | Gite ya Kat yi Kyat oes ba X, 

and By Rf a Kp at by Bart ee +B. 

t now, T, denotes the transformation generated by. aA t.. re a, 1 Xj-1 
+ a, Xp + 41 Ag +... X,, then, by.theorem I, l 

| | a Ty = 8, T= TE 

Similarly, .- | T = Sy, T; ENES 

Moreover, 2, É = 8y, Sy Ti T= Sa 4, DT. 


Furthermore, from theorem I, it follows that if 7y TJ is non-singular, & a+ by T, T! 
is non-singular. For S44» is generated by the infinitesimal transformation 
(a, + 8,).4,, and is, therefore, commutative with every transformation of our 
‘group. If then, Ty T, is generated by the infinitesimal transformation 
OO Xt oe He, Doce fee, Suto, 7 Ti, by theorem Iis generated by 
the infinitesimal feanstormiation PZ +... (CP + ay +b) Xp eee, HPN... 
Consequently, in order that 7, T, shall i ae T; T! must be singular, but . 

if Tei is independent of. % and by Whence.» ‘we e obtain 


es ‘ i + 
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Taone ii ip Rath, vera reopectively by DE X, and $: b ae 


are: ‘two transformations of the group X,,.... Xj,. x; and if X, is commu- 
tative with each symbol of infinitesimal ia iE that is, if (Xp A) = 0,. 
. (k= 1, 2,...., 7), thén the singularity of the tranaformation T, -Ta is independent. 
of the A values assigned to a; and b. - | 
We may, therefore, let a, = b = 0 without affecting our results, 


I find it convenient to employ the following notation in dealing with linear 
homogeneous groups. The transformation defined by the system of equations 


ES a + + Gin n 
(= 1, 2,. ae 
"may, be denoted by 7. The identical transformation defined by 
| gi = at, a (i= 1, 2... n) 
may be denoted z I. We have IT= TI. Further, the transformation defined 
by a MO a (t= 1, 2, «+44, 2) 


where o is indepéndėnt of the a's, may be denot by of; or simply by o d; cond 


` ` the composivon of Zand o, defined by the equations 


“af o (Aat + Gig ty + +» a e Ain La), 
(i= 1, 2, ee., NÙ 


may be denoted by ot: We evidently have 
of= To. 


There exists: a sans relation between the general projective group of © 
the plane (x, y) and the general linear homogeneous group in three variables, 


"ay, %, 7- The nature of this relation is made: evident if we consider a, 2, £ 


as homogeneous coordinates of the -plané. Then the transformation T of the 
general linear homogeneous group determines a corresponding projective trans- ` 
formation T of the plane. To show this, let 7’ be defined by the three equations — 


Xi = du Wy F yy Da + yg Be, | 
seu t du À Gus} (A) 
= ap Li F ar La + Ogg Ty. 








* Lie, ‘* Oontinuerliche Gruppen.” p. 500. 
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If, now, xi, x}, x, and 2, a, x, be considered as homogeneous eoordinates, these 
equations are equivalent to the two following equations in Cartesian coordinates: 


`y ET agy À te 
Ag, © + ag Y F Ass’ s i (B) 
da © + ds Y + Ass 
aE + AY Fag 





y = 


on define a projective transformation T of the plane Ge y). In the determi- 
nation of this projective transformation, T, we are concernéd only with the ratios 
of the a’s in the equations defining 7. Consequently, the transformations T and 
oT of the general linear homogeneous group, for every value of o other than 
zero, correspond to the same projective transformation T of the plane. In other 
- words :* To every transformation T of the general projective group in two vari- 
ables (a, y) is associated œ! transformations o T of the general linear homoge- 
neous group in three variables (a, a, +); and, conversely, to œ! transforma- 
tions oT of the general linear homogeneous group in three variables is associated ` 
' a single transformation T of the general projective group in two variables, 

| Further, to every subgroup I, of the general projective group in two vari- 
ables is associated two or more subgroups G,, Gi.... of the general linear 
homogeneous group in three variables, while to every subgroup G, of the gen- ` 
eral linéar homogeneous group in three variables is associated but one subgroup 
T, of the general projéctive group in two variables. If the subgroup G, of the 
general linear homogeneous group does not contain singular transformations, the 
- corresponding subgroup T, of the general projective group cannot contain singu- 
‘lar transformations. On the other hand, if G, contains a singular transformation 
T, it does not necessarily follow that the corresponding transformation T of I, is 
singular. For T is associated with œ! transformations oT; and, although T 
may be a singular transformation of G,, oT, which is a transformation of at 
least one of the.subgroups G/.... associated with T,, may, for some value of o, 
be non-singular: in which case Ti is also. non- singular. If,.however, it is impos- 
sible to find a value of ø for which o T is a non-singular transformation of one of 
the groups G,, Gla.. ., associated with T,, the transformation T is a singular 
transformation of T,, and, consequently, this group contains ‘singular Hs : 
mations. 








Lie, ‘‘ Gontinuerliche Gruppen,” p. 501. 


Z 
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-- Let es (A) ais 70), define the transformations of the ahaa G, 
of the general linear homogeneous group: .Then equations (B) will define the 
transformations.of the subgroup I’, of the general. projective group. If, now, G, 
contains a singular: transformation T, in order to determine whether T contains ` 
singular transformations, we may ascertain directly whether the transformation 
T, corresponding to T, is a singular transformation of T,. This method often 
- seems preferable, and, in general at least, presents no difficulty. | 
` Let G, denote a subgroup of the general linear homogeneous group in n 
. variables. The infinitesimal transformations X,,....X;,....4, of G, satisfy 

‘relations of the form* : 


= Sias Fay : g (i, k= deens a) ” 


with constant etaient on N ow, it often omt that the coefficients of one 
(or more) of the X’s, say Xj, is zero in each of these parenthesis-expressions, i i. e., 


y = 0. . (i, k = 1, EET Y, 
In other words, x may not occur in any of the ra on for the ` 
<X’s taken in pairs. | 
_’ Let us assume that Cay = 0 for à i, k= 1, Dons Pa Then 

oe : | Y,, Ys -+211 Yr, | g À 5 
where | Ea ef i). y i ~ (k +i) 
PE g | MEX+U.. |: | 
| (U denoting the perspective transformation t L -+a ə + sees +e we ) are 
Ox, "Or ” Onn 


infinitesimal transformations of a gubgroup G} of the general linear homogeneous 
` group in n variables ;* and, a 


(Yi, HET 


we have ch, = Cim. Therefore, if T, T,, T, are three transformations of G, gene- 
rated Pipe ely by l . i 
| aw ` a A + dy Xp ++ . Dé PE 
b 4; + Ds A+... + 0,2, 
a +a x, | 








rs se Continuerliche Cent p- 801. 
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and such that T, T, = 7., the three transformations B, Ti, T. of. G! generated Í 

respectively by 
; E Te EPA 

b fith Y t.en +4, n | 
a Y, A Cy Yn + a «+ c, Y, r! 


will. satisfy the ‘relation TP T= : T), and N. Now, the six transforma- 
tions Z, X, etc., belong to the general linear homogeneous group. Moreover, 
U is an infinitesimal transformation, of the general linear homogeneous group. 
Therefore, by theorem I, 7? may be considered as.the resultant of the composi- — 
tion of T, and a transformation generated by qU. ‘In the notation adopted, 
‘the latter is represented by ¢%, since it is defined by the equations 


oa Gee: eeoa SON. 


5 4 Gb) 
Oonsequently, . S . T= g Ta ae 
“Similarly, = Bae, 
oe CO Paet. 
Therefore, & T= T= 7 T= PARTEA, a 
Whence it follows that | 
ea TS 


mid gwen may put o= ay +b. . 

` We thus obtain the following theorem, which, on account of the be rela- 
tion existing between the general linear homogeneous group in n variables and 
the general projective group in n— 1 variables, Ropi ago to the ponema 
projective group in (n — 1) variables :. | 


THEOREM IV. -YI T,, and T,, sera raporti by SZ $ia, x, 
‘and Sa An and etat by dis relation T T,= Ty are three transformations of | 
| rs Don. es moreover, in the parenthesis expressions | 

te | _ 7 A DEV ax, feos “G, k=l, T ` 


10 


>. defined by the ort of os 
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. the coefficients of X; are ai Hat à 48, if - | | 
| Og = D o RE pr) 
| | l | 
In. the case of the linear homogeneous, groups, ‘the process of finding the - 


equations of the finite transformations of a given group, Xi, ..., X,, can often be 
very greatly simplified. For let T be a transformation of G, generated by the infini- 


tesimal transformation Se X,. To the symbol DL x, add and subtract hg i 


same multiple of U, where D denotes the E E transformation, 
©} Ch 
vı CA + … Me a, 
Then, aier rearranging and simplifying the renee let 
D ul, i= = =f Fa U, 


where X is ‘the symbol of an infinitesimel transformation, namely, $ ‘Lx, — eU. 


Whether Yisa transformation of the group G, is immaterial ; it is suosii that 
 Xisan infinitesimal transformation, of the general linear homogeneous group, of 
which G, is a subgroup. Since | 5 i 

(X, eV)=0, | 

we may, by theorem L consider T'as the- chine of T two commutative 
transformations generated respectively by X and U. According to our nota: 
- tion, the transformation generated by sU may be repre garag by e', since it is 


a= = éme. ¥ d CSA, PAR n) 


Conseqasaty; if $ be the na generated by X, the transformation T 


is identical with the transformation es, or 
- à 


Taeg. 


-Ta other words, if we know the system of as ‘defining S, we multiply the 
right-hand members of these equations by the quantity e in ander to obtain the 


LI 
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system of equations that define the transformation P. -By a proper choice of | 
e,,4 often takes such a form that it is much simpler first to find the transforma- 
.tion § than to obtain the transformation f directly. For example, suppose we 
wish to find the finite transformations genérated by the infinitesimal transfor- 
mations of the two-parameter group, 2 op + ayg - . Here. 


$ra p (ap + con) = taath U; 


- and we have J= Læg + bla —1)ġg, and UE h Ù. The transformation S 
generated by X is defined by the infinite series 


a = x + [hag ++ (a— 1) yg] eej 
y =y + [haegt he 1)yg]y + 


and can readily be summed. The transformation S multiplied by e gives us the 
required transformation 7. .The transformation T, considered as generated by 
L aq + by (p + ayq), i is defined by the infinite series ` 


a =a + [hag + by (mp + ayg)Ja +. 
n5t [hag + 2 Gp + oydly + 


These t series are, , however, more dificult to sum than thes series defining a 


At the end of this paper, a list is given of those two- and three-parameter” _ 
subgroups of the general projective group in two variables, and of the general 

linear homogeneous group in three variables, that contain singular transforma- 

tions, and are, therefore, not properly continuous, They are included among. 
the subgroups of the general projective group and of the general linear homoge- 

neous group enumerated: by Lie on pages 288 and 519 respectively of his “Con- 
tinuerliche Gruppen.” The following groups have been selected from this list. 


= Example 1. The subgroup, sg, 2p + ayg (a + 0, D © For- this group 
$ X,=X+ eVHheq + h(e—1)yqg +h U, and equations (3) becomes 


a! = a 


jaa — a) æ + ony 





nee eS 
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Consequently T, and T, are defined respectively by the equations ‘+ 
of = Er os à À a : 
f= eS ee etegi n 
as (a =) 
and (gl = etal 


(B) 


Diiminating x and y between equations (4) and (B), we Ne as the ae 
of equations defining -Ty Tar 


ee R i o : 
4 y= Nae + trey, } Er i , (0) 
where N denotes i 





a — 1 


‘ 1 à eb | oe ie en ` ae 
ieee tons— a 
Moreover; T, is defined by the system of equations 
t= ea, | | ES 25 
D) 
y'= eD 1) ap ot | ( 

ee 

Wherefore, if 7, 7,= T, 


o P =the, 7 | ` 
ee 





aCe Sy aaa a Ee 


oh the first two of these equations, we obtain 


= as + by + On, 
Cyt = (dy + bs) a + Are, 


where n and,n’ are integers. Whence we have as a condition-to which the inte- ` 
' gers n and »’ are subject, ad “Ci ee 
na =n. | À 
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| Te a is jerational this relation is porsible my if th n ad aa are zero. In 
` this caso equations (2) become | 
G= dy + bs, | 


= as +b) (a — 1)N 
= CCR E 


Whence it bee that o is finite for every set of finite values of the a’s and 0’s; 


(BY 


but if a + b, = = ——— T (m being an integer Æ 0), cj will be infinite, provided: the | 


-a’8 and b’s are so oan that N= 0. | aa 
Therefore, if a is irrational, the transformation 7, T, is singular, provided 
_ the a’s and 6’s are so chosen that NÆ 0 and that a, +b, shall be an even mul- 


2 in 


tiple of Ti other than zero. Substituting < in.(C) for a, + b;, we kave, as the 


| cananions of definition of the digali o T Tas 


m = Lo NE 0,.m aù integer + 0) 
_ Leta be rational. In this case n is +. only to the ie that na 
shall be an integer; and, if we puta = £ , where u and » are two integers | 
relatively prime, n = Av, where à is an arbitrary integer. We now have, 
oy (= 1) = (4 + Bi + ame | 
= (as + ba) © = +. 2 (u—v) mi. 
‘And, therefore, equations (2) become Eu 
| Gy dy + by + Domi, ” 
_[@ +5) 2 + mm] g N 


gates (eaten AS 1) 








2mvm 





_As before, c, is finite for finite values of the a’s and 6's. But, if a; + b = ran 
(m an integer), ¢, is infinite, provided V +. 0, alesi we can 80 choose a that 


| AREA; 
in Eh case G = N. 


. 
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Consequently, if a is rational and equal to € , where uw and v are two inte- 


gers relatively DEE), the transformation T, T, defined by the equations 


‘gment 
a! = env a, . K, £ | 
Bruni f 
y= Nete y, 9 (N+ 0) 


- is singular, unless m contains u— v, in which cage T, T, is non-singular. 
Let a be rational aad equal to = ; and let the a’s and b’s be so chosen that 


T, T, i8 singular. Apply the Nee eee T, T, siceva Ju — r | times to 

- the manifold (x, y). The resulting transformation is defined by the equations 
| d =g, i i 
a= N'a + Y, 

where, ie ee and a a by p and a, N' =N (p4 ptT o 
Fasse + pot’? + oo"). This transformation is, however, non-singular, 
and can be generated by the infinitesimal ‘transformation N’g +0 (xp + ayq), 
as may be seen on substituting in equation (D) a =N and c =0. Thus, 
although 7, 7, may be singular, if a is rational, some power of T, T, is non-sin- 
gular.” The He of this fact will appear later. | l 


Example 2. ee xp a q. 


The transformation, T,, i 18 defined by the equations 


a =e, 

: : A 

a Et ). 
And, if T, Te = = ve we nave also | 

oa dath g, B 

E p: (8) 


Mage Nisa function of the ws and b’s and may be taken arbitrarily. 


* Of. Study, Leipzige Berichte, 1892. Taber, Proc. pene. Math. Soc., vol. XXVI; Math. ânn. , Vol. 
XLVI; Bul. N. Y. Math. Soc., July, 1894. 
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Equations (B) may be obtained either in a manner similar to that in which 
* equations (C) in example 1 were obtained, or, they may be obtained immedi- © 
ately by méans’ of theorem IV.. We have (aq, ap + q) = — aq; and, conse- 
quently, if T, T,= T,, we may put O% = a, + bs. We may assume, therefore, 
. that 7, T, is defined by equations (B) where W is a function of the a’s and b's, 
and may be taken ey In most cases I. found: ‘the latter method ee 
` erable. 
| Comparing the two sets of equations (A) and. (B), we obtain 


C3 = dy + bs, 
a= = N(a, + a 
eta 


- From these it follows ihat i every branch of c is infinite for a, + b, = 2mmi 
(m. being an integer + 0), provided the a’s and 6’s are so chosen that N+#0. 
. Consequently, the Enon group contains singular transformations.. 


de Ps WPi, taps +a pe + aU, 
Hoe MLSE + UEan thant baptan) + hes and. au 
anenai T, is defined by the ro | 
lO a Had m, s SARN 
nr emda bettas os CODE 
= oe a. or 
+. T, is defined also D the equations E _ | a > 


; mA = tea (ay By) ort a, 
w= Na + RU 1) ca + m 
ah = eD g, : 


where Mand N are functions of the a's, and: vs and may be takon arbitrarily. 
- Wherefore, ; | 


pen dut Le 
o re as + b, 
ea Ju 


D ge Oe a (= +e = (es — qe = M. 


a 
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Whence, | ; | l k “a = = ag. + A o : 
> .4= — N(a + bs) es 

: etre (enr 1)’ | ; Sg 
M— N+ = Casta 


Ti g baja e™ 





a GQ (aa +b). 
From these equations it follows that every branch of both o and c is infinite if 
as + b = 2mni (m being an integer = 0), provided N ki 0. Moreover, o is then 
infinite of an order Hight than Gi arid if N= 0, à is infinite, provided 
M+oem" E0. | 
Consequently, the given group contains singular transformations. The group 
associated with this group, namely, g» ag, p + Y4» likewise ‘contains singular 
transformations. 
Example 4,—The subgroup, ts Pı, Pry am pt Bart SP The trans- 
formation T; is defined by. the equations . á 


s = Patate (02 Da, a og | 
PEN EL HE | 


=. 6? a, 
>~ E T= T T,, T, is. ale: defined by : 
| $ = ear t Pada i + Me, 
H= Peat’) o + Nez; . 
| of = enr), 

Wherefore, a . ee gids tba) 

l SEN dB = a+ DD, 

et 


| ss (ets 8 — 1) = M, 
A: SLR 1) 


From the first three of these Koen we obtain 

| -ga = (ag + bi) a + Ann 
- GB = (ag + b) B+ nm, 

' GIE (ay t ds) à + m'm, 


sae a =i nits moreover, t, 7 and ~ 


where d= Va Fan. | re see is, eae 


+ Remon ‘On Lies Theory of Continuous Grose, oo 81 


_ where n, n and nl are T “Bines these be are siniultancous, w we have 


the, relations 


For certain values of a; 8 and 3 (e. g., ifa is.rational, @ and $ irrational), 
‘these relations are possible only if n, n-and n", and therefore.p are zero. With“ 
the foregoing moaning assigned to pr equations (2) become E 


k | . C= ig + by +. pri, oe 
= a (L — 3) N (m + b a 
Jo AT E E ET 7) 
2 . = GS M (as + b a, 
da + Ds 2 (et ba a O) nan ; 
From 2 on it follows - that every . branch, of - a ‘is. infinite if 


as + by = = Bos (provided Ne 0), unless P HS = 0, in which CABS . Cg is 


1” 


B Mn MY ma ' mo” m> : 
“finite, ut if p= : BS’ B= 5) gs" Sp: al integers, Gon- 
sequently, if ag + by = RS: | and” if, moreover, Bo 8 pe and gost = 
_not-all integers, every branch of öy is infinite (provided N+ 0), and the corres- 





_ ponding transformation is singular. Similarly, every branch of € is ‘infinite if 


amine mo , are not all inte- 


= 











à. a—S | 
gers and M +0.. G 
Example 5. —The special iar homogeneois group. 


| T Pa» $ Pi — Ta Ps, Ta Pis j 
The transformation T,i is defined. -by: the equations 


de LÉ ES ato a. 

















a | 4 = (RE). se 7 4 (Oh : . i 


ro: 
Lg — Tg, 


11 
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Let T, be. one by the equations, 











of = aya + aye, © fan, a] 
14 Og + As) | dm ay | 4 
é oe ae 
Then, if T, T,= T, . A agen ET aAa ie a E 
l n @tetsaita, 2 A, 
fe end | & 
af) = dans = — (B) 
ga TA T | 
$ =en | 
té— oe S 
“= Bas ee 0° 
where. = | mnta = Gta = 1 be 7." 1 ‘@ 


sd f | | 5 | . d= F aa : ` | : | . . d oe E PaE , (F) 
By means of equations (B), (C) acd ©), we e obtain the oiuation Fy 
ft 





tan) (SG N= Ce Ga) + dan iy, 


whence (és (au + oP RP 
oo _#— EME RE 


Adding (A) and (Œ, - 


| Tn Ey 
= ant au VF On i 


on Taking t the tours of both h sides, 


da topsite GET a, h ~ (8). 
| where’ Le is an integer. ese | E ' 
__ Since ay and. dy are functions of. the « a’s and b's, di is a a multivalued function 
of the a's and b'a. oe | a Oa i a 


p i f Fe g 2 AVR a FH bg 
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Moreover, from equations (B), (C) and (D) we obtain 





— An Ane 
a= ä —a d, 
ET € ` 
C= a — 4, 


aken d is defined by (Hj. | Var 
From (H), it follows that d= 2m, if ayy + aa = 2. Butif d= ri, c 
will be infinite (provided. a, + 0), unless we put k= 0, in which case c = dm, 
and, then, at least one branch of is finite. Similarly, at ‘least one branch of c 
and c respectively is finite. LES if an + ag = 2, the transformation 
T, T, is non-singular. oS, —. % | 
| On the other hand, if ay eh +9— 0, d= (2h +1)at. Butin this case, 
c will be infinite for any integer &, provided a, #0 ; and consequently, if ax Æ 0, 
every branch of cœ will be infinite.. Similarly, every branch of c, willbe infinite, 
provided ay, das; and every branch of ¢ will be infinite, ee Aya a 0. 
Let an + dp = =— 2.. Squaring, _ 


_ dh + de æ+ 2an ay = 4. 
From (E), : Ady Ag, = 4 +40 y Gy). 
If, therefore, ay) or dy, is zero, Gy, = Gy, and Ce will not be infinite. Conse- 


quently, if ay + as + 2 = 0, and if, moreover, ay. ‘and ay are not both zero, the 
transformation T, T, is singular. l 


We know that a point p of general position in the space (Lyoss e £a) will 


describe a continuous-curve under the successive application of the infinitesimal, ` 


transformation that generates a given transformation T. This continuous curve 
is called the path-curve of the point p with respect to, or associated. with, the infini- 
tesimal transformation i in question, and is invariant with respect to this infinitesi- 
mal transformation, and, therefore, invariant with respect to. the- transforma- 
tion 7. It is obvious that there are "1 path-curves associated with any 
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-_ infinitesimal transformation” that generates T (or ot —* if the. space (ti eese a) 
ris me —"1)-way extended).* | ans 


Let K CPE. © ie the- indinitesimnal transformations of the group Gr: 


: Let T be a transformation of this group, and 


You Dès TEDES 


be the iniahon Ta that. generates T. The atl -curve of the 
- point.p with respect to this infinitesimal transformation may be termed the: path- Dé 


curve of the point p associated with the tr ‘anaformation T. The invariant curves, or 
path-curves, associated with T dre given, ete: by: the system . of simulta- 
neous differential equations, T i . Bo 

| deny 


HT ras ae ee Gk 
, 409 Ge ge Rea + 


| . Let. iit à — D independent integrals be ` 


Pi (Gj ove eqs -C me | ; n "I i | 
Q (Erei a Ge . o,) == R, i o ~ ey" 


: | Pr Reese Zu Ge er 


The equations (GB) by giving all possible, values to the constants of integra- | 


. tion, Ky...» Kı, define the 0%! of invariant’ curves; or path-curves’ a880- 
-ciated with T. But when 7 is singular, no. infinitesimal transformation of the 
"group to which -T ‘belongs will generate T, and; therefore, there is no path-curve 


associated ‘with T.t Nevertheless, there. are always, even in this case, ue 


SS invariant to T.. = o : = 


If wè let & ....c, take all pails sets of he dquations (B) de the ` 


` path-curves or invariant curves associated with the transformations of the givén — 


group G,. In the case of a singular transformation, one (or, more) of the 


parameters, say c;, is infinite. Suppose , = K, contains the parameter ¢,, then ` | 
if 6; is put infinite in ese bac certain of the terms i in Qi may be infinite, 





| ie, bg Differential. Gleichungen,” p. ‘800. : EM * tLe, Ibid., p. 801. 
. {That is, no one of the path- -curves generated by infinitesimal transformations of Gi is Re 


So. oe À a g p aet 


x 
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.If the Ake TE of infinity of the. terms- us rendered infinite i is g, we may 
choose -K; infinite also of the gt ordet. ` If, then, we divide through by a .quan- ` 
tity infinite of the q® order, the terms finite, or infinite, of an order lower than. 
the g, will disappear. Proceeding similarly with the other equations, we obtain 
equations defining the. curves invariant ‘to those singular transformations of the : 
given group for which Oj = 0. If the equations (B) are‘all algebraic, that is, if . 
all the path-curves or invariant curves associated with the infinitesimal trans: 
formations of (7, are algebraic, each of the curves invariant to'a singular transe 
formation T, in such cases as ‘I. have-examined, break up into a finite system of | 
_ lines (real or imaginary); and the application of the singular transformation e 
toa point p on one of these lines (not itself invariant) will convey ‘p from thé ai 
- line in question: to another of.the same system. : Moreover, the transformation ` 
- repeated.a certain number of timés will convey the given point p back to the 


‘, original line. Here we have à geometrical reason why: some power of a singular 


transformation may often -be non-singular ; namely, some power of a singular 
transformation 7 applied to a point p on one of the lines of the system invariant; , . 
` as a whole, to 7,.may move the given point along that line, which transforma- 
‘tion may be effected by ‘the repetition of an infinitesimal transformation of G.. 
` Om the other hand, if the path-curves, or invariant curves or at least some of. 
- them), are transcendental, it often happens that each of the‘curves invariant to a 
singular transformation consists of an infinite number of lines; and the applica- 
tion of the singular transformation to a point p on one of these lines (not itself 
invariant). m will convey p from that line to another line of: the system; but, . 
repeated. any number of. times, it will not, as ‘in the preceding case, convey p 
back to: the original line. In some ‘cases each curve invariant. ro) a singular 
transformation may even reduce to a single line. | 

I shall investigate the invariant curves of ‘the: first three groups considered ` 
above. : oe oe che rer 


Example À. The invariant curves (path-curves) Soh tata with. the trans- | 
| formations of the group xg, TP i ayq are Evon by up Su SAR 


aoe Tarte FA 


Integrating, ‘and denoting - the constant of ‘integration h K, we obtain the ce 


` 


equation 


` me 
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Dig à saree By 


Cts 
D 


which, by giving proper values to ê aid ¢,, defines the curves y invariant to the 


transformation T of, the given group. -If, now, T is singular, then is infinite 
(see p. 76 et se.) ; but since K is an arbitrary constant, we may choose Æ 80. 


es 


that 2 P= C, where: gi is finite; in which ae is zero. The. equation (B) thus 


K 
becomes. Le | a 3 = Aa ; 
; ` T 7 . ae © 


whieh represents’ a system of lines invariant as a whole to 7.* The application 
of the singular transformation T to a point p of general portion $ on one of these 


lines (not itself invariant to. T) will convey p from that line to’ another line of . 


‘the system. For example (see p. 78), lets m=1 and a= 3. Enen the eingulat i 


` Seanelormanon: T is defined by 


$ 


defined by the equation a = constant, LA 


Tr ~T, 


ye Aa So o WEO, 


, nd the equation of the invariant curves reduces to ` 


Pai, a | FE Cn, 

which breaks up into ` -~ | 

se S ono. me) 

and the “special invariant w= 0. l 
Moreover, the application’ of T to a point p of general position on the line © 
= + © will convey that point to’ ‘the line “x =— @. Applied again, it will 


. reconvey the point p to the line æ = + C. The second power of 7, therefore, 
“moves: the- point p along the line s= + 0; and this transformation may be. 


effected continuously by the repetition of an infinitesimal transformation of our 


| group ; ‘that i is to say, T” ia non- singular, 





e 5 k t 4; - i 
* * Each of the lines of this system is separately’ ‘invariant to an infinitesimal transformation of G,: 
namely, that for which 6, =1,0,=0. For the Hs ourves of this- infinitesimal transformatjon are 
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* Beampla 2.-The invariant curves ‘of the group aq, ap +g. are given aby the i 
- differential equation | ra ne 
. GT | G+ ey UN AS A ) 


Integrating, and denoting the cònstant of integration by K, we obtain sf 
ie í oy = =at +o logt K. à l . , (B) 


For a singular transformation, Cj is ‘infinite (see P 79), Choosing Æ prop- 
ey equation (B) becomes | Ei 


"40 


Hach ¢ curve ‘invariant to the trensformation - T reduces, therefore, toa single line, i | 
if T is singular. | 


Example 3.—The invariant: curves of the QrOUp 2% Ps, % Par a Pa + a Ps are 
' given by the simultaneous differential equations . 


LE a Bi 


Integrating, and. denoting the constants of. integration by. EK and’ G, we obtain M 


l the equations . | f 
Baa tact +) tarte | E Oe 

í a = C. 3 : 
| For a vingular transformation, å is infinite of an. arde higher tinn S Con- - 
- sequently, ee oP reduce to 


È! = K's, 
. from which we obtain . ea ee eee a s 
RE À = 0'+ ni, 
Lg : * 
Odea % = O;- 
or OS m= 0 


cesse us os ses 


= ox (0! + mei, t= C, ` 


ess ss. heen tee e eas 
D . os: 
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Gossen a if T'is FA each curve invariant to T consists of & an infinite | 


.number:of lines.. Moreover, the singular transformation applied toa pointep on .” 


one of these lines (not itself invariant) will convey 7 from that line 1 another of 7 
the system. roi 
pee singular transformation is defined by the equations’ 


he of By + mnie. ia. 08%, E 
cor t = Na + e + Mr, it ze: (WEO) 
r oa eo LL ha, 


This transformation applied to the. ai 00%: i Te, o ) on the line’ | 


De = ga 0". Ts = © 


LÉ 


| will convey that point to thë point (ao! + amr, a, 0) which, evidently, à is.a 


point on. the line 
ase & (0! à a, it, = 0. 


| Two points, p id Pt of gael position on the: ‘sème smallést invariant, 
‘manifold relative to the group G, can always be ‘interchanged by one or more. 
“transformations of G,. In general, each of the transformations. by which p and 
p can be interchanged, can be generated. by an infinitesimal transformation of © 
: G,; in which case I shall say" that-the points p and p, can be continuously’ inter- 
changed-by the transformations of this group. . But.if @, contains singular trans- 
formations, it sometimes happens that the points p and p, cannot be interchanged: 
. by a transformation of G, that can be generated by an infinitesimal transforma- 
tion of G; and, in this case, I shall say that the pea pand p, cannot be con- 
tinuously interchanged. l : ; 

. Ifthe smallest invariant manifold relative to the tes group G, is g-way 
extended, gsr, then there are ©" ‘transformations of G, ‘that, will interchange 
. two points, p and p, of general position on any invariant manifold relative to. G,. 
- If rq, then there is at least one transformation, and in the. case’ of certain 

groups there may be o1.* If there is but one, and if ‘this transformation i is sin- 





Lie, 5 Continuerliche Gruppen,” p “482, Lie age tates that there is but one Histo if the 
group is simply transitive. But this is not always true, as is shown by the 2nd example below. 
` Moat of the conclusions and examples which follow have been given by the author in a ‘' Note on 
_the See patine Group. a sEroo, Amer. — vol. XXXII, p. 498. FE ie 
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_ gular, that is, if this transformation cannot be generated by an infinitesimal 
transformation of G,, then, clearly, not all points on each smallest invariant 
manifold canbe continuously interchanged. - But if there are more transforma- 
` tions than one that will interchange two points p and p, of general position, then 
“it is by no means certain, when G, contains singular transformations, that p and 
pı can be chosen so that all these transformations are singular; or, if g <r, that 
the "7% transformations are singular. In fact, in all cases I have considered, 


this is never possible. It may happen that but one, or all but one,of these . 


transformations are singular. In this case the points of general position on any 
smallest invariant manifold can be continuously interchanged by means of the 


transformation of the given group, although the group contain transformations 


that cannot be genèrated-by an infinitesimal transformation of the group. 
Associated with a group G, with r-parameters is a subgroup G, with pSr 
parameters of the general linear homogeneous group in r-variables—the adjoined 
of the group G,. If these-r-variables .be considered as Cartesian coordinates, 
` then every point in the space, S., to which the transformations of Q, are applied, 
represents a transformation of the group G,. On the other hand, if the r-vari- 
ables be considered as homogeneous coordinates, then every point in the space 
8,21, to which the transformations of @, are applied, represents a one-param- 


eter subgroup of G,. Moreover, two points.p and p, of general position on the l 


same smallest invariant manifold in S, (or S,_,) relative to G,, represent trans- 
formations (or one-parameter subgroups) of G, of the same type. For these points 
can be interchanged by means of one or more transformations of G, ; and, there- 
fore, the transformations (or one-parameter subgroups) represented by iae points, 
may be transformed into each other by means of the transformations of G,. If, 
however, the points p and p, cannot be continuously interchanged, the transforma- 
tions (or one-parameter subgroups) represented by these points, although of the 
same type, are differently related. from two transformations (or one- parameter 


subgroup) represented by points in S, (or ere 1) that can be soatinuouely inter-*.. 


changed.* 
I have examined all the two- acd feces groups enumerated by 


- Lie in the “ Continuerliche Gruppen,” pp. 288 and 519. In each case the 


. adjoined group G; is such ER two points of genera. ponio on the same 


# Proc, Am. Acad., vol. X XXXII, p. 498, 
1% | i 
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_ smallest invariant nl relative to G, can FE be interchanged continu- 
ously, notwithstanding that in certain cases the associated group @, contains: 
singular transformations. I have, therefore, as yet, found no group G, whose 
transformations (or one-parameter subgroups) of the same type cannot be con- 
tinuously transformed into each other by means of transformations of Gis. and it’ 
seems by no means certain that such groups exist. 

Let S and 7 be two transformations of the group G,, and let S be trans- 
formed into s" by means of the transformation T, that is, let 


TST- = s. | 


If Tis non-singular, S may be ot transformed into 8! by means of the 
_ infinitesimal transformation of G, that generates T. But if 7 is singular, there 
is no infinitesimal transformation of G, that generates 7. Now, in such group 
as I have examined, T may always be. considered as’ the resultant of two non- 


singular transformations of G,. Let T= T, T,, in which case 
TST = TT ST To S. | 

Tf, now, T, is commutative aah s; ; 
T, T, eT T= s=, 


and, therefore, 8 may be P taare into & by means of the 
infinitesimal transformation of G, that generates 7,. In every case examined, 
it is possible tọ consider T as the' resultant of two non-singular transformations 
-T, and T,, T, being commutative: with the given transformation 8. - 
The following examples- illustrate the effect of the éxistence of singular 
transformations among the transformations of a group G, upon the interchange, 
by transformations of G,, of points on the same invariant manifold relative 
to G,. They have been selected from the list given at the end of this paper. 
The third group considered is the adjoined group of a number.of three-parameter . 
projective groups.. i - 


| Beampl 1 Condé the bwo-yarariotor projective groùp of the plane 


pa wp + Ka 


` Reira: On Lies Theory of. Continuous. Groups: ‘QL 


The œ? of non-singular transformations are defined by the system of equations - 


d'= E ta, | 
E m és 


The group contains singular transformations which are defined by the en of ; 
equations i 
oes gt 


y=No—y F | WEO 


Now, a singular transformation T applied to a point p on the line æ = + O 

will transform p to a point p, on the line æ = — 0; and, clearly, there is no 
` non-singular transformation T, among the transformations of the group that has 
the same effect. Ifthe singular transformation T is applied- to a point p on the. 
special invariant «= 0, p will bé conveyed across the invariant point æ= 0, 
y=0. But this can be done by a non-singular transformation whose path-curve 
is imaginary ; for this transformation niay be effected by the DORE trans- 


formation 
d = —%, 


y =y 


Therefore, two points p and p, in the plane, that lie on opposite sides of and 
equidistant from the special invariant <= 0, cannot always be interchanged 
among themselves continuously by means of the transformations of the group. . 


Example 2. B i | ng, ap +q- 
The o * of non-singular transformations are defined by the equations 
Caen, | k | 
y= a (ae + y ta. S 


The group contains singular transformations whioh are ces by the system of 


equations | 
d=, 


_ . _ y= Nex + y + 2m. aan ei 
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A œ! of singular transformations applied to a given point p of general position 
on the line «== C will convey that point to a given point p, of general position 
on the same line. Nevertheless, there i is one non-singular transformation T, ae 
will do the same, namely pes + 

‘g =a, +. - 

y=asty | ; | 
Therefore, two points, p and p,, of general position in the plane, may always be 
continuously interchanged by means of transformations of the given group. 


_ Example 3. | “Le Dy a Ps, zip + 2x3 De. 
: The œ? of non-singular transformations are defined by the baton 
alex, | 
= à 2 (Paer) m + Mur 5 Tin Dei 
LE : ' 


4 


and the «*.of singular transformation are defined by the equations 


1 

| = — t, ` 

ay = Me, + 2 + Nas, (W 0) 
04 EE Wye 


4, * 


_ °° Aol of the singular transformations will convey a given point p of general 
position on the. line a= + ©, æ= k, to a given point p, of general position on 
` the line m = — ©; a, =k. Nevertheless, we can ‘find one non-singular trans- _ 
formation that will do the same, Bene 


af = ee ra - 
ty, = = Am +, 
ai = Tg. S 


For clearly, by & proper choice of A, this transformation 7, has the same effect 
when applied to a given point as the singular transformation T for any given 
values of Mand N (N+ 0). 


Example 4. f Tg Pis Xa Ph. 2 Py + 2 Poe 


" Rerrazr: On Lies. Theory of Continuous Groups. E 93. 
The æ? of non-singular transformations are defined by the equations 
m= ea + a (e — 1) az, 


= = en +o ala 
ooh = ay 


The œ * of singular transformations are defined by the equations 


hat Mey 
. th = ag + Novy, . (NEO) 
Wy = hy.” HE 


By means of a singular transformation T a given point p of general position 
on the plane x, =:* can be transformed into a given point p, of general ee 
in that plane. But it is easily seen that C1, Ca, and cs can ‘be chosen in ol of | 
ways so that the transformation T, will produce the same effect. 


Fon 5, eg Ps ta Ps, 21 Pa + Baty Pa + X Ps: 


The œ" of non-singular transformations are defined by the equations 


wy = ay th (a e) ag, 


[mme M ey Es ae a j 
zs us” ne 


0 = €* Ob, 


The o * of singular transformations are defined by the equations . - 


‘han t Mey : 


The singular transformation T, Gf we ri M, Xs, % as Cartesian coordi- 
nates, “will on a ener point p of. eae position in the plane z= +0 toeg 
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point p, on the plane a= — 0; a és there is no other transformation 
of the group that will do the same. The points on the special invariant 2 = 0 
_ can be continuously interchanged, for the transformation effected by T can also 
- be effected by the non-singular transformation - l ; 


x! =o + Ay, 
% = — he, 
BE — Hp. 


Therefore, in this group, points on: opposite sides of and equidistant Éd the 
the special invariant plane +, = Q nes all be interchange? continuously among 
themselves. : ; : 


The following groups ‘enumerated by Lie on pp. 288 and 519 of his “ Contin- 


uerliche Gruppen ” are not properly continuous : except in . the en baron of 
the identical transformation. x ; 


q, xq, xp + ayq 


a 


P, g, pty x)g i = xq, zp—yg yp | 


E "Q, YI FP A: J ag, ut, 1 





| “Pe tgp, + LPa eae au : À 2 T Pi ta Ps + U, & pı +8U . 


| Pa, MPa Pa + tap, + BU | Lan ant 0, ap tap +80 


*Of. Proc. Am. Acad., vol. XXXIII, p. 498. 





` Rerrom: On Lies | Thay o of Citi Groups. + 95 


S| Ms Pr Ts Pa antantante] Pa ter + yD, OO | 


MPa © Py— Hy Pay BP £ En api F am U + 
| Pr, £s Pay. cain + Ba Da | Py mp + Bam, D | atı pı + | apn mp + Bam, D | U 


Ts Ps; MD, aps ipa, dep + paapa + yep aps ipa, dep + paapa + yep 1s Ps a | o np PL + py BT [_smantanten | BU. | 


Xs Pa) | “manteau mpm +80 | aU, | am mptaU, Pt BU | Ti Par apap BU 
‘| Ls Py, 0%, Pi + Bay py, + Y%s Ps | 


Lines of Curvature on Anite Surfaces nävind Two 
; | _ Spherical Directrices. 


By Virgin SNYDER. 


-, Let 2, tgse sa., £g be any six aiba which satisfy the quadratic identity: | 
IT (x, CEE +» v) =EN (x)= 0; 


these numbers will be taken as the homogeneous coordinates of a sphere. Sup- 
pose these coordinates to be functions of one parameter ¢; the spheres obtained 


` by giving ¢ all values in succession envelop an annular surface; the circle of 


` intersection of two consecutive spheres lies on the surface and is a line of curva- 
ture. An annular surface may be defined as a surface having one system of 
lines of curvature composed of circles. 

Consider the spheres which touch two consecutive spheres of the surface : 
these spheres constitute a special linear congruence ; they must touch the sphere 
a in the points of its circle of intersection c with the consecutive sphere x + da. 
The centres of the spheres of this congruence lie on a cone of revolution deter- 
mined by c and the centre of a. > 

~ In case two consecutive re of the surface touch. ch other, their circle 
of intersection reduces to a point, The congruence is now degraded ; it. consists 
ofthe two hyperpencils of spheres containing one or the other of the two mini- 
mum lines determined by the point of tangency and the common tangent plane. 
On account of the close analogy between these points and pinch-points on ruled 
surfaces, I will apply the name pinch-points to define them. 

The contact of two Here w, y is expressed by the vanishing of the polar 


of « with regard to y, DELL J = = 0. In particular, two us spheres of 


im] 
the surface, œ and æ + dx will be in contact if II (dæ) =0. If the functions 
which teang æ are rational and, of degree n, there are 2 4 — 2) pinch-points on 
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the surface. If II (dx) vanishes identically, the ‘surface reduces to à curve 
enveloped by spheres. ; F . 
Now, suppose all of the spheres a to belce to a Neit complex of nine 
Ÿ— 0. The spheres which touch + and belong to 4 must touch win points of 
its trajectory circle with regard to 4; this circle lies on the fundamental sphere 
sof. Similarly, for the ‘consecutive sphere æ + dw of the surface. The two 
corresponding ttajectory circles intersect in two points P,, P, which lie also 
one, From.these two points proceed two tangent pencils of spheres: which 
belong to à and touch the spheres œ, x+- dx. The locus of each of these points 
is a line of curvature on the surface, for each locus lies on a sphere which every- 
where cuts the surface at a constant angle; hence : Every annular: surface con- 
tained in a linear spherical complex has a line of curvature determined by the inter- 


section of the fundamental. sphere of the complex with thé surface. This curve can . 


be found by rational operations. When a certain linear condition existe "among 
the coefficients of 4, this line of curvature lies in a plane. 

Now, suppose that the spheres which envelop the surface belong to two 
linear complexes, j, %,; then they belong to every more of the eee 


di +a, = 0, 


` and all the lines of curvature become rational, being the curve of intersection of 
the surface with thé fundamental spheres s, -H Asp. Among these complexes are | 
two spécial ones, whose fundamental spheres si, a; are touched by all the spheres 
of the congruence. These two spheres touch the surface along lines of curvature. 
Their centres are nodal points on the surface of centres of the annular surface. | 
The two directrices 8j, #4 intersect in a circle x which lies on every fundamental 
‘sphere s, +8. Among the fundamental spheres is one e whose radius becomes 
infinite ; it is the plane w of the circle x. ` BS is 
Al the lines of curvature of an annular surface containing two D direc- ` 
‘trices are determined by rational operations ; every such surface. must hee one lune 
‘of curvature of the second system which ts a plane curve. 
To see the relation of these lines of curvature, it is sais (though not ~ 
necessary) to interpret the properties of asymptotic lines of ruled surfaces hav-- 
ing two rectilinear directrices by means of Lie’s “ Abbildung” [see vol. V of the 
Bulletin of the Amer. Math. Soc., p. 343]. ‘The following theorems then result: 
Each fundamental sphere 8, + As, cuts every circle of curvature c in two points : 


13 
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as À varies, these points : describe an involution: on c, whose double points are the 
points of contact of o with 83, 84. 

AU the lines of curvature of the ‘second system Beh each other at the. pinch- : 

points, 

A simple geometrical construction shows that the iocus of the centre of this 

' involution is a curve lying wholly i in the plane.w.. Moreover, there are a numbér 

{2n) of point spheres belonging to the annular surface ; these points all lie on x; 

the locus in question passes through each of these points, and as no centre can 
‘lie within x, the locus touches x in on points. Its order is thug m: 

If two planes w, w, are contained in the pencil a -+ 4s, of fundamental 
spheres, then all become planes, x becomes a straight line and all the lines of 
curvature are plane. The locus of the centre of the involution - on c is the lino %, 
axis of the pencil of planes. a 

If an annular ne cn has oo plane directors, all of ite lines of curvature are 
plane, a: 

Surfaces of solide are included in this category; the line. x is now the 
axis of revolution, and the double points of the involution on c are imaginary. 

The simplest type of this form of surface is that of Dupin’ 8 cyclides. ake 
dine x is the line joining the nodes.* 

‘Now, suppose 4, is the linear complex soni of the planes of space, its. 
‘fundamental sphere is the plane atinfinity. If, is general, all the other funda- 
‘mental spheres s + xs are concentrié with the directrix s3. As all of the gene- 
rators of the annular surface are. now planes, it becomes a developable; all the 
-generating planes of this developable touch &. The theorems regarding lines of 
-curvature hold the same as before, hence: 

If the planes which generate a developable surface all touch a fixed ie: ats 
(non-linear) lines of curvature aré determined by its intersection with a family of 
-spheres concentric with the fixed one. ` 

| An immediate deduction from this eiei is the following: If one 5 line of. 
curvature ofa developable i is a spherical curve, they all are, and the spheres are 
all concentric, In this form it | was obtained by Paul Serret ae means} of difer-. 

-ential geometry. . 


“*The second pair rof nodes: eee imaginary) ia to be entirely ignored, as they belong to the 
“second generation of the cyolide, and are not included in the envelope of spheres which define the 
surface. 


`ł Théorie seomouiaue et  mtshasigns des lignes de double courbure. Paris, 1860. 


* 
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In particular; if the radius of sí anne zero, all the. planes pass dot a 
point and the developable surface becomes a cone. The theorem then states the, 
. simple fact that the lines of curvature of a cone are: determined by its lines of | 
intersection with a family of spheres concentric: with itg vertex. 

If 44 is composed: of.the- points of‘ space, the annular surface becomes hé 
curve wherein 8e intersects the point locus of ‘the third: complex which defines 
the surface. à | 

- Finally, if 4 is points, 4, de the te surface reduces to the line of 
curvature enveloped by minimum lines on the point locus. > 

When the.two directrices coincide, a particularly interesting cage is pre- 
sented; now the involution becomes degraded as the double points coincides 
one point of every pair of conjugates coincides with this double point, and every : 
‘fundamental sphere contains thé curve of contact with the directrix. It: is, 

‘therefore, a circle, and evidently the circle x. The sphere s' is now itself usually 
_a generator. The other fundamental spheres cut the surface in x and in one 
other line of curvature. The first theorem for the: general case has now lost its 
meaning. The locus of the centre of involution is- now the circle x. The circle 
x may become a straight line. ane necessary modifications of the theorem for 
_ this case are obvious. ne | l E 

-~ 'Analytically, one may proceed thus: 

If the surface is defined by six equations of the form 


= =o (4), 
these values x; are m be substituted i in an equation of ime form sed 
5 Ai a, = — 0, ý á > nr ; S i 
- tee] | se > 


‘and the a, so determined that the equation 


Poo 


is identically satisfied. When the degree of is 2, there are ‘three’ Gace 
complexes: the surface is a Dupin’s cyclide. When ® is is of degree 3, there are 
- 2 independent complexes. The resulting surface is of order six (or five, and the | 
plane at infinity). ` Every annular surface of order. 6 has only rational lines of cur- . 


. vature. "When $i is of degree 4, the surface renee to a pingle linear complex `; 
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WK, 


(in general). The Sie: lines of curvature can -be.. detérmined ae the ‘method 
outlined by Picard. = TI 
If the surface is defined by complexes, there are four equations of condition- 
f@)=0, h(x)=0, #h(x)=0, UH(x)=0 
among the RE ay ‘parameters Tire. To of the equation. 


Ag (a+ yt + e) — Di Day — Dan A O, 


wherein the À; are all linear and homogeneous ID diese, and : ‘the e enve- 


lope, of the.sphere is required. 
The determination of the point aa of the fundamental. sphere of ite 


complex 
dit aha =0 


- has been considered in a previous paper. mine 7 l 
These properties are sufficient to make a theorém which I proved some à time 
ago more definite.t The theorem can now be completed by the statement : 
In the latter case the surface is an annular surface whose generators are included 
` among those that cut the fixed sphere: at the constant ange 
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LFV. Snyder, s Determination of Nodes in | Dupin! s Cyclides. ” Annals of Mathematics, vol. XI, | 


p. 187. 
t V. Snyder, “ dé of some Differential. expressions i in Hexespherical Coordinate.” 1 Bulletin 
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Remarks onia ii the Expansions of the Hyperelliptic 
Na 


af 
a 


- By Osman Bouza. 


The following remarks are supplementary to my two papers, “The Partial 

Differential Equations for the Hyperelliptic ©- and G-Functions,” and ‘Proof of 

| Brioschi’s Recursion Formula for the Expansion of the Even 6-Functions of Two 

Variables,” American Journal of Mathematics, vol. XXI, pp. 107- 125, and pp. 

176-190. I shall refer to them as B. I and B. II respectively, and shall use the 
same notation as there.” 


If aa Rl) =9 (2) ¥(@) a eee |) 
“be a decomposition of R (x) into two factors of degree p + 1, then} 
Fy, N=HOOLE+EHI@) (2) 


is one of the possible forms of Weierstrass’ function F(a, £), since it satisfies the 
©‘ conditions (2) of B. I. te, l 
` Hence eaten (41) of B. I becomes . 


me Bee 20 0 =0 on (8) 


2 








_ * The following misprints in these papers have come to my notice-: 
p- 108, line 14, read œ — a instead of a—a. 
p- 116, line 12, read (17) instead of (27). 
p. 118, line 4 from bottom, read U= U, F=T, 
p 129, toot-note, drop upper index (æ).. 
p. 124, line 8, sign of first term on the right, + instead of - — 
p. 124, equation (41); read (t— s)? instead of (t— 8). ' 
p. 176, equation (5), read y? instead of y,. 
p. 176, equation (9), read À, 2 instead of 4,,2. 
p. 176, foot-note, add : (H), (6), (7), (10). ` 
p. 177, lines 5 and 6, the sign = ought to be on the right of the torm following it. . 
p. 188, equation (18), read N? instead of N°. ir 
“+ See Baker, Amer. Journ. of Math., vol. XX, p. 887. 
14 
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> for all values of 8 sad t, if we denote ig G, the G-fanction of ae characte 
istic op associated with P(w, éE). Therefore, the -terms of dimension twd will 
disappear from the expansion of Gy into a power series. 

A special interest attaches, therefore, to the function G, and I propose to 
consider in the following note: 

1). The partial differential equations for Gy... 

-2). The recursion formule for the PADR of Go for the lowest cases p= 1 
and p = 2. 


ġa. The Partial Diferential Tiati ‘for Go. 
Turorew I. — The G-function of Cre characteristic qr) associated with the 
Function 
R(x, = sel) ) 4 (E) + (2) 4 (=)] 


| and direte y bs, satisfies the partial ea equation 


ae a wns mse À pt and, 0) ip (2) (4) 


the: coefficients Dags Xap being defined by the equations | 
oat.anroga none SERRE o 


a\(£ — a 





Ri (a)K (x, 2) = =P p> xon Ga (2) hs (E) 





sP 
| sep ead- (a— #7 @ (a, a) 
2 (a —a) E (6) 
EE = En ER Par. 2 ey 
“where | hi . ese OTT TON He) T 


Proof : a). As a consequence of # (3), equation (40) of B. I becomes . 


21og9(0,0 Disais Vi. DE 2) 9 (ae, 


and, therefore, the E term on, the ase side of equation o of B.I 
disappears. | L 
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b). The substitution of the’ sprota! P (2) for P(g, ë) in B.I g and (10) 
furnishes f 
. A(x, =?) pE — =e TORR ola) @(®) Ÿ (a) 

Ae) ES en 
= ie = ciate a — E) -tẹ (x) 4 (a | 
Keps =i Fee) 








and if we notice that 


P(æ)#(a) = dr 


T—a 


R'(a)= (a, a), 


-we obtain’ ‘the above values (5) and (6). 
_From. (4) follows immediately the 


a T: 





If Th denotes the feim of order Qn i in the expansion of 6, acorn to powers 


of th, My ve oy ty diem m ih E y | a 


OT, 
oi i; = — (n —1)(2n — - 7... DE a 





T Xap ace a Tan Gin ete D Bi one iz Ja (a) Je o (9) 





- From the derivative “à 
Corollary IT: l . 

| T | 

oe M) = SGD ae 


teaQ, 


we can pass to any Aronhold-proves by the - 


; nia an integral function of œ.at most of degree p+1, and if 
1 Sy 
o@)=> aC a 7 





then H on M(a) at eF 
ea A o— -Èy das ai 00 


the summation 5 og à over the p + i roots of (x). 
+ Le ` 
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: p+1 
Prof: > M ns can be obtined by replacing, in à M @) Ge = Ve oe 
t=0 
‘by: or, for i = 0, 1, 2,046, 9 + 1. The samé substitution changes ` 
i : 4 
Leu into 221 LS Or 2: - 

z— à ‘da mm op: da’ 
since a (&) ___ oz) DE PEIN poepie 
e 20, wS Eae 
. and, therefore, ni | 
Now | pe on CE ya M(a) > (2) 


= Q (a) z— a 
and, therefore, by the above substitution 








pti ` : 
dTa M’ oT, —1 He oh | 
zm z Po ; Sa: dpi sr (a) | 


But 7,_, is a homogeneous fanction* of bu; Pires es Pra of dimension n — 1, 
provided the g. (x)'8 are independent of these quantities ; aor the quantities 
| i Oars, Hars Mago be, Tap 
- are homogeneous in the Ð; 8 and of. ste | 
| . oe ty + $, + 1, + + 0 
respectively. Hence, it follows from the definition of 6, (cf. (18) and (89) of 
. B. I) that 
G (tej mp) = G (miu; p) 
pti a 
OG) _ 86, 
2493p, FD ou, 


_ for every m, therefore, | 


and, consequent i 7. Rtl 
l a So 271 t= (n—1) Bar 
pe ‘t=O. Oe 


which completes the proof of (10). a 5 : i 





: “cf. Klein, “Hyperelliptisohe Sigmafunctionen II,” Math. Ani., 82, p. 869. As I start from a dit- | 
- ferent definition of the G-functions, I wished to give an independent proof. 
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The connection between Klein’s function of characteristic gp (denoted by 
G) and the function 6, is stated in the following i 
Corollary LT: , a | 
Af we put Fy (a, &)— apt apt? 
(of which we know a priori that it is divisible by (a — £)*), equal to 
. 2 (a p> des Ja (2) go (E), 


then © and 6, are connected by the relation 
Gaze due ue, | , 4 (i1) 
This follows immediately from the fact that G is danoaitted with | 
F(x, b= agt lage}, 


combined with equations (16), (25) (26) of my paper; “On Weieratrass’ sine 
of Hyperelliptic Integrals of the First and Second Kind, 4 Papers read at the 
International Mathematical Congress, 1898. 


Pon (11) follows that > dg Wa Up is the term of the saben order i in the 
aR 
expansion of-G in confirmation of known Teele + 


$2. — The Case p=1. 


If we choose PA (2) = 1 and put 7, = onu, the differential equation (9) 
- becomes 


R (a) Sut Sia en) Rye at= Dew ONERA (19), 


Biy denoting the resultant of p and ap, For the computation of” An, notice that ` ` 


A(x, &) is of degree p— 1 = 0 in æ and č; hence, it can be computed by giving 
æ and £ any parti onlar values. Pag s= ë =d, the second root of @, we 


obtain . jee 
NT CYA) Habe) p Ba 


(a—aly K (a) °F: 





# Schröder, “Ueber den Zusammenhang der hyperélliptischen G- und v- he. Göttinger, 
“Diss., 1890 (74), (85). ; 
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. From (12) follows : 


SRA) ) Le 1] am ae de + on +@=1) ou: 





; (a) _ (a) 
But | 
D dit (a). = 2, (h(a) — 9 (a))= [aa], 


(a) 


So, Si, 3, being the coefficients of 3 = (9, De 
On the other hand, 


; ee 1—9" (a)4 (a) Ben as ab (a) dena 
2R (a) -5 = g(a) da 2A 2 Fa) da ' 


A, being the discriminant of ġ; but, according to (10), 

















Ÿ (a) de, © dc, _ bo 
By (a) da 7a" Op, . cai, Po 
hence, 


A RE (1) à 2 Ayo 1 r | 
an (2m — 3) Bye. ET +20—(8,- Pi no ‘Rom dt 





A similar ee is obtained by interchanging @ and 4. Add the two AQU 
tions and notice that 


= A+ À Po 2 Ay+ Aa a 


where Ay = (, e 
The result is the following 


Tunrtormm Il: 


If 6, (u) is that even G-function which corresponds to the rt of he 
` biquadratic R (x) into the two quadratic factors gr}, and if we write 


2 i 8. . A 
G, (u) mga [1+ oop tagt se (18) 


then the coefficients Cs, Cz,» e e are determined by the recursion-formula 





Cn == pa — (A — 1) Appen | ee 3) Ruy Cas . (4) 
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ler : denotes the o following Aronhold-process : l 
f= TOAT ETSIT oy. SE 8 (1B) 


and A= pa A= (bd) 4y=(0, Vs 
and Ry, denotes the resultant of ® and y. E 
Since Rey is a combinant of @ and ẹ, we have at once 


Hence, follows the 


SRy 0; a Bag 
and the ordinary rules for Aronhold-process furnish m E a 
a tae a Ad, — By. a | (17), 


‘Tunonew. II: 


The coefficient c, in the paio of G, (u) are E functions of the two 
invariants À,, and R,,, and tf we put i 


m= Dy a Ry Ay 7 $ 3) 


with the agreement that r e = 0 linei n — Qt <0 0, the coefficients y"), are 
determined by ae recursion: formulas 
is) — (F 
Yn =V, 


yEy = — À LD. u= Ge 2i) yiri- = GE Ce PAR | (19) 


_ The proof of (19) is immediate : bte in (14) for Cn, ¢,1, Cag their 
expressions in terms of. A,, and R,,, apply (16) and (17), and equate correspond- 
-ing terms on both sides., 

To compare these results with those obtained by Weishitnass by an entirely 
different method (Werke, vol. II, p- 253), we have to take ý and Ÿ in the 
normal form: 

= 44 (a — 6%), 


= At tit + 6 625, 
which furnishes 


Ay = =e - 664; Ry = 4 GE). i (20) 
; Weierstrass arranges Cy according to powers of. a l | 
1 28, = PRE 24,4, 


andis = ce RE 2e, = 6—4 gy = $ Ry, 
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Honea, in order to obtain accordance with Weierstrass’ notation, we must - 


replace 
E rs a 
ye EL by ( 8 On — Bi ct 


after which substitution, formula (18) will ‘exactly coincide with Weierstrass 


recursion-formula (J ). 
§2.— The Oase p= 2. 


a). Computation of A tw, E) and K(x, ae $ | 
ae For p = 2, A (x, é) i is the first polir of A (x, æ) with repect to E Accord- ` 
ing to (5), — 


R ()A(e, 1) = 28 (a ) (ea) à 


l | 8 (z — a” 
but* ne ak y) = ge x + 4 J (xy), 
where ' = (ð, 4), ` ; = (9, Ÿ)s (21) 


_ and an easy symbolic computation, in which we have to make use of the 
relation* : . 7 
J*= 6(3, ds 
jee to the result : 
P (x, x) Oy, p= P (z, y) =3 [smm TSE] ay) 
where … t  H=(3, 5%. - (21) 
The function 6H — JS plays an TMpORLAn part in the theory of the cubie 
involution 
| 2 +u; 
it is that biquadratic to which all the cubics of the involution are apolar. ` For 
shortness, we denote it by G: | oag | 
| 6H— I= G. ; Pe sy (21) 
Our result is then sn 5: | | | 
- R' (a) A (x, x) = $ GG. Se 4 (22), 
Hence, if we choose, as in B. IL, ee ee | 
91 (2) = ae n(x) = 4, E E u : (28) 


s 4 


* A table of the principal formulæ concerning cubic involutions is given in '§1 of my papor, “Die ` 


oubische Involution, etc.’ Math. Annalen, Bd. 50. 
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we haye KON wate Li gas (da 


gi 


Further, according to (6), 
| Pore = EDR D Het a 


2(a—a 


the right-hand side is an integral function of a of degree 3, which we deute by 
P Pa ; the coefficient P, of a? is easily found to be 


fat y P, = —#3,(e—£). 
Hence we may write i | 
R'(a)K (2; ‘= Pa) +a Cae £) (a), 
and the righthand side is now ie to the second degree i in a. 


According to the definition (6) of the Hag 8, K(x, £) may be used as an 
abbreviation for - ; ; 


OT, - 
Zu, De 
l ani as it changes into this expression, when we replace Ja () by u,, hy (6) 


OT, 
ou 


B 


' This substitution changes (x — £)°— tinto 

2 ti aos = (In — 3) 7, _ 
With the same agreement appien: to P we may write our differential equa- 
tion (9) in the ‘form | 


Tu: 1 {  8(n—1)(an—3) i 
joa — Foi RAT 





nl ee 2 


An analogous expression (25) for the derivative of 7 _1 With respect to a root b 
of 4 is derived from (25) by interchanging a and b, p- and +, which asi 
FG, into ER, de into Ai. S into — Sp. 

15 


110 Bouza: Remarks concerning the. Expansions 


b}. The recursion formula for Th. Í : 
e 


a order to derive from (25) a recursion-formula for Ths we apply the same 


‘method as in B. II, §2: Multiply (25) by 28 i) (a) it denoting an arbitrary 


i parameter, and add with respect to the roots of; multiply (5 by Ý aE eo 


and add with respect to the roots of ÿ. Finally, add the two vate A 
obtained. É 

Since the right-hand side of (26) i is.an integral fanction of the second degree 
.of a; we can apply the reasoning of $2 o of B. i and obtain as the result of the 
process on the right : l 


Bas 


| se BEL + gees 
eee VOnt) ia 


The transformation of the left-hand aide is given in $3 of B. II; but it can be 
very much simplified by the application of Corollary II of sr l : 


Since + + . Ava 
| sana 


we may write - 


@(t) Ÿ (a) ) en ee y OE 9= t960O e or. n=l, 
>? => (a) - da 





o ta =x) a. w 


bea wd the Zero terms _ 


— 4o (a) P (t, a) 


. has been added to reduce the degres of the numerator to es 
. Use aymbolis notation and put 


Ot, ate, a: a i (26) 


where Ọ (t, ja = oot 


then STNE 
POSED- OVU 9 = in GB, D] = — #(©9) D, 92. 


Benes if we put, as in B. II, 


sepa | | + (27) 


of the Hyperelliptic Sigma Fonction fe as . H1 


and hay (1 ‘ii we obtain- 
JA ZORIO CARPE 1 aay M T. 





“a t—a dpi - RER Do 
Similarly, if we put o T 
we have ; ; 
i © (b ar oe — ] N, 
yupa pif sut rE ) Mr 
Hence, if we define the operator D by = | 
D(f)= => (uz +a RE (88) 


~ and once that 
| Ho + MP — 80,3» 


we obtain on the left-hand side as final result of the ‘above- described process: 


DT) +4$(n—1) apr 





The second term cancels against the term : 
oat ot @) a i 
on-the right. For if in the PET | be 
i‘ PO —O() V2) = 4) OF 
REASON homogeneously, we put | | 
a=1, m=0; At, k=l, 


| LAC pie Dy. 


we obtain i 


 Hengçe, we have ` 
: ve pe Re G2 GE Ta 


+ aro) D à AE s, (29) 


Replace t Ya L, multiply by už and denote D. i 
“n 4 Ga = du | (30) 
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Make use of (11) and of the known value. | 
| a ’ 
| o wO (u) = lpt) paba . (81) 


for the second term in the expansion of Klein’s G-function, then the following 
result * is obtained : 


THEOREM IV. 


: The successive terms in the expansion nor Klein’s ee Gy (U Ue) into the 


‘series - 

Gp (ths th) = = ave 1+ +H he e] © (31) 
are obtained by the recurston-formula | E | 

T= D,(B,_3) + E E(u) TS -(82) 
where the operator D,, the quadratic © (u), and the biquadratic G (ui) are defined by . | 


equations (21), (26) to (28), (30) and (31). | | 


UNIVERSITY oF CHi0AGO, December 2d, 1899. 





* Other recursion-formuls for Go (ti, t2) have been given by Brioschi, ‘‘ Sulla teorica delle funsioni 
iperellittiche di primo ordine,” Cap. VILL, Annali di Matematica (2), vol. 14, in particular p. 814 ; and 
Wiltheias, “ Differentialgleichungen und ne re der 9- functionen,” 86, Math. Disi 
Bd. 29, in partioular p. 298. é 
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On a tin Class op Gres of Transformation in 
Space of Three Dimensions. 


By g. F. Burn. 


In his “Untersuchungen über die Grundlagen der Geometrie,”* Professor 
Lie has investigated @ remarkable class of groups of transformations in three _ 
variables, defined by the following properties: two points have one, and only 
one, invariant; «>> 2 points have no invariants independent of. such dia poimi 
invariants. i i 

- This class of groups belongs to a wider- de in n variables: denned by the | 
‘following properties : Not less than m >> 1 points may possess invariants, while s 
points, s `> m, may have no invariants independent of the m-point invariants. 

This wider class will include -the Group of Euclidean Motions in space of 
two or three dimensions, the Group of Translations in space of.n dimensions, the 


. Group of -Euclidean Motions and Similar Transformations in space of three 
dimensions, etc. 


‘There i is a law for such groups wide can be stated. as follows: 
. If a finite group in n variables has no invariants for less ‘than.m points 


Tire res Ys cree sees a ee ea and no invariants for 8 > m- points 
independent of the: indi invariants, then must the set of independent invariants in 
the m points v1 Yy esos, Te Ys « Rs + Tan a + contain all the coordinates of 

_ all these m points. 


For, if one of the coordinates, as aj, were ‘absent; it is ‘obvious that. all the 
corresponding coordinates Xz, Vgs.. e>, a WOuld be absent from the indepen- 
dent m-point invariants; and, since the invariants of s. points, s> im, are all 
made up of the m-point invariants, the former would be free from the variables 


* ‘Seo Lie’s t“ Theorie der sais cai vol. It, Abtheilung V, ort" “Leipziger Berichte,” 
vol XLII. |: 
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mak 


“ty, ae sénat - Among, the differential ditions defining these invariants, we 
phone then necessarily find the following : | sige 
xe o, Lao, io = | a): 


8 independant equations in all But, the group considered. being finite, contain-. 
ing p infinitesimal transformations, “gay, it could not give rise.to more than p — 
independent differential equations in any number of points. By choosing e- 
sufficiently large, we see the impossibility: of the system o and our ır assumption 
_ that one of the coordinates of the m points ay, +++ +, B3 Ye « déni ORY ss 
could be absent from. the set of. ‘independent invariants in “these m points is” 
contradicted. __ Rs 
According to this law, it would for ne be ar so to nee the 
system of coordinates that the two-point invariant for ‘the ‘Euclidean Group of © 
Motions in a plane, (xy — a)? + (yi— Y), would contain less’ than the four 
coordinates © Yi, Ys, Which is otherwise apparent. a % =i 
-From this law can be made. the following important deduction : | | 
"In all the groups that we are considering (defined above), no m nn 
transformations can have:the same path-curves (“ Bahncurven 09) | 
In the following, Professor Lie’s notation will be used. A group formed by 
P ee infinitesimal transformations, in three- variables, Bay, 


f= Eey) Z tuto, tat, 7 A i=l, Siap 


we shall call the ‘““p-parametric Boup Af eraa OS, i. ” -Itis convenient 7 write 
£ Ra ” for “space of n dimensions.” nee 


Lis has determined all groups. in of the class defined above for which 
m= 2, a8 slpeudy mentioned. To these belong the Euclidean Group of Motion 
in Rg, : 

PDT, yr — eH) zp — ær, . mq — yp; 


whose two-point invariant is the distance between the two points, (Here we 


‘have written P, q, r in place of SL A He of pee 


| “© particular ¢ oase o of this law v was given by. Lis: Bea PP. AU 405 of his “Theorie der Transforma- 
PERE, ” vol I. - | 
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If we examine the Euclidean Group of Motions and Similar Transformations 

. in Ry, F e $ ; - 

bo PT TR, Zp — ar, 2 —Yp, apt yg er, 

we find it to be a group of the class considered above, for which m= 3. Three 

| points have two independent invariants, namely, two angles of the plane tr iangle 
' with the three points as vertices. It might be of interest to find whether there 
-are. other groups of like character, i. e., groups in three variables “By Ya Z, for 
` which not less than three points have invariants, and for which the invariants’ of 
8 > 3 points are all dependent upon the three- -point. invariants. 


Monk the methods employed by Lie in his “ Untersuchungen über die 
Grundlagen der Geometrie,” and by paying attention to the laws given above 
for such groups, we find that they are eight, seven- or sia-parametric according as 
the number of independent three-point invariants. is one, two or- saree: 


The ‘ight-parametric Due 


There are no eight-parametric primitive groups in three variables.* To 
‘such a group must, therefore, belong an invariant system of surfaces or curves.t 
© AN groups in three variables, +, y, z, having a single invariant system of 
- surfaces, but no invariant system of curves, and those having an invariant 
` system of curves, say w= const, y= const., and no invariant system of sur- 
- faces of the form @ (x, y) = const., have been determined.f Only the following . 
“two types are eight-parametric, and have no trep infinitesimal transformations 

with the same path-curves : | 


a| ED aT ap — TE yp— ar, ap + yg, 
A ee 2 





Prd 2q. xp —Yq, YP, meee 


ap + yg + ait? syp +a thyr 





* See chap. 7, vol. II, of ‘‘ Theorie der Tnt onde rap ben 

tWe say that a group has an invariant systein of surfaces or curves, or that auch a system belongs to 
the group, when the members of that system are interchanged by the transformations of the Group. 

t Soe ae 8, vol. IIT, of “ Theorie der aati ae 
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The remaining: piace groups must have an invariant system 
of curves, say x==const., y= const, and an invariant. system of surfaces 
p(w, -y) = const., —say a = const. They must, therefore, be of the form 


Xf Sta) p +(e, WITS (By, ar, $ i=1, 2, us. 3. 
The Het groups (“verkürzte Grippe Oe | l 
ne. of . LSE Ep + nla, Yds i i=1,2,.... 


can be written down nets from the tables of such groups. * It may be 
noticed that it follows from the laws given above that these shortened groups 
must bé six-, seven- or eight-parametrio, and that the shortened groups ` 


Ask (op, mr à t= 1005. 
_must be three-parametric. mn 


The remaining terms f, (a, Y, 8 T of the infinitesimal nb of 
these groups are then - determined as Professor Lie has determined the corres- 
ponding terms in the groups considered in his“ Untersuchungen über die Grund- . 

lagen der Geometrie.” We would find the following groups: 


Pig, war, q + 22r, ag + 3r, yg + ar, | 
ep Hyg ap + Bayg + (ae + 3y)r . 


po t, p, q: xq ; ag + ar, yg + ar, op + 99, 
: a p+ eyg + yr 


PQ tq, or, Sap + yg +er, yg + (ay + be)r, 
wp + eyg + or; bf 0, a(b—1)=—0 | 





* Beo page 861 of Lie’s “ Continuerliche Gruppen.” 
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The criterion that these groups possess the required propertice resolves 
itself into the following conditions : 
If. 
AFS ES, Hna 2n) Pa +n; (tn, Ya, Zn) In + Z, (Tas Un Za) Ths 
= tai, 2,. ,8 


be any one of the groups written in ane variables Tas Yas Za, the eight partial 
differential equations 


XO peppy eM =O, i (= 1) 2...8 
should be independent of each other. 


| If I(a, b, c) represents the invariant in the points as Va Zaj Los Yor Z3 
Les Yor Zo the four invariants i 


I(1, 2,8), I(1, 24), I(t, 3,4), I(2 3,4) 
should be independent of each other, 


The groups A and I, and Z, when b= — i do not satisfy the last con- 
dition.* | 

Thus, the one groups satisfying the required:. conditions stated | 
above are the groups B, A and E, and the group 





Tr Prd, TQ, ar, Qap + yg + ar, yq + (ay + b2) r, 


I 
$ vp + ayg taz; bO or —1, a(6—1)=0. 


Here x, y, z may be regarded as complex variables. If we seek all 
. typical groups with real variables, we would still have to find the real groups 
similar to the groups just given. The principles involved in the solution 
of this problem are clearly exhibited in Chapter 19 of Lie’s “Theorie 
der Transformationsgruppen,” vol. ITI. The real oe are found to be 








*It is interesting to notice that in these cases the invariants I (a, b, c) may be put in such form that 
we have identically 


I(1, 8, 8)= I (1, 8, 4) + 7(2, 8, 4) + I (8, 1, 4). 
16 | 
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the groups B, A and E as given, 7/ with the Fou condition that a and b are 
real constants, and the group 


T,P,4, qd; ar, 2æp + yg + er, ap + syg + xr, 





Hre een c real, 


' which i is similar to saks group z by n means of an imaginary transformation of the 
variables. 


The ao Groups. 


The seven-parametric groups are more humerous. Here three points have 
two independent invariants, which, together, must contain. all the nine coordi- 
nates of the. three points ; and no three infinitesimal transformations of any one. 
of the groups can have the same path-curves. By attending to these laws and 
proceeding as in the case of the eight-parametric groups, we: find the seven- 
parametric groups without much difficulty. 

The only primitive group is the before-mentioned Group of Hnclifeat 
Motions and Similar Transformations 





A Bior parya 2g — YP CAE da 


From Chapter 8- of “Theorie der Transformationsgruppen, ” vol. III, we e find 
. the following groupe: i 





Bl pr, g+ar, ag +4ar, wp—yp, yp dye, ep yg + 2r 


Pr Gy 2 aaa yp, a+ a(ap + yg) 





| The remaining groups, about 25 in all, can be put i in the form c 
X, f= Ei (x) p F 1 Yat 6 o y, 2r, | t= 1, 2,...., 7, 
where the shortened groups: 
ESSE (a) pt mle, 9) 9, t= 1, 2.006. : 
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are five., six: or seven-parametric, and the shortened groups 
i ESSEC) ft & ASi 
are two- or three-parametric. | 

The writer has not determined all the rel groups belonging to this class, 
but has determined the real primitive groups, i.e. groups with no real invariant 
systems of surfaces or curves.* There are-only two types of such groups, namely, 
the group A and one similar to: this : : 





The Six-parametrie Groups. 


The six-parametric groups under consideration are very numerous; being all 
the groups in three.variables for which two points have no invariants and -for 
which three points have three.t There are no ee groups of this class, 
and, fhoreiote; no real primitive. $ 


General Properties of these Groupe. 


There. being no invariant relation connecting the ‘coordinates of two points, 
` any point in general position is free to ‘move in any. Way in space if one point is 
fixed. All of the groups, excepting two, are imprimitive, and we should, there- 
' . fore, expect that certain systems of points are restricted to move on certain loci 
if a given point is fixed. - zo : 
‘ In the case of the eight- -parametric groups, if a points in general position 
are fixéd, a third point, also in general position, must move on the surface 


Tm, Yi: %5 Wty, Yor 233 T, Y, =I a; Ta, Ya %i Tzs Mm a)i 


“ide Lis Yis 215 do, Yor Z are. the two fixed points, £s, Yar 2, the third- point ; 
æ, y, 2 running coordinates, and I (a1, etc.) the invariant in the three points. 


*The writer has found that i in BR, all real primitive groups. must ‘be similar to’ those that are fully. 
primitive, i, e., possess no invariant systems of curves or surfaces, real or imaginary. 

‘in faot, a p-parametric group in È will always belong to the wider class of groups defined 
. above if pis a multiple of n, and there are no invariants for less than p/n+ 1 points. © 
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- In the case of the seven- parametric groups, if two points in general position 
are fixed, any third point in general position must move on the curve 


T (æ, y, z; Lay Yar 3 X, Y, a) = La Yis %3 ay Yor i Way Yo, sh 
I(x, Ys À; etc. . =I (a, Ys À; etc. | À 


where J and J are the two three-point invariants, a, Y1, 2, etc. as above. 
Thus, if two points are fixed in the case of the Huclidean Group of Motions and 
Similar. Transformations, any third’ point must move on a circle whose plane is 
perpendicular to the straight line joining the two fixed points, and. whose center 
lies in that line. This is also geometrically evident. ° 

In the case of the six-parametric groups, if two points in general position 
are fixed, all other points are fixed. 


STANFORD UNIVERSITY, OAL. 


CARN Form of a Linear Homogeneous Substitution 
-~ én a, Galois. Field. 


By LEONARD Fo ‘Dioxson. 


1. A simple canonical form of the general m-ary linear homogeneous substi- 
.tution with integral coefficients taken modulo p, a prime, ‘has been obtained by 
M. Jordan by a rather lengthy analysis.* The method may be readily general- 
ized to apply to substitutions in an arbitrary Galois field. The present paper, 
however, gives a short proof by induction of the generalized theorem. That the 
new method is of practical value in actually reducing a given substitution: to its 
canonical form is illustrated by the example of §3. 

In $$4-7, the explicit form of all substitutions in the GF [p"] commutative 
with a given substitution in that field is set up. In particular, the number of 
such substitutions is deduced, the result being in accord with that of M. J sal 


_ for the case n=l. 


_ In. §8 is given a simple criterion “for the conjugacy of two linear joe 
neous substitutions in a Galois field. 


2. Consider an m-ary substitution with coefficients in the GF [p"], 


ASS H=D aye. n (GS 10.5, m) 


jml . 
In order- that S' shall multiply by a constant K the linear function 


n =" ay Be, | 


i=] 





*< Traité des substitutions,” pp. 114-128, ` . - tIbid., p. 186. 


t 
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the following conditions must be satisfied : 


Dame Hy | (GS teem)’ (1) 


fi 


l Hence K must be a root of the characteristic equation. 


au— KE ay him 
A(K) wo ak es =0 


Corresponding to Sak root K. , We can mae wit at Sr one set of solutions À: 
of the equations (1), and hence, at least one function 7. 


If A(K) =0 has m distinct roots K,, Ky,..+-, Ka (in general not belong- | 


ing to the initial Galois field), we Teach m linear functions m1, %)++++) Nm) 
which S multiplies by Ki, K,,...., K, respectively. These functions are 
linearly independent. For, if acnatante {u exist such that 


l ; pam mate. + bm Mn 0, l 
we have, on applying the substitutions 1, 8, Sead m1 the ‘identities 
| Etain + Kj usm + ee + Ekin m= 0. 


| (r= 0, 1,. ne) 
- The determinant | A7| equals the product of the differences of Æ:,...., Kn, 
. and hence is not zero. Hence, must yy = Wy = su e à = Um = 0. 
_” Introducing the linearly independent : functions M e100) Nn aB DOW Hd 
the substitution S takes the canonical form ' a: 
l Ri m= Kin. $ , G=L....,m) 


If we take a suitable multiple of n, in place of m; we may suppose. the reduction 
of S to S’ to be accomplished by : a transformation of indices of determinant 


unity. 
In general, however, the roots of A (K) = = 0 are not all distinct. Let ` 


A= CRE) LA)... (m = lu +18 +!) 
where F,(K), F(E), s... are the. distinct factors of A (K) which ‘belong to 


Substitution in a (rarosa: Field. 123 
and aré irreducible in. the: GF [p*]. For the mots of -F (K) = 0 we employ ’ 
the notation ; 

RES Es... Kat, 


Lévis the roots of F, (K) = = 0 are designated 


Lh Sl, LL, Ly ie. 


DE — By a suitable transformation of indices, So can be reduced to a 
canonical form of the following type : | 


na =King a nyo °° =, on + Mj- 1) 7 4 
| (J= 2...) | 
Mia, +1 = Kina, +1 ’ Napi = Ki (ma +s t Na, +51) ’ 


(j=2....,&) 


Matat = = Kona, + a +1: Nha, tati = KiGnata+s t Miata t1)? 
ae x 


G=0, Da de) l | 
ča aliie = 3 oe = L; (y + 3-1) | , 
| : l j= 2, ve; by) : | | 
Ginti = Laina » Cite - L (Cinti + bits 1). je? 
| (j= 3,0... ha 


` where a + as + as +... =a, Bi Pine .=8@,...., and where the indices, 
have the properties : | . 
. (a). The indices ny (8 = 1, acar, áj are linear homogeneous functions of the 

original indices E; having as cocficlonts polynomials in K, with coefficients in the 
GF [p°]; The m are the conjugate functions derived upon replacing K, by E. 

` (b). The indices Eu (8 = 1, .... , B) are linear functions of the Ey having as 

‘coefficients polynomials in Lo with coeficients: in the GF Le". The Ču are obtained 

` from the Ču upon replacing Li by Li. | 

(c). The ka indices mi, (i= 0,1,...., emt; co Ree a) may be replaced | 

by ka linear functions y, of the ida E, with coefficients in the GF [p"], such that S 
replaces each.y,, by a. linear function of the y's alone with coefficients in the field. 
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: (d). The 18 indices Ča may be replaced by an equal number of linear functions 
z, belonging to the GF [p™], such that S replaces each by a linear eee of the 
z'a alone with coefficients in us ete. 
For the case a = 8 =.... = 1, we obtained above the Conio form | 


nh = Kina (i= 0, 1; k—1), " ane G=—0, lps ane a 


where 7, is the same function of the Es and K, that no is of the H: a Ry, 
and similarly for the ča as functions of the Z.. 

We will prove the general theorem by. induction, supposing it true for 
every substitution belonging to the GF [p"] whose characteristic determinant 
has no irreducible factors other than F,(K), F,(K),...., and has these to a 
degree at most a — 1, 8,.... respectively. We will: cove that the theorem is 
. true for any substitution S for which these factors occur to the degree a, B,.... 
respectively, where a > 1. i ' : ; 

Corresponding to the distinct roots Ky, Ky... , &, of F(K)=0, 
we obtain as above a set of linearly. independent conjugate functions 
Aor Aqy eee es Ari which S multiplies by Kj, Kos ...., Kyi respectively. We 
may introduce these in place of an equal number of thie original indices, e. g., 
Enayi .... , Ën. The substitution S then takes the form 


Ag Ke Cd best) 
S | 
LEE G= 1, sees, m—h) 


| The coefficients By TERN to the QF to. Indeed, we may set 


i =X, Lies rae aoe + KT Zi 
AN eae i . 


where the X, are linear functions of the £, with coefficients in the GF [p"]. 
Since the 4; are linearly andepencent the X, must be independent. Since ` 


HET K,) ee 


the X; can be expressed as linear: functions of the À. Taking the X, as new 
indices in place of the 4,, S! takes the form 5" , a substitution on the indices X, 
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end &, with coefficients in the GF[p"]. But 8” place E by 


mk 


i = > pees 


for i= 1, i.. ., Mm — k. ` Since these functions belong to he field. for pi beany 
£, and X;,, the coefficients By, à, must belong to’ the field. 

Since the determinant of a linear substitution is not altered by a linear 
transformation .of indices, ee of S! ae the determinant of S, : 


Ky Ky ;... Bin. |Bgl = 
Wet may, therefore, consider the RODE substitution i in the GF (Pt: 


=F bih i G=1....,m—}) 


j=l 


of determinant #0. Also, the characteristic determinant ves jof S equals | 
that of the transformed substitution. S!, viz.: 


ae E Dr | wats 
A(K)= The D| Ba  Pe—E.... 


Hence, the chidvactesiatie determinant of S, is: 
.À | — ae 
ory = EG... 


Hence, by hypothesis, s, can be reduced to a canonical form of the above type. 
_Applying the same PASS RRAUOR of indices to S", it takes the form F: 
AK À, * (= 0, « cok—1) 


—] 


ny = Kino XS a nis = Ky (ny + nogi) 43 Gp As y 
i=0 | 
| (J= 2, e... a) 


E E nhang = Ka (ton + À an + 54D Ba 
(1=2,...:.,&) 

Co = Lo Soi’ +>, ak, HD Coy ht). ‘Sn 
ve » (J= s... Oy) 
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thé expression for y4 being derived from that for 6 by ophang K, by X;; the 
expression for či from Cos upon. replacing Ls by Z,, ete. 
' To oy the form-of #, introduce as new indices 


fed oe = k—1 : $ i $ 
Ya = mu +Y Anh ess. rae, @); Zu = Sot >) Ba (s—1,...., B);... 
Lt 4m 


' tend 


ane: the conjugate dicton Yu, Zus... Then Ÿ replaces Ya, Ya, Le BY” 


k—1 arr 
Kong +5, (ai ac + K, Ai) 
, temo 


ZE Yn + tote + D Lou + (E; — Ki) Aid Po 
Kalra na) HE (eae + Fan) | os, 
Re ZE (Fe + Ya) De ie Ki) A) das 
ra ad +E LE deai) | | 
= Ky (Yo + Ya) +S [ou K, Au + (Ki — Eo) Ags] Ai. 


Each term of the sums on the right may be made zero by choice of the Ay, viz. 
the terms of the first sum by choice of Ay,..--,-4z—-1; those of the second 
sum by choice of Ay, Ás, -+ » Asrı; those of the third sum 2 choice of — 
Bog Ås seee, Agrie A like esuli holds for all of the Yo (8 = 1,....,a). 


droles Zos Zo ene e DY respectively 


Ly Zo + ey [ar ge Æ— Lo) By] A, 


Les 0” 


Dao + Z) + D) [oh LB + (Er L) Ba +o: 


Since K; — L Æ 0, the coefficients of a may be made to vanish di choice of the 
B,. Hence, Stakes the form Sy: 


al = Kyu, 
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Y; ERTA Yu- 1); 


(j= 2, ---., a) 


Vesa K Pia 41 + Ÿ (EH) M, 


(7 = 2. 
(i= 0, 1, 
Za- =L Zp, 
Zh, q1 = Li Zid, 44) 
(j= 2, 
(i = 0,.1,. 


Teu Ei Misa + Fiats- 1); 
eer) 


Z = L (Z + Za) 


Gama ae 


Ziy p= L (Zio 43 + A E à 
» ds) x 


| If the-constants (E) (E) x (É), - eee. are all zero, no further reduc- 
tion is necessary. If any two are not Zero, a8 ọ and +, suppose for definiteness 
that a1 <a, and introduce in place of Fn, ....;, Fia, the new indices 


= Fe À Forts 


The substitution &, replaces Pa, Yy (j= 2, .... 
| K; Yn, K (F; + Ya. 


E ae 


, U) - respectively 


ree ae 


Hence, the introduction of the Yy has the effect of setting ÿ—0 in &. Pro . 
ceeding similarly, we can suppose that @, 4), % +++. aro all zero but one, say 


In the latter case, we set 


YEO. 


and find for $; the canonical form 


Ÿ (Æ) s AE Kiva, 


Ya . = K, Yu, l Y; = K (Yy + V5), (J= 2, , &) 
Yia, = KY, Va 41 = K; (Via tit Yia)» ; a’ 
| Pants = (Ping Mots), (JEB... @) 
Fiata = A Fintai | Kusam l Fia taty + Fiatati- 1) | Ti 
l ' (J= 2, ess., da) 
Za = L; Zas ay = L (Zy + Zy- T (J52, aeea b) 


In every case we reach a canonical form of the type given in the theorem, ` 
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for which the indices F, have the properties (a). But the indices Z, are linear ` 

. functions of the £, with coefficients which certainly involve Z, and apparently* — 

also K. Tf the K; be involved, we proceed as follows : From the canonical form - 
actually reached, S== Y8,, where Y is the partial substitution on the indices Yy 
not altering the indices Zy, etc. while S; does not involve the indices Yy, but 
affects the Zy, etc. Setting 


Fey HYLE + y! + PO 
GS obus "0 ,k—1) 


. where the y’s are linear functions of the £; with coefficients in the GF Pep, we 
“can evidently introduce the y’s as new indices in place of the Yọ, so that Y takes 
the form of a substitution belonging to the GF [p*] and affecting only ka indices. 
Likewise, by introducing in place of the Z etc., an equal number of linear 
functions Bis etc, belonging to the GF [p"], it is Done to give to 8, the form - 
of a substitution in the field and affecting only m — ka indices. , Its character- ` 


istic determinant is [F,(K)]*...: Hence, by the hypothesis made for the 
induction, 8, can be reduced by a linear transformation T to a canonical form 
=La Sahat, © GH Bee BD 


ee CCC CC 


where the are ma funations of the č; with re involving the i imagi- 
nary Ly only.. As the transformation T does not alter the indices which Y affects, 
© we obtain the desired canonical form. 


‘ 3, a as an example the RELAIS in the GF Cp], p" of the form l 
4l— 1, 
S: a= — 2 — Eas. E = Ën Es = bey Ei = És, 


; R the characteristic determinant 
A(K)=( + 1}, 


where K?+ 1 is irreducible in the field: A root of ë =— 1 belongs to ‘the 
GF [p"] but not to the GF-[p"]. The functions which © multiplies by à and 


“yee 





| By the considerations in the text, we may dispense with the difficult proof, Aion to that of 
Jordan, Traité,” pp. 191-122, that the Zy do not involve K , but the single imaginary 4. 
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—4+are readily found to be respectively : ; | 
ME in + a — Sos + 2, ME + oy Fadi 
Donne A ; À 7 place of the. die x3, Xg, S takes the form 
= De + Ay — Ag, ou ds. =, À = — ih. 
The partial substitution of determinant unity, 
add, de 


. multiplies y= m — ta, by è and multiplies y ŒE n + ix, by —i. Introducing . 
yı and y, as new indices in place of a and a,, S takes the form 


WSK bn n= in be, MHI, ME ih. 
. Introducing as new indices, ks : | 
| m= 4/2 d, BE — 4/2 Me, Ent h pEr- n, 
# takes the ‘canonical form | | | ; 
Main, SiG, R=, W=—iGeth, 
where À and i, are conjugate linear functions of &,,, G, Es E, and likewise for - 
‘ gi , 2- ‘ : ; | | 
“Substitution commutative with a-given substitution D, §§4-7. 
4. From the canonical form of the general m-ary linear homogeneous gubsti- | 
tution Sin the GF [p"], it follows that S may be expressed as a product 
RSR Voie ha Doe Ba ees 


where, fori=0,1,....,4—1, F, denotes the substitution on a, + a + .... 
. +4,,1; indices: | . — 


me = Kin m = Blt td | GB ew) 
: Nia, +1 = Kimi a+ Nha, +3 = Ai (Magy Mia 49a) (j= 2, easy aa) 


j T | 
Nia, ee tar $1 = Mio + ee arts ' ' 
1 > i om = . 
Mia +. poe +3 -= Ki ayo +0 +3 + Ni aye Harti 1); (J = 2,...., a,41) é 
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while, for i= 0,1, . ,1— 1, Z denotes the -substitution on b+ b, +i. 
. +b, 41 = B indices: — ` 


MH HL & 5 L Ge + Ei- 7 (J= 2,...., 8). 
Set = ihinto EE Bain + Cinti- 1e (j= 2, CRE bs) 

- where in each case are written only those indices which the ona 
Let B be a second m-ary linear homogeneous substitution in the GF [p"], 
and suppose it to be expressed in terms of the above indices. #,, Cus... ., by 
means of which the given substitution S is reduced to the above canonical form. 


TuroreM.—In order that B shall be commutative with S; it is necessary and 
sufficient that the following two conditions be satisfied : | 
| (2) B shall break up into the ae 


B= Joyi. -o Yer. HA» Bapeseey 
. where y, is a substitution of determinant 0 altering only the indices yo, ++. , Noe! 
=È BEd r : | VE une 
_ the cient ý (E) being polynomials 4 in E, with coefficients à in the aF [e"l and 

a i= 0, 1, , k— 1, Y: denotes the conjugate substitution | 

he => BE) (e=1,...:,a) 

| i=l 
while, similarly, z (for i= 0, 1,...., [— 1) denotes the substitution of determinant 

F 0 altering only as... bia, im, ` . 
eSBs | ; | (¢=1,...., 8) 
jal’ 


(2). À and yp shall be commutative, Z, and z shall be commutative, ete. 
| The method of proof is sufficiently illustrated by the RERO of J ordan 
ae ” pp. 128-182) upon a particular example. 


5. As an importent example, suppose that S has the canonical form 
n= Kin. (j= 0,1,;,-..,4—1) | 
= it, à (è— 0, I)... R B eee 
El = Ré. n | (= 0, fines EST) 7 
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Then B has the form 


ni = (Ki) ni ohne) 
Sia (Li) Gas (= 0, 1,51), 
EL= p (R) 6. | k (i =0, 1,....,7—1) 

If K, L, R i primitive roots of the Galois fields of orders p™, p™,...., p“ 


respectively, we may set | | 
x(K) = Be Bb) = RP. e p (Ra) = E 


Then B takes the form . | K l 
i n= Ky, (i= 0,...., k—1) 


ae i Crass, Sh neat 
= ROE, | (60,444, 7—1) 


6. While investigating the conditions under which Y, is commutative oT 
Yo. We write Y, in the form (where we set 7,= ny): 


Y hEn A D ahati, artas +l, a Ennn Hat 1) 
0 1 var ae 
mere 1) =... à; ja Hy. mt... ta t1) 


The most general form possible for % is 


a 


, Yt ni => ay ny: (@@=1,...., a) 


j=l 


Hquating the expressions m which % Y and Y, Yo replace Mi where i =1, a +1, 
a; + a, Ths owt. t a, + 1, in succession; we find the conditions 


ai 1600, OS J Ha, til, ite asia E E E | 
= ta G+ ay tl, esna, at... tatl. 
Equating the expressions by which they replace », where, in succession, 
tees E1 at 1, a we obtain the condition 
a+] 


Scan i= a MS È «à 1.$—1 %j—-1° 


J+a +1 este dtar ki fl j= 


(2), (8), (4), 
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Hence, for i= 2,...., a; iati, a, t a,+1,...., a+at....+a+t, 


Us = 0, (J=u+1; a +a + l.. apt e Hart 1, a 1) . (8) 
Mig =y, (J= 2,. EAE atas tl,- m H H atl) (4) 


By way of example, appas r=2 and that q =q = 4, a= 2, Then by 


oy = ay = ty = 0,- des 4, 6,7, 8, 10) 
Ogg = Oyg = ago = 0, (j=l, 2, 3, 5, 6, 7, 9) 


Oy = di15—1 (1,7 = 2, 3, 4, 6, 7, 8, 10). 


Hence 7, takes the form 
Mm My. Ns: M Ns Me Ns Ne . NM Nr 


X 
Il 


= 
Il 





By staple interchange of rows and solute we see that the determinant of 

the above substitution on ten indices equals i -i 
| an as |* | PRE 
As Ars | 





7. For the general case, the ie of y, may be considered to be eds up 
of (r +1) rectangles, the general one of which Ry includes a, ay coefficients Obes: 
If a, Za; this rectangle includes a square array S; of coefficients, a to alside. 
The coefficients in its diagonal are all equal, likewise those in any parallel to the 
diagonal. All coefficients of the rectangle Ay which lie above or to the right of. 
the diagonal of the square Bii are Zeros. The total number of distinct coefficients 


| OS in a. Calo Field. E | 133 œ 


#0 is, therefore, Gas a5a5 Gig Sees di. 


E eee nema ane 
ee ee 


ae =a + 3a, + Bay + Tay +... + (H—1) at... + (B+ Oar, (5), 


' the quantities in the j ‘ parenthesis being the number of distinct coefficients +0- 
in the 7™ row of rectangles, | 





To fix the ideas, let : 
Q= Age = A) SEA, yy Ay yg... a, ED, Upp lor Kapp pee, 
where a>b>c, At+utp=Srt+i. 
We proceed to prove that the determinant of y, equals 
7 yo| = DEAD; 
where aid: 
Aq -> A a+ Oy ga 4-1- tee Alamat] ` 
D, = Ga+11 Gate. apd Qati Saf) see Gat 1 rva—atl | 
CeO ee meee nes nn ns nn nn esse ss 
Lia—a+11 : Las al a41 - hg mated Sa--1+*++A@—atl aasatl 
` Qaplraap1 Ora Matot i see Mat] Aap pbb 
D,= A PR ee pare siege ne ne gr pe gm gene O rages a Res Gas 
Batub—~b4Lraapl Abatpo—b+1 rato e s+ Cra tub—b+1 Ant wo—b +1 
as Gia tubi aa pubtl | eee Wrap ud tlan tub Hemot i 
-D,= CT CEE sono eng 





i Arap wb peop] apab’ e o Badu be pa—ct] Aatubtpc—opl 


. Indeed, the coefficients of m1, 7441) Mata) +, Mapi Mab obs -to Mra ab po—c+1 
ID 4}, Matis Magie form a matrix of the form . 


. (DP) 












D;) . 
of determinant D=D, D. „D, All the coefficients of niy RE TN ENS 
_ are zeros except those in the matrix (D). ‘Hence, ‘ | 


_ ll = D, D, D,. Dy, 
18 à 
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D, being the determinant of the matrix (D,) obtained from the matrix for Y; 
upon deleting the 1%, a+1%, 2a + 1%, . .; Aa +Hub+po—c+1* TOWS and columns. 
Selecting from (D) the.coefficients of 15, Mara Masse. iD Ns hgg. WE 


obtain the matrix (D). Deleting the corresponding rows. aaa columns Gein (D). | 


we obtain a matrix (D,), whose ‘determinant D, is given by 
| D, = DD,. 


After c such operations, we reach a matrix (D,) whose determinant D, is’ 
given by the equation: | 
|y = D D,. 
` In the matrix (D), the igethcienits of Nop? Na+e+l! . ey Maato+lr Mratd-+e+1) 


DE s4041 IN Mr Matepirees , form a matrix 


(D,) | zeros | ` 
he 
i Ea (D p) 


of determinant E'= D, D,. ‘In (D,) all the coefficients of nica Mires .... are 
zero except those in (E). Hence, | 
| D,= E. B, 





where E, is the n ‘of the matrix (E) obtained by deleting the 1, 
a + 1%, 2a + 1%,...., Aa + ub — b + 1% rows and columns from (D,). Select- 
ing the coefficients of 7.49, Mapepe- ÎN M4», --.. from the matrix (Æ:), we 
obtain the matrix (Æ). Deleting from (#,) the 2%, a + 2%,.... rows and 
columns, we obtain a matrix (Æ,), whose determinant Æ; is given by the equa- 
tion EH, = EE,. After 6—c such BEERS, we reach a matrix (Es—.) whose deter- 


minant is given by 
D, = E-*B,_,. 


In the matrix (Be), the coefficients of No+t: Nato+e eae é ’ Hinge in no 
Natbti teeta la a ED Et (for each value of += 1, 2,. ., a —b), form the matrix 
(D,). Henea, : | 

| | E, = De. 
Hence, - Iya] = (D, D, D,) (D, D,} -° D3- = D} D D}. 


There are 2? + p? + p? distinct coefficients entering the determinants D,, D,, D,- 
These are subject to the conditions that the determinants shall not vanish. 
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By (5), the total number of non-vanishing coefficients of y, is seen to be 
| a2? +b (pè + 24) + c (p° + 22p + 2up). 
The number of absolutely arbitrary coefficients in y is, therefore, : 
at (a — 1) +ë (6—1) + p’ (c— 1) + au + 2WAp + 2oup. 


To formulate our theorem for the most general case, let > 


. 


GERE... =a, = A; a a | 
| Bay HAH ee them HS Stat ta E Ao | 
where. Ay >A >... > AG ntate HarL 


The determinant of Yo equals 
DE Dg.. De. 
The osien ay being functions of Kj, a root of an irreducible equation of 
degree & belonging ta the GF [p"], the number of sets of values for the 23 coeffi- . 
cients entering D, for which this determinant + 0 is* 
N= (p™ — 1p — p™).... (p — phn»), 
-Hence, there are N, N, .. .. N, sets of values for the 23 + A+ 33+... 2. 


distinct coefficients entering these determinants, But by (5), the number of 
distinct coefficients in yọ is ; 


AD dala $ Bh) + Aia Oa + Bat D) t | 
+ Ay AG Hy eee See oan 


_ There rewiain the following number of wholly arbitrary coefficients: 


ASQ MA + Madata + BAR GE + 2 € : 
Each of these has p™ distinct values. The total ie of substitutions y, com- 


~ mutative with Y, is, therefore, . . 
| O D MN M p™, AE (6) 


For the above example, viz., 4 =a = U4; a = 2, this number is 
l pom (PE — 1)(p™ — p™)(p™ — 1), 
as is evident by inspecting the form of Yo- 





* Jordan, “‘ Traité,” p. 185; Dickson, Annals of Mathematics, 1897. p. 164. 
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8. THEOREM.— Two real linear homogeneous substitutions S and T on the indices | 
Eiro., Em have the same canonical form O if, and only if, T is the transformed of 
S by a real linear homogeneous substitution W on the same indices.* E | 

If T= WSW, Scan be reduced to P by the introduction of new indices” 
defined by the real transformation W. Hence, S and T have the same canoni- 
‘cal form. 

Suppose, inversely, that two real substitutions S and T on the indices £, can . 
be reduced to the same canonical form by transformations [8] and [7] respec- 


tively. Let ae denote the transformation from the indices a se. Em to the 
indices na, Giss -:-., where | nos 

nw = Y, + YK, + YE +... + ype, 

| Ne 0 1 hed as k —1) 

ba AE A U a 

el HP Re .,[— 1) 

where Pis, Zae ‘are ka real linear functions of the E, which are 
linearly independent. Denote by + the transformation of indices from 
Mur Gus... to Fo, Yi,...., 4,.+.. | By hypothesis, [7] transforms T into the 


canonical form O. Let + transform O into C,. Then [T] 7 is a real substitu- 
tion which transforms T into C, a real substitution on real indices. 


Similarly, let [$’] denote the transformation from. the indices £,,....,£, to 

| the indices y, Lys +++», where | 

. mL + PER +... ‘Ges 4D. 

Denote by o the transformation of indices Roma Mur Lure. tO P.. AAE 

By hypothesis, [S] transforms § into the canonical foie ©, which is . same 
. substitution on the indices ET es +. that O is on the indices nu, Gus»... Let . 
"o transform © into ©. Hence, if R- be the real substitution transforming 

Pinus into P, 2%... . respectively, - 

U, =R 0,R. 


It follows that the product 
. [7] +R ([S] oy. 
‘is a real substitution on the indices A which transforms T into 8. 





*In 348-9, we speak of a function or substitution as real if its coefficients belong to the GF [p"]. 
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9. Asa corollary to the theorem of §8, we have the theorem: 

In order that a real substitution S whose canonical form has the multipliers 
M, M, ...., Ma shall be the transformed by a real substitution of a real’ substi- - 
> tution das: canonical form has the multipliers OM,,OM,,..., OM, it is neces- 
‘sary that the two sets of multipliers be identical apat from thair order.. Hence, 
o* = 1. 

If m=3, OÆ 1, and if S have determinant wiriy, it is necessary that 
M,, M,, M, be in some order equal to 1, ©, œ. 
. Indeed, since OM, + M,, we may set OM, = M, ns choosing the 
notation for M, and M,. Then OM, + M,; for if so, O° = 1, and hence O — 1. 

Hence, OM, = M,, OM, = M,.. Hence, the multipliers are | 


M, =o, H=OM. en 
The determinant of s being unity, | 
M, M, M, = 1 = OF MP. . 
Hence, M= 1, so that M, is a power of@. The theorem is, therefore, proven. 


- In like manner, we may prove that for m = 4, @ #1 and S of determinant 
unity, it is necessary that the multipliers M,, M,, M;, M, be in some order either 


1 © l es 
| _ M, OM, KM. me M, arbitrary) 
or | M, OM, OM, ŒM, (G=—1, M=0= —1), 


there being a single distinct set of multipliers in the latter case. 
| These results find constant application in the problem of the determination - 
of the subgroups of the simple groups of all linear fractional substitutions of 
determinant unity in two or three non-homogeneous variables with coefficients 
in an arbitrary Galois field, © ` 
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| Families of Transformations of Straight Lines into- 
Spheres. ; 


By E. O. Loverr. . 


a By the transformations of the point-space (x, y, z) into the pointapaoe 7 
si Y, Z), which are determined by two æquationes directrices l ; 


& (89,2 %, RAA P(x, yz, X, Y, Z)=0, © (1) 


the straight line : a ‘ 
yh ha m= 0, gtli+n=0; (2) 


is hanged into the surface , 
a ee eet l it (3) 


whose equation is obtained by eliminating æ, Y, 2 by means of the four equa- 
tions (1) and (2).- 
© Tf the equations (1) are of the form 


2, + yO, + ed + us 0, a; + yb, + Pr + P= 0, (4) 
| where the /s are any sis of X, Y, Z not containing x, Y, z, the line (2) 
' will be transformed into the surface 


h t'a a, 
D  % D | 
k 1 0 a| 7e . (5) 


l 0 1 ana 
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Th order that this surface be a quadrié for all values of k,l, m, n,.it is neces- 
sary and sufficient that all the determinants of the matrix: 








| Pi D- p, D, (8) 
Ps De Pr $ , 
reduce to functions of degreè not higher than the bis: 
2. ‘Tn particular, let all of the functions ®, be linear, then dass 
ap + Ys + As + PO, apy + Ypa + 2h + Ps =Ù, E (7) 
where | = X + b, Y+ a8 + di l bis C, d rte (8) 


define a family of o™ transformations which change the straight lina (2) into the 
quadric 


ln 


























Pl pld Q 7 Lu nl da a 
s Ps Pr Ps Is Pe 
x —n ®: ae Py Pa = 0 (9) 
Ps Pit I Pe à 


If we demand that this quedrio shall be a sphere, certain well-known rela- 
tions must exist among the coefficients of the terms of the second degree ; by 


'. means of these relations we can express the conditions to be satisfied by the 


defining constants of the linear functions (8) in order that the transformations 
determined by the two bilinear equations (7) may be line-sphere transformations. 
It is clear that if every transformation of the family defined by the equations 
(7) is to transform every straight line into a sphere, then the above-named equa- 
tions of condition must not contain the parameters k, J, m, n. 

The form of the equation (9) shows that the quadric reduces to a sphere 
without k,l, m,n entering the equations of condition in the following cases 
and in no other: 


1° when any determinant of the matrix 


1 de by by 
ds Vs ty de 








(10) 
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where | . h= uX + bh Y +472=%;— d; . (11) 
reduces to the form oes | 


const. (X*+ Y + 2), o por (12) 


and at the same time the functions @, corresponding to the ẹ remaining in the 
matrix reduce to.constants ; for example, dz, Pas Pes Pr constants and the deter- 
minant dd, — 4,44 of the form (12); i 

2 when all six determinants of the matrix (10) are of the form (12). 


. 8. Examining the first case, and with particular reference to the example 
noted, we find that the two bilinear equations l 


(aX tha +aZ+d)e+ dy tdetaX+yV+u5t a =} ap 
(X +b; ¥ + ZF + ds) a+ dy + de + aX + by Yt+oZ+d=0 


where the constants are 5 wapieat to the. endian: 


ee eas 
bye, + cibe — bic — c4 bs = O, A ) 
C1 Qg + Ay Cy — Cy Ay — y Cy = 0, . 


determine a family of œ! transformations which change all straight lines into - 
spheres. The exponent. is readily verified since each equation of (13) is linear 
aud homogeneous in ten constants wok are connected: by five dependent 
equations (14). 
Treating the remaining determinants of the matrix and the one 
functions in the same manner, we obtain six families of © transformations 
changing straight lines into du | 
4. By employing the method of ‘Sophus Lie,* we can show that the preced- 
ing line-sphere transformations are contact transformations. 
~ The finite ‘equations expressing the coordinates X, Y, Z, P, Q of the surface 
element corresponding to the surface element (a, y, g, p, q) as functions of the 


* Lie-Engel, “ Theorie.der ‘Transformationsgruppen,”” vol. 2. 
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coordinates of the latter, are given by the TERTA of a system of. linear equa- l 
tions composed of the two following : 


2,5 (qe + o)X+ Gre +b) V+ (42-40) Z- | 
ONE (15) 


4 (ay + a) X + (ba + by) Y + (ow + cs) Z 
PEE E T ae 


. and the three obtained by olimingting the ratio A : Ay from the eu, 
| ao | 2 20, _. | 
o GS 20), + an a + À one 
20, i 20, S Š 
(wF Ka +m gy +2, 2% = 0, 
(2n EA + aa OA) P+ 149% + 2, 9% 2 


(a +m TE DEC En 


| (16) 


` in fact X, Y, Z are found by solving the system . 

| Q=0; Q0,=0, AX4+ BY+ 0Z4+D=0, (17) 

where | i 
A=ae—af, B= bse —byf, C=age—af, | j (18). 
D= dhe — df — (d; dh — d dy) p, ematagq, f= id + hg; 


and P, Q have the values 


= + (x + a)(d + +. + %)(d_ + dsg)}, 


P 
ve ibe + 8) + dg) — re F maa 20 
k= — Ga + eda + de) — (am + o(d + da). | 


5. Relative to the EE defined by the equations (1 3) and: (14), it - 
19 ` 
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is KEE k observe further that. the absolute term of the equation (9) 
becomes z zero independently ofk, 2, m, n if the equations 


dd — dhah = 0, dah — dd =0, A mae: o (20) 
_ dd, —d; da = 0, d ds — dy dy = 0, dy d — dd = 0, 


hold; then the transformations determined by (13) and i) change straight 
lines into points if the additional conditions 


- ay: dy: ds: 4 = dy: dy: dr: dy g (21) 
are satisfied. i 
‘The following particular case is 8 especially noteworthy. “AS the 
. values : l 
QS a, = by = by 4 = = dy = h=4=d =d= d = 
WG AT — d= dy = 1, bee cope Ah 


o} a 


to the constants in the equations (13) or (15) and remarking that this TEA of — 
constants (22) satisfies the equations of condition (14), we have the celebrated 
correspondence of Lie determined by the equationes directrices 


Lat at X+iY=o, (X—iVY)a+y—Z=0,- (28) 


ade studied in his well- known memoir,* “Ueber Complexe, insbesondere Linien- 
und Kugel- Lu il ot Le 


6. Returning now to the second ‘case in which the quadric (9) can become 
a sphere for all values of k, J, m, n, namely, when all six determinants of the 
matrix (10) reduce to the form (12), we find that, although its equations of con- ` 
dition are.apparently more numerous, yet it yields a more remarkable and 
extensive family of line-sphere FORCER 
i In fact, the equations 


'. a, — 0, aj = bb, — b, b; = GC, — 6,0, 
db, + bias — a,b; — b, q = 0, 
bc, + Gbr — bg — eb = 0, | s (4) 
Cils + Ge, — 0 Qi — 4,0 = 0, | 








* Mathematische Annalen, voL & — . 
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which are necessary and “tie that the determinant | bo me | 
Lite 4, | ` (26) 

shall be changed to the one (12), poi the nadal solution o 

h=avTi, ea VTT, hma, b= 

me 


Ci =a,, O E Ae, C= hs 
hence, the functions J have the forms 
E j= 33 4i=vTi (20) 
-and, therefore, the two bilinear’ équations | 
, an + yo + za + Oo, = 0, | cos + yos + zo + = 0, (28) 
where | gk td, $2 1,9....,8 - | (29) 


‘determine a family of co transformations which change straight lines into 
spheres. | z 

That these ow? transformations ‘are contact- transformations can be estab- 
lished in the following manner: Combining Lie’s. transformation oe. a ae 
by the two bilinear equations 


Za, + m+ X+t¥=0, oe) fees ž=0; oo (80) 
with all ie transformations of the general projective group” 


pm de + By ar +, 

Ph saga + Bay +yz + de, be ot Bg (31) 
Pa = aga + Bey + 723+ du |. 
p Huet By + yir tin | | 


the resulting œ" transformations form a family of line-sphere contact-transfor- 
mations determined by two bilinear equations ` | 


~ 


(ou X + ta, Y + où Z + a5) % + (BX + ib Y +Ê Z+ B) y+... =0, Fon 
(4 X— ta Pais Po) ee ea — iB, Y— BiZ + B)y+....=0, , 


which equations are precisely of the form (28), 
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Hence, the equations (28) define a fifteen-parameter family of line-sphere 
contact-transformations (5) of such a nature that they are derived from the 
- transformation (23) (A) of Lie and the transformations (II) of the general projec- 
tive group (30) by means of the symbolic equation | 


5 = HA. © ga) 


- 7. This note limits itself to the determination of those line-sphere transfor- 
mations which are defined by two bilinear equations between the point coordi- 
nates of the corresponding spaces, both spaces being ordinary; but it may be 
' permitted to add several postscripts calling attention to other generalizations of 
Lie’s transformation. 

1°, A six-parameter family of line-sphere contact-transformations i is obtained , 

by generalizing the form* ` i | 

se, a = % + y, eu (33) 
g=a—y, P R—z 


given A Lie’s transformation by eee Darboux. 
The equations 


dead | | | (34) 


establish a correspondence between the: straight lines (ay, ds, ag, a4) and the 
spheres (a, 8, y, p) in such a manner that intersecting. straight lines are trans- 
formed into tangent spheres if the ten equations 


Kı Xg — nam aai q 
#1 A9 + Ay Xg — % Ay Agt =... = 0 


are satisfied, since these equations express: the necessary and sufficient conditions | 
that the quadratic form 


(0 — aa, — a — (as — @3)(%— a) 9 
shall be changed by the transformation (34) into the quadratic form 
(a —alP + (B—BYP Hor (pp? — (87) 


2°. The method of the note may be employed to construct certain anoma- 
‘lous correspondences of a similar form in spaces of higher dimensions ; these cease 





* Darboux, ‘‘ Théorie des Surfaces,” vol. 1, §157.. 
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to be of any but formal interest in other than ordinary spaces, since for a space the — 
‘number of whose dimensions is greater than three, the number of right lines is 
infinitely greater than the number of spheres; an example of such a correspon- 
dence in a four-dimensional space is the ‘transformation defined by the two 
following bilinear equations: | 
Dont nel l (38) 
it changes straight lines into spheres; it is an incomplete contact-transformation 
© which degenerate into Lie’s transformation: (28) on BRINE the fourth dimen- 


sion Zero. . x 
-&. By employing the results of the note, an infinite number of infinite 


families of line- “sphere contact-transformations of ordinary space can be cone 


structed ; these are no. longer defined by two bilinear URI directrices. 


Prinonron, New JERSEY, November 1, ‘1899. 


The Elttpsograph of Proclus.* 


Br BM. BAKE. 


If a plane o containing two points Æ and E, moves upon a coincident plane 
c, containing two straight lines g and g, so that Æ remains upon g and E, upon 
gı, the two planes form a mechanism possessing the following well-known prop- 
erties: Every point of o traces an ellipse upon o,, and every point of g, traces-a 
limaçon upon o.f A circle c of radius a in o rolls upon the inner side of a circle 
c, of radius 2a in cœ. Every point of c describes a straight line passing through 
the center of. Any two of these lines, with the points which generate them, 
can be taken for g, g, and FE, E, in defining the movement. | 
The object of the present paper is to make a. brief study of—1° the curves 
generated by the points of ø and o,; 2° the ruled surfaces generated by any 
straight line carried by o or o, and not parallel to them; 3° the curves enveloped : 
by any straight line of ø or o,; 4° the developables enveloped by carried planes. 
‘The point loci have been given by Cayley { and Schell.§ The line loci for 
the ellipsograph have been determined by Burmester,|| although he omits their - 





*Read before the Chicago Section of the American Mathematical Society, April 9, 1898% at which 


` eight thread models of surfaces described in the paper were exhibited. This embodies the author’s . | 


“paper, ‘Upon a Ruled Surface of the Fourth Order Mechanically Generated,” read before the Society 
December 81, 1897. Paper revised, Ithaca, January, 1900. 

t The distovery of the first property is accredited to Proclus ; Chasles, “‘ Apergu historique,” 2d ed., 
p. 49. The well-known chuck for turning figures with elliptical cross-sections, invented by Leonardo 
da Vinci, is an application of the mechanism. For other historical notes, see Burmester. ‘‘ Léhrbuch 
. der Kinematik I,” Leipzig, 1888, pp. 88-48 ; A. v. Braunmühl, “ Studie über Curvenerzeugung ” in the 
“ Katalog mathematischer Modelle,” by Dyok. ~ 

t“ On the Kinematics of a Plane.” Quarterly Journal, XVI, 1878, pp. 1-8. 

3“ Theorie der Bewegung und Kräfte I, pp. 227-280. 

I“ Kinematische Flächen erzeugung vermittelst cylindrigoher Rollung.’’ Zeit. für. Math. u. Phys. 
XXXII, 1888, pp. 887-848. The surface with real and distinct nodal straight lines is also given by . 
Mannheim, Comptes Rendus de l'Acad. de Paris, LX XVI, 1878, pp. 685-689 ; Bulletin de la Soc. Math. 
de France, I, 1875, pp. 106-114. Menzel, “ Ueber die Bewegung einer starren- Geraden. d „Dissertation, 
Münster, 1891. 


‘Brake: The Ellipsograph’ of Proclus. ` 147 


equation, but those for the inverse movement are believed to be given here for 
the first time. The envelope of the straight line of o which passes through Æ 
and F, when g and g, are at right angles, was found by Chasles to be the four- 


` cusped hypocycloid.* The.only other lines of ø, the equations of whose envel- 


` -opes have been previously determined, are those forming a square with EE. 


Point and Straight Line Loci of the Ellipsograph. 


Denoting by (x, y) the rectangular coordinates of any point of o, taking. for 
origin the center O ofc, and by (x, y) the same for any point of c, taking for 
origin the center. O, of c,; the equation 


i (a? — aw F a? +y?) — danny +i (ot dan +a +) = (t+ pat (1) 


. represents the ellipse in o traced by the point. (x, 3) of v or the Ea traced 
by (a, 91) upon o.f 

From the equation we infer the following properties of the congruence of 
ellipses described by the points of o: They. all have the point O, ‘for center, 


and rotation through half the angle ‘whose tangent is 2 brings iheir axes into 


coincidence with the coordinate axes. The points of a circumference whose 
center is O describe congruent ellipses, which degenerate to the diameters of c, 
when the circumference is ¢. The point O describes a circle of radius-a.. “The 
points of a straight line through O cenenih ellipses Le axes lie upon two 
fixed lines.§- 

To, obtain the. equation of the surfaces generated by. the aient ies 
. carried by o and oblique to it, we proceed as in a former paper.|| Take axes of 
„zand z passing respectively through O and O, and perpendicular to o and oj. 
pee lbe a representative kenerator pe to us passing throne the ‘point 





#'* Aperçu oies ” p.69. The author also soils eed that the sels of any other straight line 
is the involute.of & hy pocyoloid. 

tJ. B. Pomey, ‘‘ Enveloppes des côtés d'un carré invariable dont deux sommets décrivent deux 
droites rectangulaires.’ Nouvelles Annales (8), V, 1886, Pp- 520-530. 

. {Cayley and Schell, loc. cit. ne s 

é For greater detail see J. 8. et N. Vanecek. ‘ Sur les ellipses décrites par les points invariable- 
ments liés à un segment constant et sur une surface ciroulaire du huitième ordre. ” Buletin de la Soc. 
. Math. de France, XI, 1888, pp. 76-88. - 

Į American Journal, XXI, 1899, pp. 260-261. 
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(p, 0) of o and making with that pane the angle whose cotangent is 8; its 
locus is 


CS aad + 8a) — 4asa Yi % : 
+ (pr + tap + att A) = rea yy (2) 


obtained from (1) by substituting for æ v and y respectively p and 8%. 

There is no difficulty. now in éstablishing the following theorem: Any 
straight line oblique to o and carried by tt generates a quartic scroll having a real 
isolated double generator in the plane o, at infinity and two other nodal straight 
lines which are: either real and distinct, coincident, or imaginary -according as U 
(the orthogonal projection of l upon ay? intersects c in two ‘real, two coincident, or two 


z imaginary pointe. 


Point and Straight Line Loci of the Inverse of the Ellipsograph. 


Regarding the plane o as fixed, the points (æ, Y1) of où describe upon it a 
congruence of limaçons, defined by equation (1) and possessing the following 
properties: Any point on 4 describes a cardioide, any point within a limagon 
- having a node, and any point without one having a conjugate point. All points . 
of a circumference with cénter at O; trace congruent curves. They may be- 
brought into coincidence by rotation about O through twice the angle whose 


tangent is = A . The point O, describes the circle c twice during a cycle of the 


movement. The real double points of all the curves are upon c. The points of 
a line through O, making the angle 0 with the axis of x, generate curves with . 
the same line of symmetry making the angle 29 with Oz. | 

As in the preceding case, we have for the locus of 2 the equation 


p (@ — 2a + P+ y’) — Aapeya + oa (P+ Bax + +) = (+ y — af), B 


and the following theorem’: Any straight line oblique to o, and carried by it gene- 
rates a quartic scroll having: if l passes through O, a nodal ‘circle in o (or a 
parallel plane) and an intersecting nodal Lol straight line; and if © does not pass through, 
a nodal cubical ellipse. Upon the latter are two imaginary pinch-points, and in 
addition either two real, two coincident, or two imaginary pinch-points ny as 
7 intersects c, in two real, two coincident, or two un Ho points. 


vs 
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Singularities of Point Loci. 


- The circle of inflexions* for the ellipsograph is c, and hence, any point 
upon it is always describing an inflexion upon its trajectory, i. e., the trajectory 
is a straight line. The circle of inflexions for the inverse movement has the 
same radius as c, and passes, during a complete cycle of the movement, once 
around &, remaining tangent to it and to the concentric circle of radius 4a.. 
Hence, the limaçon generated by a point of o} between these two circumferences 
has two real points of inflexion. The two inflexions merge into one of the next 
higher order if the tracing-point be taken upon the circumference of radius 4a. 

The movement of a plane o upon another o, is either a rotation about a fixed 
point, a movement such that all straight lines of o remain continually parallel to 
their initial positions, or the result of rolling a curve C of o upon a curve G 
of cı. Movements of the latter type are the only ones which give rise to any 
but trivial problems in loci and envelopes. ` It is easy to show that the movement 
defined by the ellipsograph is the only movement of the last type which causes all 
points of o to describe conics. For any point of C describes a curve with at least 
one cusp. A conic having a cusp consists of two coincident straight lines. 
Hence, at least two points of o describe straight lines, which defines the move- 
ment of the ellipsograph. 


The Curves Enveloped by Straight Lines carried Parallel to the Plane of Move- 
ment, and the Developables Enveloped by carried Planes. 


Wewill commence by finding the envelope of the line y = d carried by ø. 
Assume for convenience a= 4, then the equation of one of the positions of 
y = d in c is ! 

d ` 
grt t= +=, 


b and b' being respectively the intercepts of y == 0 upon ‘the axes of z and y. 
Eliminating b', we have 


b — Qy, b + (a? + ya 1).0' + 2 (y — das) b + —yi = 0. 





* Koenigs, ‘‘ Leçons de cinématique,” I, pp. 144-164 ; Schoenflies, ‘‘ La géométrie du mouvement.” 
Paris, 1893, Chapter I. $ 
20 
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The discriminant of this with respect to b equated to zero gives 


(at + yf)’ — (3 + @) yf — 18de yf + (21 — 28) at yi — 18da} y — (3 + P) at 
+ (3 + 20d?) y? — (36d —16d°) a, yit (3 + 20d") of — 16d4+ 8—1 = 0, (4) 


the envelope required, and (x, y, — d} = 0. The latter may be regarded as the 
locus of nodes, which should occur twice. It is due to the enveloping line having 
two positions for any value of b. 

The equation (4) represents, except for a rotation about the origin, the ` 
curve enveloped by any straight line of g. It also represents with the same 
reservation the cylinder enveloped by any plane carried by, and perpendicular 
to,co: The surface enveloped by any plane making an acute angle with o is 
evidently congruent to one enveloped by a plane passing through y = 0 and 
making the same angle with ø. They may be brought into coincidence by rota- 
tion about and translation along the axis of 4. We proceed immediately to the 
determination and discussion of the equation of the latter surface, in the course 
-of which we shall be in a position to determine the character of its plane sections 
parallel to o,, which are the same as the curves (4). 
| The equation of the surface enveloped by the plane which passes through 

y = 0 and makes with ø the angle whose cotangent is a, is obtained from (4) by 
substituting sz, ford. The result is 
(+ AP — (8+ eel) of miyn + (21— 2st abyt 
— 1880 y a — (3 + PA) af + (3 + 208° 2) yf — (8682, — 168° 2) ay, 
+ (3 + 208° 24) à — 168 24 + Be 2 — 1 — 0. (5) 


Rotating the coordinate axes through 45° about the axis of z, gives this equa- 
tion the more convenient form 


Sg ie a) yi +. Al (ai — yi)? — jen (ot — 96 
+ (8 + 20 #)(ai + V1) — ee — 88° ai)(aj — yi) —16s* 2} 
+ 822—1=0, = (6) 


to which the discussion which follows will apply. 

The surface is of the sixth order and symmetrical with respect to x, = 0 
and y= 0. Its intersection with y, —0 consists of the two straight lines 
Zot = — m and the parabola a} — 4sz,+ 2=0 taken twice. The lines are : 


tangent to the parabola at (+ 2, =) . The section by x, — 0 consists of the 
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lines ae ee and the parabola yi + 44, + 2=0 taken twice. The 


lines are tangent to the parabola at (= 2, — 3). The two parabolas are 


nodal lines of the surface. Each has a segment lying upon the surface and an 
isolated segment. The former contains the vertex of the parabola, and is 
included between its points of tangency with the straight lines mentioned above. 

The edge of regression is readily verified to be the intersection of the two 
cylinders 


a= dia | ; (7) 
Hi =— vr (sa — $Y, | 
| whose right sections are semi-cubic parabolas. Its projecting cylinder upon a is 
| HAE fe . @) 
By equations (7) the curve is upon the hyperboloid of revolution * | 
atyi—teq=1. 


Any two successive positions of a plane 8, subject to a plane movement, intersect 
in a straight line an element of its envelope making the same (constant) angle 
with the plane of movement (o and o,) as @ does. - Hence, the tangents of the 
edge of regression of the envelope of B make a constant angle with the plane of 
movement, i. e., the edge is a curve of constant slope. t The slope of the curve 
(7) is the reciprocal of s. 


The edge of regression has ut, at the four points (2, 0, =n); 


(o, 2,— =), (— 2, 0, =) (0, — 2, —1,2), given i in order MORE The 


portions between are convex toward the origin: The projecting cylinders (7) are 
each tangent to one of the nodal. parabolas. Hence, at each cusp of the edge of 
regression there is a tangent nodal parabola. 

= Due to the convexity toward the origin of the edge of regression, ii is pos- 
sible to pass a plane between the origin on one side and three of its cusps on the 
other, so near the latter that the edge of regression pierces the plane in six real 





* For this result I am indebted to the ‘‘ Referee,” who has shown that the edge of regression of the 
envelope of a plane, when the centrodes of the movement are circles, is upon a quadric of revolution. 
t The “ Referee.” 


4 
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points, two in the vicinity of each cusp. The edge of regression is thus of the 

_ sixth order, and each piercing point is a cusp on the curve of intersection of the 
plane and developable. In addition to thesé cusps, the plane section has four 
double points, the piercing points of the two nodal parabolas. ` For the order ` 
six, with four double points and six cusps, Plücker’s equations give: class four, 
no inflexions and: three double tangents. The multiple points accounted for 
must be all, since an additional node or cusp would reduce the class to two or 
one. The two parabolas are the only nodal lines. The value four for the class 
of the surface, that being the same as the class of ita plane sections, is verified by 
a theorem of Darboux* which states the class of a surface enveloped by a plane 
having one degree of freedom to be equal to the order of the trajectory of a 
point subjected to the inverse movement. The inverse gives in this case the 
limaçon. 

We are now prepared to study the sections of the surface (6) by planes par- 
‘allel to o,. As remarked, they are the same as the envelopes of the straight 
lines of « which are parallel to y= 0. The section by z= 0 is a’ four-cusped 
hypôeycloid, the cuspidal tangents bisecting the angles between the coordinate 
. axes. Its cusps are at the middle points of the arcs of the hypocycloid | 


d+y= 2 


of double its size, which is the projection of the edge of regression. Since 
z = 0 intersects each of the nodal parabolas in two imaginary points, the 
section has four imaginary double-points. Besides the four real cusps, it 
has two which are imaginary, the remaining points of intersection of the 
plane with the edge of regression. As the value of c increases from zero, 
the four real cusps of the section by z =c move symmetrically away from 
the axis of y, going along the curve af+ y} = 2! towards its cusps (- 2, 0). 
The curve of section has no real nodes until it becomes tangent to the nodal 


parabola a? — 482, + 2 = 0, y,=0 for c = = when the section has a tac-node, 


at the origin. By further increasing c, the tac-node resolves itself into two real 
nodes which move along the axis of x, away from the origin in opposite direc- 


- tions. For ¢ = = , two cusps and a node unite at each of the points (+ 2, 0) 





* Koenigs, “ Leçons de cinématique, p. 358. 
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and the curve which has no visible singularities resembles an ellipse whose major 
axis is on the axis of a. The singular points of this curve are the cusps of the 


edge of regression. For values of ¢ greater than = the sections resemble ellipses, 


their only real singularities being two conjugate points within and on the axis 
of x. The curves become more and more nearly circular as c increases in 
value. The curve of section by 4 ——c, when rotated in its plane through a 
right angle, is the same as.the section by a = c. 

In the case of any plane movement whose centrodes are circles, T charac- 
teristic of the envelope of a carried plane through a diameter AB of the moving 
centrode, is a straight line passing through the center of the centrode and per- 
` pendicular to AB. Hence, the projection of the edge of regression upon the 
‘plane of movement is the evolute of the cycloid enveloped by AB, i. e., a similar 
cycloid ; and all plane sections of the envelope parallel to the plane of movement 
are involutes of this projection., For the special movement under consideration, — 
AB envelopes ie i 
af+yj=1 
and its evolute is  ~- al + yf = À 


which agrees with equation (8). The involutes of this are the sections of (6) by _ 
% = const.* 

Turning, in conclusion, to the inverse of the ellipsograph, a straight line of 
oi envelopes a circle in ø whose center is upon c, for it is parallel to a diameter. 
of c,, and every diameter of c, passes through a fixed point of ce. The envelope | 
_ of a carried plane is a cone or a cylinder of revolution. 





' *My attention was called to this by the “ Referee.” 


Displacements Depending on One, Two, ....,k Param- 
eters in a Space of n Dimensions. 


By N. J. HATZIDAKIS: 


| 1. Professor Craig has recently considered (this Journal, vol. XX, No. 

2, April, 1898) the displacements i in a space of four dimensions and generalized 
the theory of M. Darboux. In the present short paper I shall examine the 
general case of displacements in a space of n dimensions. 


2. In the ordinary space of three dimensions, the curves ‘and the surfaces 
correspond to the displacements depending on one or two parameters, No rela- 
tions exist between the kinematic elements of the curves; but for the surfaces 
six relations exist between the ten kinematic elements (the two others, č and-¢,, 
are = 0). These relations are the fundamental kinematic equations of the sur- 
faces. This agrees perfectly with the usual analytical theory of the surfaces, 
which gives three fundamental equations between the’ siz elements of Gauss, 
E, F, G, D, D', D'* It suffices to remember the relations existing paiwan 
the kinematic and the analytical elements. t 


3. In the general case of a linear space of n dimensions, n — 1 kinds of dis- 
placements are to be considered, viz., those which depend on one, two, ...., n—1 
parameters. To the one-parametric displacements correspond the curves of this” 
space; to the two-parametric, the surfaces; to the three-parametric, the hypersur- 
faces, or manifoldnesses of three dimensions, etc.; to the k-parametric displace- 
ments correspond the manifoldnesses (Variétés, simu, of k dimensions. No 


* Darboux, ‘‘ Surfaces,” vol. I, pp. 247-8, or Orelle’ s Journal, vol. LXXXVIII, p. 69 (1880). 
t Darboux, ‘ Surfaces,” vol. i, pp. 876 and 879. 
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relations exist for the kinematic elements of the curves in this general space ; 
for all the other manifoldnesses, however, there exist many relations which we 
shall now find. 





4. In the n-dimensional space, let OX, X,.... X, be a system of fixed axes 
and OXT»... £, & movable system. Suppose both systems orthogonal. 


The n equations 
w= 0, %=0,. T= 0, 


. (each separately) give n oi iat: linear spaces, viz., the (n — 1)- 
dimensional coordinate spaces in the moving system. Further, the R ae) 1) 
systems of equations o 
a= 0, = 0; m= 0,%=0; n m = 0, =O; 
Wy == 0, = ....; % O 
iy —1 = i, k Ea — 0 


(each separately), give n(n — 1) (n — 2)-dimensional Ha spaces in the 


2 
n(n—1)....{(n—k+1) 
kT 





moving system. | Generally, we find coordinate spaces 


of the (n — k) dimension. For k= n—1, we have the n axes. But among 
all these kinds of spaces, those of the (n—~ 2) diniension correspond, for the 
rotations, to the axes of the three-dimensional space. I shall, consequently, call 
the figure formed by these spaces the moving polyhedron (par excellence). 


5. Let, now, the following be the schema of ue cosines of the movable axes 
vi the fixed 


Tı La ss. Onl La 


ar Oy . = An An l | i 
ĝi ke is 1 En > | (1) 
Xe li Ua Una Un 


Vy Vg aves Val Va 
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The determinant of these cosines being orthogonal, we have the relations 


n` | n n ` 7 A 
Sai = 1, SB =1, dy mi, ira, Su =i, 
i=1 i=1 


tem] tel 


a n | a 
S'ub=0, > y= O, see, >) ar = 0, 
iml teal : isal | ) 
n n . ` (2 
| S'Bn=0, s... > bir=0, ( ` 
ten] N iml : 
FT Aras E ae 
Saw =0, 
il 


‘or the equivalent set 


S'ai=1, Da sido une) a =1, 


: sy! ao ; I 
| Zum 0,...., Ÿ a Oy = 0, = 


where the 3's are extended over all the cosines having the same index. 


6. In the general motion of a system consisting of a rotation and a transla- . 
tion, we consider at first the case of the rotation, supposing that the moving axes 
have a fixed origin, namely, that of the OX, a .... Xa. We have then 


Va = di Vx, + BV +. TOA 


a Oe 
| a n dy 
œ Va = aS, Gt + BSS 2 at ak oil +o 
= +) 
+ & 


Fe ® Ve, = Sa a + a>) ay a Fires Fan 





Parameters in a Space of n Dimensions. l -15T 
the %’s extended over all the cosines having the same index. V, denotes the 


components of the absolute velocity of a point x, relative to the moving ir 
© H we now write for the sake of brevity 


"R da 
Dr Pars Btn ay =Pm \ (4 





equations (3) take the form 


a a E 
Vy, = Pie Ry Py eee nee esse + — En Pins 
d À A : 7 ` 
Va, = + £ Dry Pa ee seeds teen eens — Tn Pans 
Von =% Hope tapa Py ce ape \ (D) 
y _ ln . 5 | , 
T e a + Pini Hap fot A T tas Pa—an—1 — Ln Pain 
V,, =% +: + +a 
af elie + 2i Din % Pan tuner ares Mo Les 


7. It is now very easy to find the equations for the cosines. It suffices, of 
course, to consider the points having coordinates relatively to the axes 
OX, sus le diese 09 0,1,0,0... 0, C0, 0,0; ines) 0,14 We 
find so the following n? equations e of 





* Cf. Appell, “ Mécanique,” vol. I, pp. 62-8. +Cf. Darboux, ‘‘ Surfaces,” vol. I, p. 4. 
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= an Pus 


Az? 
| a us. f 
pe À A=8 
dt & Dan D Qe Prog | ; (6) 
Amd i T=] : | 
ae op Ze Prs 
di A=t+1 r=1 
ee « r L] QUE e L] 
ds = E e 


‘and n — 1 other sets of equations for the other cosines B, y,...., u” 
The n(n—1) quantities p, introduced above, are again, as in the cases of ` 


the three or the four dimensions, the components of rotation about the ai) | 
faces of the moving polyhedron which we have considered above. It is very easy 

“to show this in a manner quite analogous to that of Mr. Cole* (for the space of 
four dimensions), and we can again express the cosines of these faces in terms of 
the cosines of the axes, but I omit writing the demonstration, as it is not neces- 
sary in the following lines, 


8. Proceeding now in the same manner as M. Darboux and Professor Craig, 
we find immediately that the system of differential equations of the first order, 


aA = =$ pa Ao fe g (7) 
Amt+l , r=] 
os) 2, Ses n) 


which the n groups of cosines must satiety, has always one, and sany one, solution, 








* This Journal, vol. XJI, pp. 191 et seq. (1890). 
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when the initial values of the cosines are given ; if, further, 4,, A,,-..., Án; 
Aj, 43,...., Aj, are two systems of solutions of (7), the quantities 


Da, Daa, Dar 


i=l i=l 

will be constant. We can thus repeat all the reasoning of M. Darboux and show 
that, when the rotations are given functions of the time (+), the motion is 
entirely determined; only the position of the fixed axes OX,X,....X, is 
arbitrary; and, further, that, if we have n— 1 integrals Af, A®’,...., A®; 
AP, AP, aaae, AQ; ete; APTP, APD, ...., AQP, the general integral A, will 
be given by the paations 


- SA = const. SA, 49 = const, yA AP = const., s.s., 
im] imi 
> A, A4} = const., 


. i=l | 
or by the following equations, which are all linear in À, D of M. Cosserat 
mentioned by Professor Craig), 


Ÿ 4, AP = const., > À, AP = aan, 144 Şa = = const., 


{=l i=l 
A, À, es Ay 
AO AP .... AM 
AP AY .... AM = const, 


nn mn ms 


9. Since the 4’s are connected by the relation 


D a = const., or (dividing by a convenient constant) 3 A =l, 


i=l tun] 
‘we can express, them in terms of only n —1 variables; we put for this purpose, 
with Professor Craig, 


— _ 2A, 
ARE; PES: 
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‘and we find, after some reductions, the following system containing one equation ; 
and one variable less than the ayer (7). - 


ai i d n—1 




















d. 
Tar => Ay Put Pa — MX Pr RE 
Ae + rem] T 
dA; <= 
- a => Ay Par $ PL on AVIA, ec? AP | 
=$ r=]l 
dA = os. a] 
d = Spa + OS pe Ae Pn Apa 
A=4 r=] 
Boils aces eater wile E E ecw Ad lon, gd aa Sw aire es ES oh oe SP 8 
dAn nd ( ) 
Sup À jus — À, S Apa D Apa 
En teal 
id _ ‘ a8 
as = DE 8, n—1 ne * Pain — hes A, Pen -F A, Pa- a 
sas tal 
TETA ; B— RS 
a i= | Barg L pin — —A Dire — 24 ia 
We can, of course, apply also the substitution of Mr. J : Biesland,“ 
A O A . An - 1 
A = ERS Uae = - 2 k kok Em = ses y 
tT WR EI) OF MEF a VR +1 A, Vie + i 


G=SA) 


we find, then, the following system ofn —1 differential equations, equivalent, of 
course, to the = (8), but a little simplified, 





dA W 
T =F Arpa + Dnt AD A Pm 
á ie a= 
dA 
era => A) Pa + Pan + = Pen — Ay Piss 
EPS EAE Laas sonne Been eee (8') 
dA r n—8 5 j 
Ps = — a — —1Ps- 8, n—1 + Pa - -An + eta ` À Pr 3) 
. eae eee 
dAn- — 
= Pain + An Sie Eire 


r=1 





* This Journal, vol. XX, pp. 245 et seq. (1888). 
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Each of the two systems (8) and (8’). (or every other system similarly found), | 
constitutes the generalization of the equation of Riccati in the case of n-dimen- 
sional spaces. It will be easy to study these systems in a manner analogous to 
that of Mr. Kiesland'(loc. cit.). Perhaps I shall find occasion to recur to this 
subject. 


10. Ân application of the formulæ found above is the case of the motion of 


the principal n(n — 1) pegron of a curve in the space of n dimensions. n—1 of 


the p’s are, in this case, equal to the n — 1 curvatures of the curve, all the others 
being equal to zero. (See on this subject: Ernesto.Cesàro, “Geometria Intrinseca,” 
_ pp. 226 et seq.) . 


11. Suppose, now, that the origin of the moving axes is not fixed ; we shall 
then only introduce the components, relative to the moving axes (&,...., &), 
of the velocity of this origin, and we find the following n equations. 








dXP  ,. dXM_< » dX9 < 9 
a ha a SÈ Bibs evens di =P nbs | (9) 


ZP being the coordinates of the moving origin in the system OX,X,....X,. 
The integration of this system is again always reduced to quadratures, since the 
coefficients du, Bis e e o, v; are supposed known as functions of the time from the 
system (6) and £, are given functions of the é. | 


12, Instead of the system (7) between the cosines of the axes and the rota- ` 
tions, we can find another system of en equations between the direction 


Gosines P of the faces of the moving polyhedron and the rotations. But the 
integration of this system can be led back to that of (7); and the relations 
which this second system gives between the P’s and the p’s, or between the A’s 
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. and the p's (for the P’s are given expressions of the 4’s), must be, of course, the 
_ same as those of the system (7). So I omit writing them. 


13. I shall now consider the case of a two-parametric displacement. Denot- 
ing by p the rotations depending on u alone, and by p' those depending on v alone, 
we obviously have the following equations connecting the p’s, the p’s and the 


cosines : Ë | > ' 
Pa =) $a +5 pa -$ a p ge à Be 
v i 
=> On “5 Opin D Sa? Gr a Ph Zea = 2%), (10) 
atl ; 


or, by the equations (6), 


a ($e — gi _ Ze (Se Spr) 


= Pla Ba Pu — So pa) B Ph È a Pa ay a 7 — (10) 


n 


\ 


Amit 


EER r=l 
to] 
= Pa & a ph — ey ae PotD: Pri È dh pn — = Sm ph), 
„Aa=ipl À 


| where 3 = 1, 2,3,....,n. 
As, now, we have similar equations ‘for the B, Yi s.e., v, we can multiply 
them by a, 8,,-+-+, vi and add, or by ay, Bs, e+- e, 72 and add, etc, by &,, Bno 


., va and add; we find thus the following a) fundamental equations of 
the two-parametric displacements, connecting the p’ p's and the p’’s 


Parameters in a Space of n Dimensions. : 163 


aps PS (oh pa 


— Pa Ph) -5 alae Pu Pi) 


do A=i+1 
{= 2, 3. -, 2) 
/ bat | ` 
Cu — pu =o (Pin Pra — Por Pr) + Pis Pis — Dis Pies 
i 
Spa — pu =Y (ph Pa — Pa Ph) -5 (Pli Per — Pu Ph) + Ph Pa — Pu Ph 
A=i 4l y==8 2 
| (t= 4, E, À 
pu = py =A fee — Pa Pa) +> (pe Pa — Pu Pis); 
à ! n î—1 
oe = ops =) (Pix Pa — Pa Ph) 2 (Be — Put Psr) 
w A=t+1 y 
+5 A — Papa) 
CES! . 
(i = 5, 6,...., n) 
sage apa hiss A Le de PA om Paty ast ened ie (11) 
Pau — “Paes => (Ph Pas Pirn ph) +5 es Pr Pati Pa)» 
we a Ne 
OD ae Opu paom ‘ ne I EEN © I = ! 
EA ve => (Ph pi Pa Pia) -5 (Pr Pr Pa Pier) 
- k~-1 | 
+>) (Pi Pa — Pa Ph), 


te] 


(i= b+ 3, k+3,....,n) 


SEEN ES 8) 08 ORE A E EES RS Mw Wine Waal ee ea a OS yy a aw a he we ew, “oo, 8 oe Sana AY ele 


i Re A A ED SC a Da Ue eT ee pe am E E 


Ps, n 


— na. n—1 


ns Pas, ” 
du 


Oph as 
ee 


= Phi, aPn—s, n — Pai, n Pas, K 
Nu B 
+> (Pi, n- Dans Pr, n—1 P! n— 2); 
ven] 


t 
T Pn i, n Pn—3, n—1 + Pr- L “Dee n=l! 


as (Pin Pr, n—2 — Pen Pi, m2) | 


rl 
n—2. 


=F (Ph Pm- = e 


raj 
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We have found these equatiôns, equating the coefficients of a, a, e» e., Anı » An 
on the left and the right hand. The first equation is given by œ, t=2, 3, 

(i = 1 gives zero), the second by az, t= 3 (i= 1 gives again an equation of i 
first line, that with a = œ, #= 2; t= 2 gives zero), the third equation is given 
by a, i= 4, 5,....,n; ete, the sateen of the order 2%— 2is given by 
a, t= k +1 (t= gives zero; i= 1, 2, , k—1 gives equations already 
found), the equation of the order 2k—1 is s given by ar, t= k+ 2,....n, etc. 


We have also, finally, an equation he O,—1,¢=n. Thus, together nat) fun- 


damental equations. 
The case n = 8 gives the three equabions of M. be and that of n = 4 
the six equations of Professor Craig.* 


1 4 


14, We can introduce the P’s we have mentioned above, but the equations 
found between the P’s, the p's and the ps are ne Le of (10), and, con- 
_ sequently, we do not find new relations between the p’s and p” 8. 


15. Conversely, ns the p’s and ps satisfy tho system (11), there 
exists one, and only one, motion having these quantities as rotations. The 
reasoning is entirely analogous to that of M. Darboux. 


16. The integration of. the two systems of differential equations for the 
cosines formed like (6) will ‘be, of course, led back, in this case, to the integra- 
tion of a simultaneous system of two sets of equations formed like (8) or r (8) 
and containing two equations and two variables less. 


h7 


a 


17. Let, now, the anoying system have no fixed point; we find in this case 


ri ar => ti Ey | OP =D Bika PACE: = Duby 


i=l I i=l ` iml 

















* Remark Hiat I have put p,, equal to the — A of M. Darboux and Professor Oraig, and ‘also 


Pia = —~Pis- 


i 
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d - 2x7 < “oxo AÅ. = a a 
an | í 5 = È oki, As “By ZE rie oe at 





denoting by &, the components of the velocity of the origin, re to the 
moving axes, when u only varies, and by £/ those depending on v alone. 

We find so again the following n equations connecting the rotations pp 
and the translations £, £’, 


a OE => (Ela Par E ph) -> (Ei Pu. Eph), : (12) 
(= 1, 2,3). ge | 


18. We have also the a) equations (11); thus: For the general two- 


parametric displacements there exist ae Jundamental equations, viz., es) 
between the rotations only, and n between rotations and Ronan 


J 


19. ‘Conversely, whenever the £’s and i p's satisfy thie; two sets of funda- 
mental equations (11) and (12), there exists a two-parametric displacement, and 
only one, with the rotations p and the translations £. The reasoning is the 
same as that of M. Darboux, “ Surf., 3 L, p. 67: 


20. Let us now consider the 4-parametric displacements. It is obvious that 


we shall bave AG 1) sets of fundamental equations formed like (11), for we 
can combine the A variables Uy) Ug, sy Ug, UPON which the moving system 
depends, in ED) pay two at a time. In the same way, we shall find, 


between rotations and translations ee) sets formed like a 2). Thus: 
The general PEETER displacement has a = - je = 1) fimdamental 


equations. ; 
Letting p” be the rotations depending On th alone: ete. 5 p® those depending 
22 
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On ty alone, we shall have the same set (11) at first with p®, p® (instead of 
p, p’), then with p®, p®, ete. And analogously for the equations (12). I omit 
writing all these equations, because they would occupy several pages. 


21. These equations give, of course, all the relations existing between the 
p's (or the p’s and £’s), for those found between the p's and P’s (of the p’s, P’s 
and £’s) do not give new relations. 


22. The projections, relatively to the moving axes, of the absolute velocity 
of a point M are 





dai tu £3 gp 9d du — aS of pe o ma Soe ae 

po 

ty) gp pu + > py Oe — Ju. aS : 
dt ns dt? (13) 
d k 
de + S go du + ny mg nd + À più + a N ne D, 

{=l | t=l 

where the m, ....,u, are supposed arbitrary functions of another variable ¢ (the 


time for example). 


23. Let us now consider the manifoldnesses of &% dimensions of the space of 


n dimensions. Each of them has: AZ ae fundamental kinematic . 


equations between the rotations and translations of a system of axes Mz, iia Wa 
having as origin a point M of the manifoldness. The variables tj, e... Ur 
must be, of course, all independent. We consider, further, the polyhedron 
Macs, ..-.,2, in the following special position: The first & axes x, Ta,» . a., Ep 
lie in the tangent linear manifoldness of & dimensions (of the given manifold- 
ness), and- the other n—/ axes &:,1,....,aæ, lie in the normal linear (n — k}- 
dimensional manifoldness. It will then be . 


Eine a ee =, 
(o= ktt ET 2, 0066, n) 
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è and the element of a curve lying ‘on the #-dimensional manifoldness will be 


given by 


= (ep du +EP oe +... EP du) 
+ GP du, + EP dus + .... + EP du) 
. + (EP du + EF du, +... + EP dus}. 


_ The fundamental kinematic equations of the Wuna become then a little | 


shorter, but I omit writing them. 
We can now put 


m 


o=Xk n ook | : osk 
SL Si EN Eos D aa » dE = Be, 
o=1 ool i ool 
ouk | ook : ak 
DEN FO) = y, D EOE = Fg, nm De Fri, ks 
o=l ou] cwl f 
omk 3 g m k à i -e k 
> Eo =F,, > ee ari CRE DE) Ser- D £0) = Fy a LE 
oul gel j oal 
g uk 
S'o = Fix; 
gl 

then 


= En du +...) + Badu? + 2Fy dun dus + + 27 dun dy + 


+ 2F ig dus dug + sos -+ 2h, du, dug + ue + 2F,_: pA 1 du, 


with the discriminant . 


Ey Fa Fi sert eae Fix 
Fy Eis Hyo -anoni Fy 
AA A ne tea oon damcnts 
Frias yea For NM Erir Fyi 
> | a Fa En Fy Fes Ex 
= ED ED .... EOP 
+ eP g p 


ss ne 


(15) 


(14) 
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24. Whea the #’s and F’s are. given: ‘(from the TEN equations of the 
‘manifoldness),* equations (14) serve to determine the fs as far as it is possible. 
For the complete determination of the &’s, it is,-of course, necessary to deter- 
- mine the position of the axes m,.- i ,& in the tangent manifoldness, viz., to 


give dee 1) further relations between the £’s, which, with the- k k (k +1) + 1) rela- 


tions a will entirely. determine the % Ps. We now shall find re cosines 
and the rotations in terms of the me F's as far as it is possible. 


25. We find the cosines i M. Darboux s method. 
First we have 


x Be, 0 T 
Yq = x, DB = au Jpg à 
2F ay -Qun Sen | ZE . du 
k - k 
Oa: i ; _ On 
Do VAI (2) =i, eer . £@) == 
ae hy Oty’ Sane. 8. = pi ZE Ve Jus’ (16) 


x ‘Ory Oz, = an 
DEP a, = 4, SE eZ DE Ve = Be] 


nk linear equations. in the nk first cosines a, .... , ax; Bas... 1 Buy ete, 














V;,-.++)¥e. We find thus, A being the determinant of the E's, 
an EO pp et Ep | : | | gp de Ep Sty P 
= eg a A E 
On, gh gp re EP |- ; | gp 0% EN... EM | 
_ [au ? © gl du i 17 
1 A. | HAE À s l nes ( ) 


Rs mn 





| » Ô T, F, 
EP gs 





Ox i 
ES EPP 
1 . A te aA 


 (v=1, 2,...., kin the determinants). . 








ne am)? ax, TEN 
ie) noii & 
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26. There remain now the other n(n — k) cosines; these are connected with 
(n—H(n + #+ 1) 
2 


themselves and with the former found nk cosines by relations 


— k(n — 4 —1) 
2 


of the form of (2'), consequently (n of these cosines remain 





indeterminate. And, indeed, in this general case, the position of the poly- 
hedron of the manifoldness is not yet entirely determined. Assuming the 
£’s to be all given, we only fix the position of the & axes lying in the 
tangent linear manifoldness, but the other n— k axes lying in the normal 
linear manifoldness are not yet entirely determined. Only in the case of 
k=n—1, viz., of the manifoldness of the highest order, is the normal mani- 
foldness a straight line and the cosines an, Bas ..--, Yn are entirely determined. 
In the general case of a &-dimensional manifoldness, the simplest manner to 
determine the axes in the normal manifoldness is the following: There exists a 
linear (n — 1)-dimensional osculating manifoldness (or space) of the given mani- 
foldness (very easy to show), and in this (n — 1)-dimensional space there exists 
again a linear (n— 2)-dimensional osculating space of the given manifoldness, 
etc., there exists, finally, a linear k-dimensional osculating manifoldness of the 
given manifoldness, the tangent manifoldness, lying in all the other osculating 
spaces of higher dimension. We now assume the axis x, to be the normal to the 
osculating (n— 1)-dimensional space; in this space, the axis 2,_, to be the 
normal to the osculating (n — 2)-dimensional space, etc. ; finally, the axis x, ., 
to he normal in the osculating (4 + 1)-dimensional space to the k-dimensional 
osculating space.” 


27. Assuming all the cosines to be so determined, we find the rotations in 
the following manner : ` 
We have 


POT O da, + Berd EP dB. Ses oes EM dv, 


gml gum] cm] 








* An example for k<n—1 is that of the curves in the ordinary space of three dimensions; the 
normal manifoldness is here the normal plane, and the cosines are entirely determined when we 
assume the axes y and z to be the principal normal and the binormal of the curve. This second straight 
line is the normal to the osculating plane, the first is the normal to the tangent, in this plane. A 
further example is the surface in the 4-dimensional space, etc. For k==n—1, an example córietttutea 
the surface in the 3-dimensional space, the hypersurface in the 4-dimensional space, etc. 


170 Harapaxis: Displacements Depending on One,. Two,....', k 
or Fg | . 
3 ve 
ands = EOD) an +1 den + EP D arr dag F- + EPS ar41 dor, 
Da $2 = EP Th aya "+ Ep IL eas 
a, æ i . 


where i . 
Th, tř = pl à da tanda -e e + piki dt, ete. - 


` Farther, 


’ 


Dendy, oe ee Triste + + EP Tass, 


Lond se A P IL k+l a EP rii +. .+ EP B 


Saati H se EP 
A being the determinant of the E gs), ete. 
g ; i 
EPR Zand 


CR 


an 
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To find the phprs Phegis +--+) Pb ee PELL PP ear +++) PP ear, it 
is further only necessary to equate the coefficients-of du, dus, ...., du, on the 
- left-hand and the right-hand side. We have thus. expressed these p's in terms 
of the &’s, the second derivatives of the a's and the arpir- ~+- , “rı only (their 
forms (4) contain also the aj; sse., a, ete, Piy ...., %). | 

We find in a quite analogous manner the 


TI, k4+3)°8¢ 83 Il, k+9) 


Tha ’ IL, 
and, consequently, also the Dis Ree yD sy Phro sss a PRhaa; eto. 
Pehass ses Paes ete., ete. pie » er ee ete., PÈ, koce a PR All 


these p’s we can find also in another way; it suffices to introduce in their 


expressions Pier Dane, ete., the value: of se, etc., from (17); the 
expressions so found, are, indeed, the Bame as ce found from ALR) etc., after 
some reductions. . 





28. Further, | 

Oona 

à = = k+1 

Peira Soap ut Ba b+8 eS Buy” 
si r=) Okta ai ces PE Lin = 2 aa “se, 








Ppor = Pe 2, POs eis Gus © 
7 


or ee aa aa a AE eR a e E eee ana a ce eral a ea fede a a le Pas eae a es. 
Ce nonnula 


CT n 


(i= 1, 2,...., Æ). It is impossible to express these rotations by. the £s, etc. 
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29. To find the last rotations, we use the formulæ 


Deo, Ge) = =D EP a, Ge Ep sae Sie + 








À ED y a pp ee AD ie 


= — EP ED pp — EP ED pP —.... —EPEP DE 
+ EP EM yp — ED EM pO — .... — EP cod as 
Pas eee feat tata oise + 


+ EP EP DR + EP Ep + HEPER pu + - 
= PREP EP— EPEP) + PREP EP HEP EP) +. + 


+ plu EP ED, — BPE) + EP SE et SE. 
at orming, further, the similar N T for 
| ð [ou | dm O A 
du Qu): Doe, Ou oun 


= an (Ge): ts Sas e. 





we have £ e 1) linear equations for the d rotations pf}, ...., pR, e, 
p. And, putting in the expressions written above ze rs ie stend 


of a we get the other rotations DP sty og peu, ete. ete. PR, nue 
pe, ...-, py». Thus for example : 
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SSS pep EMEP l. EPER, — Bee 
m Clg GU. . 
Sonde gmap pin gi — EEP 
Ox, Hey wga | w) £ (1) w w £0) 
Èg EP HE = ne 
ho sok PP PEN HED, — BLED 
ik G > = T EME@ — EM EC -EPEP, — EE 
4 
> Fi Fad, PrEP a ea EPER — EPL EP 
Oxy Pa (k) y (k—1) (k) ¥ &—1) LD RD — EQ) EU-D 
2o Te EPER D EME cae Gh Shr bebe 
+ an expression of only the é’s. (Q being the determinant of the system.) 
And after some reductions we get 
42H 4.9) eo BE EP ED — EN EN. 
gæl 
— on - : U oe aa be Olle AEE E aces: « 
IE +2 EP ae 
dE Seay dE | 
POUR END NN HA 
Fou À 
k 
1 OF yy _ T aF Spo EP 
pR = z0 AE To Dug > ” du x (20) 
OFy ae OF, POE oy pe: 
à du du, + ait) 2 F Ou 
a O Rent eer Te Rene 
OF. OF, à Fx EN jte 
A7 Ge + D) he du 
; (Or _ OF, yp 1 qa ln E apa a a 
( Cu, Ton un) > és 


23. 
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the pf} (and, consequently, also the pj, . ‘2. , p-m) can be expressed by only. 
the £’s and the H’s and F’s, analogously to the rotations, in the case of the 
surfaces of the 3-dimensional space. And all the other rotations pj, ... 


Sy} 


pe, ...., pf) can also be expressed by the same quantities. Thus, for example, 
dEn S po dE z oro em eo 
ise Des ERED — EMEP 
oF Fy _ OP — : (8) ago O EMED EMED 
$ Ge Ou, + FE) 2 gS Ga. Es” ES EPE 
/(ðFy _ Fs , OF y = : w dE (4) £2 (1) Mga) 
+ (SH D do 2 Qu EPE — EM bs 
OF, OF, , oF, z ay 
4 So. + lk = pD Soe EPEY — EM pM 
din du, ETS 2 Uy 8 G1 1 68 
… On. : dŒ® + 
ie +S ee Se PEP EMEP 
“us 2 dus | : 1 1 8 
dEr ra . . DED EMLA 
Se 26 | PEP EE 
0 Es po OEP | Oe LEOLA 
re, 4 Ou FA ES Dua ES R Ei Es 
OF + OF 4 aes ` (4) OE” (4) £8) (a) 
AG. + Fe) ee ge EEP BPE 
1 ee oe aF; ® a 3 VER- _ gh gei 
TE me) -$ & HE EE 
N 4 etc. | 
30. If the parametric lines: 
U = Const., Us = Const., ...., Ur—ı = const.; t = const., Uy = const., ...., Uo 
= const., Uy = const.;....- ceneo j Ug =.const, .... Up = const. ; 


are the lines of curvature of the given manifoldness and the axes %,...-, % 
coincide with their tangents, the formule become a little shorter; but I shall 
omit this point and examine the case of k= n—1, viz, the case of the mani- 
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foldnesses, which, in our general space, correspond exactly to the surfaces of the 
space of three dimensions. 





31. Now 

n—1 #1 am] 
On, Ont, 
Eq, = 9%, Seg, = om My, = | 
D du 2 | >> Jun’ 
A A T ok el LE incase S Sree. (22) 
n—i - al 
gh dx à 

Da, = MD 2 — a MD y n 

ze > be tipi , 2 T dni 


from these equations we have at once 


dx 
met EE... EM 
T 














= D ? r An =E D ? 

shea EAE ang oa Se ae eee) ee ar ee a See (23) 
ð T, T . T, T T T, J 
Lee een ee, jeans se, Bi 

DR, css Val PT mo 


D being the determinant of the system. 


82. The other n cosines Cn By aris Vy are given by a well-known prop- | 
` erty of the orthogonal determinants under the text;* namely: 
Bi... Bu +... Gt 


CCC CSS [NO7 9) EOR YOE SE OS er SS 


Vi sree Vam] ba. - Hat 
each element equals its algebratcal complement multiplied hie + 1 (the determi- 
nant). It is thus (if we suppose the. determinant, = +1, which is always 
possible) : 






































Org p (5) {r) | g Oty yi) (r) tr) dx 
danat Saus eee Moo... EO 253 
SE EPa | EP 5 ee EP 69,98 
Ds p (ry A | +) ae (r) a, (7) à 
A— IIA a (7) Lg 
[es sn | | ap eue ge)... Le 245% 
—1)*"" TE EE 
SS I Ofte eather E bhi a! acted heh halle be sche MILO Sis te, ata Ci 
Lp Dln z i i à | 
n=l En go, || ee Fw | ioe JEP ae 
+ , ü 
Oo, DO. En, DE pp oa race (7) (ry dr 
Ou, : n— l R= 1 T3 Ou, 











*See, for example, Pascal’s1 Determinanti, p. 205. 
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but this compound determinant is only equ: | to the product 
| Ox, x | 
a mot) 
A | |. D8 3 





Con sequently, 








1 d Rs al | 1 d | er E a 
=D fe Cr » = ee) (oH) ‘ 
| geo, d (a, Hy, eae As » Tn-1) R (24) 


| D d (u, Ug, ET) 


33. It remains to find the rotations it} terms of the £’s, E's and Fa. 


We get for this purpose from (22), 





nl n—] n—1 
efis [F eda, +I aP ]j+ 8, Be Sr dé a p 
v, CEST c=] i o=1 o=1 
+]... +» era. +5], 





*This theorem, not yet observed, I think, canfiibe easily shown. Taking the determinants A 
and Band T, H , : 























am. Œn Ba > Pre ` 
Az [eee : Balle... : 
MER ET ) PR E) 
ice ay « Qas. À. . Bas. Ban À 
Éu Ge « Tp aù tami Bu 
Bar ur ee « Gun ai Gui Pur 
vers ris eus ; 


eer ewer ec oe ew | Big ee eee eee nee ene 














Ban Gans Gen LA üa n—1 Pre 
the determinant T can be written 
«+ Bin Ay... Ans 
BS PP ON By RER ; 
Ba a Bas An . Aux 














Aw being the algebraical complements of the ay's (in thef 
we have consequently (Pascal, p. 48) i 
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or 
a—l Oa, ani Pas thom J x, 
È, Badu, 7 Zoe M Don 
CEA dr LES 
(= 174) Oey Ou dm. 
D |an 2 ae, 
due due 77 dr 
dr Oxy dx, 


= gp Thin + Ep IL, + se ies HELa Teun j 


_ where TL, = pP du, a. - + pR? duna ete. 





Also 
nom] n—l 
CA CR 
Er a er ži 
E ee 
Uy , du 
ve a 
Ou OU 
= EP Myn + EP IE, + ai + ED Mpi: 
and other n — 3 ao with us, EČ, Qu, Es 62. 3 Dipa, EO, 
Solving them, we get 
D; g aLi 


m SCA. EP gM 
w — D 


“ey —] at: —_ 
Daci EN Se 
y 1 A 
ÉD et D 
= Em a) D 
IL, _ kS (by 2 2 ; 


CC i a a 


EPP a EY D 
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and, consequently, 




















pe Lis 
(25) * 
pa. (—1) 1 
perp ès 
ERA bia? Daini 
where 
Oey |, Pa 
Ju, Qe Ou, un 
dm ||, de. 
Dy = | òu Ou 
dm H.. Ot 
Oni | Ou —1 
34. Further, | 
On y 2 D da, + she D }+ .... 
DE e Ge ‘4 He dE. we + 
h n— ŞS: 
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or 


(Fas, Bs oR OF, Fs , OF s\ 5. 
at Bs) du + TE da +4 (GE a Fa) da + 


OFy  OFy , OF; Ra OF is SE 
+4 (Se Fe Se) du + +4 (nn et + oe) au, 
= EP AEP + EPP +... FEM EOL + 
+ EP (— EP Thy — EP Ths — -oe — Ea M ni) + 
+ EP (+ EP Thy — EP Ty — .... —EO TL, n~1) + 
: a LA D E eme Di + 


Em ~1 (EY OM ai + EY LS +. -+ fe sil, —3 s=) a 
5 EP GED + Ths (EPEP — EP EP) + | : 


om) 
+ Ths (EP ER — EP EP) +... + ug ii PER). 
F Iis (EP EP — EP EP) + ooo + Mana (EME Her Eoi 
| AS : 


+ T, s n=l (EP: Er, — EMm —3 wa 


: Forming, further, the analogous expressions ` ` 


CCC CC CC 


` Oxy d dm 

: dus: Ou 3" 

and solving these ean) equations, we find the rotations pfÿ, ...., 
) 15 ph. ..-., pi; ete, pesni (taking the coefficients of du, dug, sus 


du, on the left-hand and the right-hand side) :- 
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pat 3 +5 EP ee oe EP EM TEPE 
En a) ax 2 @ ED 
+ s 
CSX ae EP EP — EP EP 
y OF, © ay JEM D aD ED Eta) EE 
of 7 1 LE +2 EL Uy E ki | ki Es 
oO]: Lm OF, Be See 3e 
( 
Ge — ut Bn) DE PEP EP EP 
Fan Fins» Ra S hon I ye E E E 
a a a) 2h l gp- ga Een gi 
| etay eti | 
(es + got oa meee eat) — -5 Em, ok Eo EO — Fo) EU 
OF 5 n—1 2n Fisi 3 8) E 
To E Sep 
Sn a Ae ee ee ee eee 
Enina f mn EP | | 
= As ae ae ¥ 2 X Duni ey |e ne oe 
se D (a + ia — 1%) S oO 
[TA À i ) = eo 
OB, in S$ geen dE 
4 T ZE T : = 
dE, anni NS puny CA | 
: 3 Ou, s 2 be Ou, 4 
etc., etf, etc 
35. Let us finally consider the case, 1 here the parametric lines 
Wu = const., W = const., ...., Ung == CFSE. ; W, = Const, ...., Upg = const, 
_ Upa == CONS. cree. Uy =Kconst., .... , Ua—y = const. 
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are the lines of curvature and the axes Za- -- <- , % coincide with their tan- 
-gents. Then ' | 
° Pe = Fa = .... = F, = 
Eaa ns, = 





7 Pye 2n—1—= 0; (27) 
Dim Di = ete =D, = 
lé (on = Dain- = 
= ‘a = 
d = Dis a1 = 0, 
an 
EL se ED _ ze o = 
Sf ee | (28) 
m paed =p T oia = a) = : 


(28’) 


alee = v En a—l- 
36. We get, further, from (25), 


pÈ e B) =. = p” pn 0, 
pR = p® s = pe =o | . 
rR =p =p% =... = ph" =0, _ (29) 


pe =p =p p=... = pO-BZo, 
(n — 2)(n— 1) of the first set of rotations are equal zero. 


37. The other rotations of this set are at by the formulæ (25), 
ie f : | (4 \a- —1y-! 
PE SDLP EPL eg CUT “=D, ee 


van D 
ny (—1 1. 
PR = DalP EP... eee. CR ay Dye VE EU, 
ee UT SO I E T EAE ES (30) 
g ga — 1)? ; 
PETRS Daini P EP). me Ci” = 
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38, Finally froin (26), 
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A = am =E ae, Be 
Ou, EP ED - ESE du 24 Ey me Olly 
@ = 1 dE eee ; 
| EP dus 24 En Eg | 
go SE re E E 6 E PC D EE 
Moase el oe 
EEI un 2 Enl fhai n—1 CUa ! (31) 
Ps =U, i 
ph  =0, 
a = 0, 
Pi nel 0 | 
pË -P +d || OB, . 
+ 35 dn OV By Bl Ou, ’ 
p =0, | 
PĒ = 0 ! 
ga = IP, —1 || Oks 
| ES Où  2/ Hy Hh du 
i = 1 ON ead | am . \ (32) 
EP du EE! du” 
ma =, P o Er a 
7 = 0 EST? Guns 2 o Hn n On 
Presi 0. 
pe f 
of mee 1 dk -+11 dE» 
8) EP Oty 2n En! fs Ou,’ | 
pi s | (33) 
pP, i = ? i ' 














p = 0, | 
PB = 0, 
pe at 2M —1 My 
Ke 4 an Egg Bu ou ! 

__—1 9 _ —1 dE, 3 
PR =D du EE, du 
ph = e ed 2% 
i EPP f Un a 27 Egs Epin Ou, 
P —_— g i 
Pe =0, 


_... o 


eee eevee 


ove eteee 
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( Continued. ) 


— 
co 
© 

wa 


pis? =0, 
oa RE 0, 
prey ot) dE +1 a 
EP du 2V En By is Où 
py” =: 0, 
Pn =0, 
(R—1) = +1 dE —_ + 1 dEr: A | 
Pina D dus 2a Esp Eyes n—1 Ou Es) 
# — 1) = 0, 
Pin = 0, | 
ped = +1 0 = +1 OF, _1 nl, 
EP hu 2v Hiss Anini OU 
RS — t1 OEP +1 OF, 1 nol. 





Fe D ar) Ot, — 2 7 2/ Es LISE By iat 


the p’s, which are not zero, are those which have two equal indices.* 





' *In the paper of Prof. Craig is an erratum: In the formula (68), (p. 155) the multipliers of the 


ow 
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39. It is now obvious that we may stu 


manner as M. Darboux does. 


. GOTTIKGEN (Germany), July, 1899. 


brackets must be (//¢¢” and, not ~f, £/, and, conseql 


written (with the 9,5, Pfs, pis 0 of Professor Craig) 








L _ ki. 
Dia = Pis = WE, Ë] i 
er i “2H 
PONS ES © a? Pis—9, 
+1 ak ad | 
ent E-A ss 
Pi = SIEA D su? Pis —5 Ts Ë 















V2, _ __—1 ay, 





LI at ? PU STE Es au s 
— ___ 1 GE, 
24 Ess Ey, a * 








On the Product of Two Substitutions. 


By G. A. Morse 


The main object of this paper is to prove the following 


THEOREM.—/f 1, m, n are any three integers greater than unity, of which we 
call the greatest k, it is always possible to find three substitutions (L, M, N) of k+2 
or some smaller number of elements and of orders l, m,n respectively such that 
LM = WN. . 

The following lemmas may bé employed to prove this theorem: 

Lemma I. If two circular substitutions (S,, ©) have an odd number of consecu- 
tive elements in common, while all their other elements are distinct, these common 
elements may be so arranged that the product 8, S is a circular substitution which 
involves all the elements of S, and S, except an arbitrary even number of the common 
elements. 

Let 


Sy == (Gyo oe e Agaye es e Agnpi. ee ea)" and 
| Sy (degree ee Geter es + Geng Gers ee a) -T 
The product SS, will contain: 1st, all the common elements that have odd 
subscripts larger than 2a; 2nd, all the elements of S, that are not contained in . 
S,; 8rd, all the common elements that have even subscripts larger than 2a; 
4th, all the elements of S, that are not contained in S|. Hence 

Sa = (Qrati aps. Gen+1Fant+a-+ ++ Area ts Agatat ++ An Apr a) - 


It is clear that the number (2a) of the common elements that do-not appear in 
this product may be made to vary from 0 to 2n. 








* Throughout this article it is supposed that the omitted elements have for subscripts all the con- 
secutive numbers in order, between the given limits, unless the contrary is indicated by the elements 
which are written out. 

t When an, the elements agag...» Ggn41 do not occur. 
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Lemma II. Jf two circular substi 
secutive elements tn common while all their 
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elements may be so arranged that the produc | S, S, is a circular substitution which 


involves all the elements of 
_ elements. 

Let 
Sy = (um... Ugg os Agn » + + + Ap) and Sy 


The product S, & will contain: 1st, all 


subscripts larger than 2a — 1; 2nd, all the: 
in S,; 3rd, all the common elements that 


Ath, all the elements of S, that are not co 


SS = (daa Aga +8 E a An Agn 4.1 s.. a 


When 2a = 2n = k = l, the number of ale 
Such a subs 


one according to the lemma. 


S, and S, except a 


— 


|| 









ly arbitrary odd number of the common 


Aga + o» Uy Aggy pees Agn Gite e+ Gy). 


ne common elements that have even 
elements of S, that are not contained 
have odd subscripts larger than 2a; 
rained in S;. Hence 





+1 sets ste. Lan 1 +1 oe E ` a). 


hents in the product 8.8, should be 
fitution is clearly impossible, the cor- 





responding product being identity. Fror| these two lemmas we observe that 


the elements of two circular substitutions 


(S S) may be so chosen that their 





product is a circular substitution whose or jer is any arbitrary number that may 


be obtained by diminishing the sum of the 
number which is less than twice the sma 


Lemma II. Tf a circular substitution 


unity) of elements in common with a substit | 


position and a circular substitution, the co 


m: 


product S, S, is a circular substitution whi i 


except any arbi 
Let 


D = (a... e Ayapa + Angie oes Oy) 


trary odd number (less than | 


Sy = (a+ s Aga +8)(@se +1 Î 


The product S, S, will contain: 1st, alll: 


-subscripts larger than 2a; 2nd, all the 4 


* The elements dya +4.... Azn +1 are Omitted wi, 


rders of S, and & by any odd positive 


‘ir one of these two orders. 











|(S,) has an odd number (greater than 

(S) which is composed of a trans- 
ion elements may be so arranged that the 
contains all the elements of S, and Sa 
o total number) of the common elements. 


os Ay agape . Onti ti see ai). 


the common elenients that have odd 
‘ments of S, that are not contained in 


n 2a + 8 has ita maximal value, viz., 3n + 1. 
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\ 
Sz; 8rd, all the common elements that have even subscripts larger than 2a + 2; 
4th, all the elements of S, that are not contained in &. Hence 


Si 8, = (Ga 1 Ages + + + + Anti Ginga + Uy ga à gags « + + + Agn Akpa e + + + Qi) 
The common elements which do not occur in 8,8, are clearly a, .... aga and 


a+2s. When there is only one such element, it is a,, a being equal to zero. 
Lemma IV. If a circular substitution (S,) has an even number (greater than 
zero) of elements in common with a substitution (&,) which is composed of a transpo- 
_ sition and a circular substitution, the common elements may be so arranged that the 
product N, S, ts.a circular substitution which contains all the elements of S, and Sa 
. except an arbitrary even number (less than the total number) of the common elements. 
We shall first suppose that the number of common elements (2n) exceeds 


two, and that the elements which do not occur in SS, are a ....a,_, and 
dy,41(a0). It is clear that a + 1 pn. 
Let - 
Di = (Gy... e Guess: Gin + «+ Gy) and 
So = (Aya +1 Aga 2) (aoa ee Das eee Asn Appie se» Q).* 


The product S, 8, will contain: 1st, all the common elements that have even 
subscripts greater than 2a —1; 2nd, all the elements of S, that are not contained 
in 8; 8rd, all the common elements that have odd subscripts greater than 
2a + 1; 4th, all the elements of & that are not contained in S,. Hence 


Sy Sy = (Aga gags s+ Can Anne + à + Un Age a Bag eee à Bon pie eee Qi). 
If all the common elements are to appear in S$,, we may use the following 
substitutions : 

D= (az... e dm...) and = (ai Ag) (Ag Oy Ay... sn Guy + + + - Qi). 
Finally, if 8, and S, have only two common elements, they may have the follow- 
ing forms : 

S = (ag ay as...) and Se = (agax41)(Qiduge. + + + Qu). 

From the last two lemmas we observe that the elements of two substitutions 

(one (8) being circular and the other, (6%), consisting of a transposition and a. 


circular substitution) may be so chosen that the product 8,4, is a circular substi- 
tution whose order is any arbitrary number that may be obtained by diminishing 





* The elements @,4 3... + Agn do not occur when c+1=n. 
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the sum of the degrees of S, and S, by an! 
which is less than twice the smaller of the 
is supposed to be even, we may deduce the 
The elements ofS, and & may be so choser | that their product is a circular sub- 
stitution whose order is any arbitrary inte rer that may be obtained by dimin- 
` ishing the sum of the orders of S, and &, by shy even positive integèr (including 0) 
which does not exceed twice the smaller off jthese orders. Combining this result 
with the one stated after Lemma II, we ha je the following: If one of two arbi- ` 
trary integers is even, it is always possible! lo find two substitutions whose orders : 
are these integers respectively and the sum) bf whose degrees does not exceed the 
sum of their orders by more than two, suc ) [that their product is a circular sub- | 
stitution whose order is any arbitrary numl'er that may be obtained by diminish- 
ing the sum of the two given integers by any integer (0 a which ,does 
not exceed twice the smaller of the given à j teger. 

| We are now prepared to prove the g en theorem without much difficulty. 
Since the relation LM =N is equivalent to +: IN1= LL as well as to N-1Z= Mt, 
we may assume lZ mgn. This will be d me in what follows. Hence we have 


n=am+B=am+k(l—1) +e, m=hyl +8, 8<l, e<l—1, B<m. 


We shall first consider the case when Lis 


even positive integer (excluding 0) 
e two degrees. If the degree of &, 
following result from these lemmas , 













len, and represent M as follows : 


M=(q.... En (Aon +1 eee dm) ll ().. A + Cas) + : 
When a > 1, we let 
L= (0) dan +1)(45 dam +2) ene a) eee (a, a pp, An 4-1) (am Cam 4-1) bars ( ) o 
(daim Aa 1m +1 ou devine 


When a = 1 and 8 > Uwe let 


L= (di am 41)(43 Am 43) «+. (D... (sil fp Om 4 p—141) (Om Omg pis à + + + ange): 


tutions were determined above. In 
what follows we may, therefore, confine ofr attention to the cases when Z is an 
odd number. ` We shall assume, unless thi |contrary is stated, that M has always 


. the given value and confine our attention |p the determination of suitable values 
for L. i 


. When a is even and e= X we may 
È, for L: 


When «a= 1 and B21, the proper subst. 





4 


bploy the given M, and the following 
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L, (items +- » Qam + 1— )(42Gen4: hrs Gem +2 (1-0) EE ( ) ee l 
. E —DU-D+l ees Com + k0—1)(Gm Cam + p Cm41Fmpg sees On 41-2) 
RANT SN TN CO) | 
i (Quam la nm +1 Lam + ++ + Dam). 


When a is even and &.is odd and greater than 1, we multiply Z by the cycle 
(aupres: Oppie Gampe— 41+ +++ lampai) and use the product for L. When 
a and ¢ are even, we replace the démon Gan 4p iD L by‘the element @.u4541 
and multiply the result by the cycle | 


CR 1e us etme] am tkt prie ce + Camas je 


This product is to be used for L. It remains to consider the cases when both 
a and l are odd. When e= 0 (a and J being odd), we employ the following Ls 
for L in the equation LM= N: 


Dy = (h amg + + + + Qan p11) Ganges ++ ampan) ees (Je: 
(ay Gun + muni + +++ Camp EOD) am Anti Com yrs + + + Amtare) 
(Gon Gam +1 Game +1,» + + + Omg ins) + + e (dee. 
(a-n Aaya +1 lamy s+ ++ asym a) 


Ife is even and greater than 0, we may obtain a suitable value for L by 
multiplying L, by the cycle (az... Gp41—~¢@am4eQ—41++++ Game) “When 
each of the three numbers a, 7, e is odd while m is even, we may use the follow- 


ing My; L for M and L respectively : 


M= (a... On) (On +1 seet Ogm) ee © e . e + Gon)( am +1 Gen +8) 
L = L, multiplied by (ar43 - - -© Qey1—e41 Ganga: oe 


When each of the four numbers a, l, e, mis odd and e<(/— 2, we may employ 
the following M,, L, for Mand L respectively : 


De M, 


= ly malepiee by the cycle (dp4.5 Gan +s+s +1 Uys: 
Tutos Cam t k(l—1) 41° ` Gam p+. )t 
When each of the four numbers a, l, e, m is odd, 7 — 2—& and m > l, .we may 
employ the following M,, Lẹ for M and L respectively : | | 





* When 1=3, this cycle consiste of its'first three elements, when ¢ == 0 the elements Gym + k (1—1) 41- 
dam + p are to be omitted. 
t When? =e +4, the elements ap 41. ... t4 —.«—2 are to be omitted. 
25 j 


N 
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=i 
L= Ly multiplied by the two eee (al 


$eG—N41 +++ + dam e431) . 
& 
Akts Amppara Akya + +++ Grp) 


h are odd and — 3 = = m— 2, 
d L respectively : 


Finally, when the four numbers a, /, e, 
we may employ the following M,, Le for Ma. 





M, = (al... < Om) ( ae - . ae) a . ( as AC e.’ Qe 4 1)m)s 
L, = Pere eat an rie) es eee 
a eee Dm+l: ` em 2 am Ban + 3 Cam +1 om +4 es ++ ann). T 


We have now found suitable substitutiq s in each of the possibile cases, and 
we never employed more. than n + 2 different elements. Hence, the proof of 
the given theorem is complete. There is cl. pe no substitution except identity 
whose order is less than two. This was the] reason for assuming that each of the . 
numbers /, m, n is greater than unity.. Wiha respect to abstract-group theory 
the given theorem may be.stated as follows! It is possible to find three opera- 
tors whose orders are any three arbitrary v [arbera greater than unity such that 
the product of two of them is the third oF frator. Hencè, we can choose ina 
triply infinite number of ways the orders |, f three operators which satisfy the 
condition that one of them is the product ¢ f the other two. While an operator 
` of a finite order always generates a cyclic ll group of a finite order it follows 
directly from the given theorem that two! (operators of any given finite orders 
greater than unity, which are otherwise lise generate a group of an 
infinite order that contains operators of eve fy possible finite order. | 
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* When / = 8, this cycle consists of ita first three ele ents, 
t When m = 8, this cycle contains only its first thre 





























On Continuous Binary Linearoid Groups, and the 
Corresponding Differential Equations 
and A Functions. 


By E. J. WILOZYNSKI UT S a 


In a former paper we have shown that, corresponding to every group of 
the form | 


k=] 


Il 


M= F ba(t; Ge... Oe) Yr, 2 (1) 


where the r parameters a; are essential, there exists a system of differential 
equations of order 7, whose general solutions are given by (1), if 1,....%, 
form a fundamental system. The functions a were supposed to be uniform 
functions of +, and it was found that, if the parameters a, were properly chosen, 
gx were uniform functions of the parameters also. 

We propose, in this paper, to discuss these groups, the corresponding differ- 
ential equations, and their solutions for the case that n = 2. 

It may, of course; happen that oq are all independent of æ, so that the 
group becomes linear and r<4. Thus, the linear group appears as a special 
case of the linearoid. By using Lie’s types of linear groups, the types of linearoid 
groups could be more easily found than by the methods of this paper. But the 
methods employed here, and which are also all essentially due to Lie, are more 
elementary and furnish not only the types of all groups investigated, but these 
groups themselves. Moreover, a number of interesting formule and theorems 
are thus found which, even for linear groups, escape notice when the type method 
is used. 

Lopes Groups. ` Case I. 
Let . 
= hnt) À + (a) + eu) e 
u8) 33 (3) Ys ara Yı + a (2) Us) 5 (2) 
26 | 
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be the infinitesimal transformation of the group. Its finite transformations are 

found by integrating the simultaneous system die 
d | l 

7 = Vays + Vo Ye, G—1,2) (3) 


with the initial chatons m = y for t= 0. 
Denoting, therefore, by Pis Ps, the roots of the quadratic 


| Ya — ôa p| = 0, (dx = 1, dm = 0, i£ k), (4), 
and determining a, and À, from the equations 


au (tu — pi) + ya =0, = 
A Ÿn = ( 1, 2) (5) 


the finite Te of the group are found to be 


n= = me) y — nn e" — ey |. 
(6) 


o — en) yy Ty, (se — aye!) ys, 














"Sh 


where À, and À, and, therefore, p, and p, must be distinct. We treat then under 
Case I, the case where the characteristic equation of the infinitesimal transforma- 
tion of the group has distinct roots. The case of equal roots will be considered 
as Case IT. 
Our group is of the required form, i. e., its dents a ‘are uniform functions 
ofw, if | E | 
| D = (dy — Je + Ads ber | (7) 


is the square of a uniform function of æ. 

The invariant of the group can be found without integration by noting the 
: fact that there exist two relative invariants. 
For from (6) we find easily 


— da m =O (ya — Ta 2 | | (8) ; 
— Ag na = et (yy — Ag). | ; 


If, then, we write | ae : 
Y,= Hi ae H, = m — ns t= 1, 2), (9) , 
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Y,, Y, are relative invariants, and 


, | = Fp Ypa = Hp Hy” (10) 
is an absolute invariant. ~ 
We are interested in the diferential invariants of the first order. Accord- 
ing to (8), we have the following equations : 


Œ 12 d 1 a nae 
D ne da yn (j= 1, 2; 1). 


We have, therefore, the differential invariants : 


j= > — B iog Yi, = Boi Ya; (11) 


which are obviously independent. 3, J, 3, are the three independent invariants 
of the original group G extended once. The relation holds: 


Sa pips A (eip) ioe Sep pds. (12) 


Let us consider a system of differential equations 


(Sy, Se 9s) = 0, (= 1, 2, 8), 


where ®, are three independent functions of &, Se, à, with coefficients depend- 
ing as upon æ, but such that if, by solving these equations, we find 


| | = f(x), he (k= 1, 2, B); 
the equation 
Gi 1 Hep) tog fit ph pa (13) 


f de pp dx 
will be identically satisfied. Then this system, or in full, 
l dl i 
aL (1 — Aa ys) — ‘BP log (yı — An Ye) = /,(&), 





de (yı — da Ya) — den log (a — %4) = À (2), (14) 
(yı — Arya)" (Yi — Ang) =f (x), 


where (13) also is verified is to be considered. 
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However, in place of the last equation (14), it is often better to write 
pi log (ys — Aa Ys) TT Per log (7: — Az Ys) = log f(x) = f(x), A(z)= of). (15) 

For the left member of this equation is a more characteristic invariant of our 
group than Ye ¥>"= 3. For instance, à, is invariant not only for the trans- 
formations (8) or | 

m= yn, m= eY, 
but also for all transformations of the form 

Her; g= eh ha, 
provided that the relation is possible 

(P52 — ps 01) H = kri, 


where. & is any integer. Thus, 3, may admit, besides all of the fransformation 
of our group, an infinite but discreet number of substitutions, ï. e., S, may'admit 
altogether a mixed group. 

Tf, now, Yı, yz is a fundamental system of our equations, the Dental solutions ` 
M M Will be given by equations (6), where ¢ is an arbitrary constant. If 
Any As; Pur pai Jai Ja; A or f are uniform functions of x, the functions 7, Y, will 
have the following property: They are uniform, finite and continuous, except 
for certain values of +, say di, Ag, es. o, and whenever the variable x describes 
a circuit around a;, 4, Ys undergo a substitution A, contained in the group (6) 
or some other substitution, leaving the left members of (14) unaltered, provided 
that there exists such a substitution. We shall leave such exceptional cases 
aside and prove only that the quantities still at our disposal can be so chosen 
that the points a, and the substitutions A, belonging to them can be arbitrarily 
assigned, all of the substitutions A, being of form (6). 

If y,, y, are functions of the character just described, obviously fA, 4, fa, S 
* must be uniform functions of a. Let them, then, be uniform functions, and study- 
directly the differential equations. : 7 

The integration of the first two equations (14) gives 


log n= plot ale a] 


| (6) 
log n= Lot pif, AS) de], | 
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where p? denotes the value of p: for æ = z, an arbitrary value of æ. But the two 
constants C and C are not independent. For, according to the third equation 
(14), we must have » > 


| g e_r s a z 
pren dl a) te ee CA ar en) (17) 
or, if we use (18), to simplify the exponential, 


fn ($- 5) + loga — EER log (20) ee. 


Therefore, l ; | ` 
C (el 1 ; 
eis a S aa = yti 
Pi Ps F pi p p p gh (x0) | 5 


must be an integral multiple of 2xi. Ifp,p, is not a constant, we conclude 
at once 


C C 1 4 
: . pe pp Oe Alm) =0, ` (18) 


Let ays... an be the poles of A) and À), so that 
i ; oe 








rs m F 7 d 
TORSE fle) 25 de Heese, (19) 
Ps ten © Oe fı kn x 
where the terms not written contain no terms of the form = z a? and, therefore, 


give uniform functions on integration. 
But, according to (13), we have 


AOE Tui au a (20) 


a being an arbitrary constant. But f (x) must be a uniform function of a. If 
fi ps is not a constant, this requires c, = d,, so that 


AG) _ file) 
- Pa fi 


when expanded in the vicinity of a, contains no term of the form (x—aæ) "1. If 
Paps— y = const., the only thing that follows is that (q,—d,)y must be an 
integer. However, in that case, we will consider equation (15) in place of the 
third equation (14), i. e., we require f(x) = log fı (x) to be also a uniform func- 


# 
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l tion of z and then conclude again that c = dp, unless p;p = 0. Suppose that 
Pipe = 0. Then not both p, and p, vanish, for we have assumed p, Æ pẹ. Sup- 
pose p = 0 and p #0. Then à, reduces to Yi, 3, retains its form, but 3, loses 
its méaning. Instead of (14), we consider the system 


us e =, = = fi (æ), 


' from which the validity of the theorem which we are attempting to prove follows 
easily for this special case. 

In every case, then, F}, Y, are functions uniform exin for x = h, A ‘He 
while by a circuit around a,,(¥;, Y;) are transformed into ety, 14, t bee 
a constant depending upon the coefficients of f(x) and f(x), namely, being equal 
to ¢, = dy, which can, moreover, be chosen at will Thus it ts seen that functions 
ths Ya exist which undergo arbitrary substitutions A, of our group, when x makes a 
circuii around arbitrarily assigned points a, in the. plane. - In general, the point 
x == will also occur as branch point with the substitution 4,,,, so that 
A, As... An Anyi =1. If, however, 4,;.... A, are chosen, so that 
A,..+. Ám =l, y,, Ya Will be uniform at infinity. It is interesting to note that 
if Pir Pas Js, fs are rational functions of œ, f(x) is necessarily a transcendental , 
function or a constant. 


Our group is algebraic if fie is a rational number, for then 3, is algebraic. 
1 
This is essentially a theorem of Maurey’s. 
If we put 4,= — 4 =t, p =— p, we get the group of rotations with the 
invariant yf + ys. Ifthe condition p, = — pẹ alone is upheld, we obtain a group 
with a homogeneous quadratic invariant. 


$2.— One-parameter Groups. Case IT. 


_Now-let fr =p; =p and A= ay = à, 80 that 
D = (iy — bar)? T Ads dn =0, - (1) 


and hence 


= = ae vu — ay | 
p = $ (du + ve), A= Se = SR emai (2) 
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The finite equations of the group are 


m=(1 a a 
Ng = by te” Ya + e” (1 — Arba t) Ye, 


or in a more symmetrical but less convenient form: 


m= [1 — + (du— vu) t] ey HAA (dm — Yu) te” Yz, l 


| ny 2 — Va ge y + [1 + $ (deg — du) tl e* ya 


The invariants are easily found. We have from (3) x 


(1 — Ans) = (y — Ays) 


and N3 Ja ty, + (1 — Aa t) Ye dus tort (Yi — Aya) + Ya 
nm Ans Yi — AY | Yi — Ys 
al De. Ni. + Pat. 





m— in  Yi— TE 
Thus the expression 


paie 
D = (y — Age) e M 


is an absolute invariant of our group, which might also have been found by inte- 


gration. 
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(3a) 
(4) 


(5) 


(6) 


The differential invariants of the first order can easily, be formed from (4) 


and (5). They are 
= do Ales log (A = ays) ’ 





a= dx Le Yı A ' 


and the relation between d» 3, and Ti is 





À pa Een — pha (Sp 35). 


d ae oe 


or . Pob, 


(7) 


(8) 


(8a) 
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These expressions are not valid when p= 0 or = 0. p and 44'cannot 
both vanish, for then the group would contain only the identical transformation. 
If p= 0, 4% 0, we have the independent invariants - 





d fi 
nn yi — iy Ny. L(A i 9 
Yı Ys Yy Y Ya de Ve am) | (9) 
and if Ya = 0, p #0, 
| Ys a Yo 7 a 1 7 2 x 
y — Iy da GA); da ( p log (91 — a) ) a od 


"In the general case, consider the system of differential equations 
Dh), S=A(z), A=S(2), 


where ef (x) a are uniform functions af w, and 
log f (2) = plu af (2)—A(@)) de 


Applying our previous seamen word for word, we find that functions 
Yi, Ys are thus determined, uniform, finite and continuous everywhere except 
for points aj, +.. » am arbitrarily chosen. Moreover, these points are branch- 
points of such a nature, that after a circuit of œ around a, yı, ys will have under- 
‘gone an arbitrary linearoid substitution of our ‘group. Tne special cases offer 
- no exceptions. 

It will bé noticed that in both Case I-and Case II the numerable subgroup 
generated by A,,....A, is such, that'all of its substitutions are transformed 
into the canonical form of linear substitutions by the same transformatien. 


| §3.— Troo-parameter Groups. 


Let the infinitesimal transformations be 


if = (Guys + aV) N + (Out + Pas) = Eig + eal a) 
Uf = (du Yı F ahis Yh + + (Ja Yı- + bes Ya) Qa = MA + 729s : 
where i A oe = 1, 2) 





* The case 2 =œ, in which y, is an invariant, causes no diffculty. 
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and where a and Wg are uniform functions of + such that Uf and U, f generate 
a two-parameter linearoid group. 
According to Lie’s general theory, U,, U, generate a group if, and only if, 


(U, U,)=4U,+4 U, . i (2) 


where c; and c are constants. Equation (2) is equivalent to the system of 

relations i l | | 

| A, = Dar Vis — Pu Var = on + du, 
Ay = Pas Vu — Pu Vis + Pa Vie — Dia Vos = Ci Pie + Gh, 
As = Pa ta — Par bur + Par Van — Pis Va = C1 Par + Gas 

- A E Pro Var — Pa as = 01 Poy + Gr. | 


(3) 


Between the left members of these equations, the following relations hold: ` 


DAT m4 + mao.) 


du A; + Vas Ag + (du — Yas) 4 = 0, (4) 


Ay + A, =0. 


l According to a general method of Lie, we consider the following cases in 
order : l | 
I. (Di, Ua) = 0, and no equation of the form X, U, f+ X,U,f=0, where, 
X, Æ, are functions of x, Yi, Ye. 


II. (U, U0; X, Uf + X,U,f=0. 


In cases I and II, & == 0. If either of these is not zero, we can always 
put cq = 1, a= 0. Thus, we have two more cases: 

DI. (U, U)= U> X, f+ BASH. 

IV. (U,, U) = U, X, US + Xi Uf= 0. 


We proceed to consider these- cases in detail. 


Case I. 


According as certain of the quantities Pu and Ya vanish, the infinitesimal 
transformations may assume different forms, which we shall write down, although 
27 
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ae may belong to the same type in Lie’s terminology. We thus obtain not 
only all types but all forme of linearoid and linear groups. 

First, suppose that neither $,, nor Wy vanish identically. Then, since 4, = 0, 
either Qu = Y = 0, or neither y nor 4, vanish. But the case y = Wy = 0 
is identical except, as to notation, with @u = Ya = 0, which will be discussed 
later. © In Case T°, then, take qu, du, $13, Ve all different from zero. Equations . 
A,= 0 reduce to 4,=0, A= 0, or | 


Lu ==, (a), = du de du 2 


Par al Pai 31 


and, therefore, if we write 


Pas = Puy On = M1, Vas = Ps as Ps 
-= we have for form T°, | 


F. Tf = Le + os $1) h + a, 7. qi + [Pim + Ye] Ge. 
(CEA, 2. ° 


Moreover, in order that the group may really be linearoid, i. e., in order 
that the finite equations of the group may have uniform coefficients, the charac- 
teristic equation of the general: infinitesimal. transformation must be redu- 

cible, i, ê., 
| as + A = o’, 


where w is a uniform function of œ. This condition is necessary and sufficient. 
For form I”, we have du = 0, ĝu £ 0, 


P. f Tif = (Pa Y + Pi Ya) G+ (On Y1 + Ds Ya) Ga 
Uf = p (æ) (ya + 4%): 


and the group is linearoid if the oné-parameter group U,/ is, i. e., if 
D= (On + rs)’ — 4 (Qu Dre — Du Du) = 0 (x), 
where a (x) is a uniform function of x. + 
In Case I°, we have du =0, du — 0. Only one equation, À, = 0, is left, 


viz., A, = 0, or 
| - a — Ya) Pu = = (Qu — Prs) Vu. 
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In Case I", let Jis = 0, but pp 0. Then ty = Yy and we have Uj, U, of 
the same form as I, only that @,==0. If @ and yy are both different from 
zero, we have l | 


Du Pa — Vu Ve o 
Dis dig ae 
and, therefore, | i : 
Te, { US = (Des + ob) 91 + Pis Ya] Qi + Pas Yo Qa 
U, f= [yas +a) y + hie a Gi + Was Ya VED 
Tf y = p= = 0, we have 
CA (PE Papi T Pi Yada: | 
DS = ui Yi D + bee Ys Qa- 


Both groups are linearoid without further restrictions. 
In all of these cases it is assumed that 


. | A= Em bm 0, 
for otherwise there would be an equation of the form 
ALU, f + XU, f= 0. 


Now, according: to a general theorem of Lie’s, if U, f and U,f generate a two- 
parameter group, A is a relative invariant. Let us put . 
(U, U,) =c U, c=1 or 0, 


to include both cases. Then we find, employing a general method of Lie’s 
(Transformationsgruppen, vol. I, p. 242), 


= (Qu +@n) 4, AZ (duty —c)A. (5) 
In our particular case, c = 0, and hence | ; 
A=(¢utx)4, AZ (nt dm) A (6) 
‘We can always reduce the groups of Case [ to the form | 
of of 


i. e., to a group of two translations, by a transformation of coordinates. For, in 
order that this may be possible, it is necessary and sufficient to be able to choose 
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new variables ÿ, and 9,, 80 that for any function f (41, Ya), 


of # = Of of Of _. of 
Han Oy Op,” ra 2 Oy, 9a. 


or, what amounts to the same e thing, if we put f= Yı and f= ÿe respectively, 
so that 


FETE pm =1, + Ego 
A à ay, AP 
EN =0, no +n get = É 
or that ~ opm Oh _m 
| | ay, A Oy, `>A (7) 
Ys — Ea 9% — pe | 
Yı A’ OYs A 


Now, these equations can be integrated. For equations (6) are verified, 
-and they are precisely the conditions of integrability for (7), and A0. Or, 
what means the same thing, our groupé are such as to make 


dy, = "3 BY, x M dYs , d= no (Ta) 


complete differentials, so that bi and ÿ, are obtained by integrating (7a). 
We thus obtain the canonical variables in every case. We find in Case T 


À = (pi Di — PN- — 0; Ya — O5 Ya Ye) = (91 Pa — Pa PNA — ‘w= , 








= log À tha — Ps 1 lo Yı — By, | 
i bos log Th 0 — ppi B—a En (8) 
=i log A— AP — l log Aih 


PP — Papi B—a Yı — AY 
ifaÆB. is Lo, we obtain 


i lor A= 490 — Ps SE LES 
D1 EL 08 Ppa — Pa Pi Yı — $3 Hs - (8a) 


ie Lal lo A pi o — $1 Yo. 
w= — Fo Le + 5.00) nko 
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In Case T°, we have f 
oS 4 (x) [— on yi + dis 93 + (Pu— Pea) Ya i= a TEE Bin), 


and ifa £8, 


Sel log 2T Bys 
s a = a Bn ap 


(9) : 
ur. log A Pu — Pas | w—PYs 
m= — CL. "a Jon Baye’) 
Mange, | 
| SR nu = 
| Le Yi — days 


z Pu — Pas Ya 
Lt Ae BEE) 4 O 1 Yi Ys 


(9a) 





Group I has the same form as I”, but (9) and (9a) are useless in this case 
since on = =0. We find for I”, if Qu — ĝa £ 0, 














te =! | ‘eu 
ne = Ge rer A 
9 = — ai A— ibd (4 +: Ês 
| à a -NH Pu — 
and if bu — a = 0, | 
| ar ca 1 y a, 1 D 
n= a z 9a = — gy 108 (Pie W) - (10a) 


In Case 1%, we find- 


= (Pied — Pa Vu) Y (ayı + th). 
Ifo #0, we have 





a va 1 bes 

a= ae Pea Vis) log (2 ae sta — Pa Vis an Lan 
= 4+ De 

a Gi ote log ($ i ro Pia Vos pafa E 
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and if o = 0, 
ar a Vu dy log ye) , 
nee + Qu logy) - 


(11a) 


In case I, we have 


, A= (ube Pas Vu) Yr Yas | | 
9 = ET (Ye log A Ya log ys), ° (12) 
log i 
BO Pen og yı + Du log Y9). 


If the groups are Détail in all cases where the determinant A has been 
separated into its factors y,— ay, and n— Byz, a and B are uniform func- 
tions of z. 


In every case as and 2 are differential invariants of the first order, The 


differential equations 


ae =r (e) (=1,2) 03) 


are linearoid, belonging to the given two-parameter group. It is easy to see 
that 7, (a) may be chosen as rational functions of œ in such a way that the func- 
tions 71, Yg, defined as solutions of (13), are uniform everywhere’ except in the 
vicinity of certain arbitrarily assigned points a,....a,, and that when æ makes 
a circuit around &, Yı, Ya undergo an arbitrary substitution À, of the group. 

These differential equations can also be obtained in another way. We have 
seen that A is a relative invariant. Factor A. It is found that each factor of 
A is also a relative invariant, which shows that the logarithm of each factor veri- 
fies ‘a non-homogeneous linear differential equation. But this method fails if A 
is a perfect square, since it furnishes only one differential equation in that case. 

We see again that the-numerable subgroup generated by 4,,.... 4, is 
- such that all of its substitutions are reduced to the canonical form by the same 
transformation. 


4 


+ 
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Case II. 


In Case IT, we have (U, U,)=0, and besides a relation X, U,/+X,U,f/=0 
80 that A= 0. We shall show that in this case X,:X, is a function of x die 
Generally, since 

| XU f+ A Uf=0, 
we can put 


Dep, U=psU, 


where U is an infinitesimal ‘transformation, which we will call of degree à if its 
coefficients contain y1, yz in the 4“ power. Now, either U is of degree 1, and 
pı and p, are of degree 0, or U is of degree zero, and p and p, of degree 1. In ` 


the first case we have at once (U, ae 0, Ze = function of æ. In the 


second case, let 


Of = Ah + Uho» E pe = bigs + he Yo 


Then we find ` ; , E 
| (D, Ua) = (Pre — pe Yuy — Ayo) UF. 


In order that this may be zero, we must have gd, — di =0, i e, p =p 
x function of æ = p. p (x) or Uf = pi (x) Uaf. | 
We have, therefore, shown that, in Case II, the infinitesimal transformations 


always have the form ` 
: II. U,f, .X(a) UF. 


We can also, at this point, set down the form for Case IV. In that case, 
(U,, U) = U, and only the second case, viz., that U is of degree zero, and p; ps 
of degree 1, can occur. The condition (TU, U) = U; gives 


u= $1 , AS Pa 
Pi Ve — Pod Pr Va — Pad” 
and hence | 
— AY + PY 
= Uf= Pr Ve — Ooh (— q + 9192) » 


han + Ys Ye ae 
Leama ee Pau + Pi). 
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Let us return to Case II. Suppose, first, that the characteristic Sn of 
Uf has unequal roots. Put, as in $1, 


y= FF, y= ze Y, 


these being the canonical variables for the one-parameter group generated by 
U,f. Then 4, is an invariant for the two-parameter group, and 9, is trans- 


formed into L | 
=P tag tax 


by the most general transformation of the two-parameter group, &, @ being 
arbitrary constants. We obtain, therefore, the following differential invariant 
of the second order : 


dhs | 
a de 
dæ ax 

da 


The typical system of linearoid. differential equations for this group is, 
therefore, 


ee | 
OR = WY Hala), 
dx . 


pi = pe, we must put for ÿ; and 9, the expressions of §2. 
Let a,,....a, be the poles of r (a). Let a represent any one of them, and 
suppose that in the vicinity of x = a, we have | 


je ++ + a +... 





a 
Then 
dy, _ aX 
da = ET... S 





cae J 


= ¢, X log (a—a)+.... 


since Æ (x) is also a uniform function of w. Moreover, c, and é can be regarded 
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as absolutely arbitrary. Integration gives 


pe da ~- i 
Yo = & log (x — a) +a [ X log (x — a) — [x 1+PG—0)+P (- 
orif - 
X _ 
Z—-a “` gt tht. 
` R 1 À 
9 = (e — c à) log @— a) + 0, X log (æ —a) + Q(z—a) + Q (——). 
This shows at once that e and c can be chosen so that ÿ, shall -undergo an 
arbitrary substitution of the form Py 


Yo = Yo + oy + Xe, 


when x makes a circuit around a: The proof holds for any number of points 
a, by resolving r (x) into partial fractions. Correspondingly, Y1, y, undergo arbi- 
trary linearoid substitutions of our group when œ makes circuits about the arbi- 
trarily selected points a,. 





1 | 
= 








Oase TI. 


This case is characterized by the relations 
(D, =D X f+ f EO, 


so that c; = 1, & = 0. 
Regarding equations (3) of this paragraph a as equations for die Pa 
as functions of 4, we can write them as follows: 


= u — da by . + his Par =0, 
be bn + (Yu — de — 1) be + tide = 0, (14) 

+ Va ui + (de — Vu — 1) Qu — Yer Pre = 0, 

+ ba Piz — de Pa ao Oa Oy 

ine determinant of these equations, which is | 
1 — (Ya — Yo)? — Abn Ve 
must vanish, i. e., we must have 

Dz = (ha — ben)? + Adie du = 1, (15) 


28 
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i. e. since D, is the discriminant of the characteristic equation of the infinitesi- 

mal transformation U,/, the roots of this equation must be distinct, and their 

difference must be equal to unity. | 
We obtain, further, by adding the first and last of Senne a 


du + Pa = 0. o a (16) 


Further, we notice that from the first relation (4), using equations (3), put- 
ting ¢,== 1, Go, we obtain 


| 2 du + (On — D) Ou = 0, 
or, according to (16), | 


Papa F= ; (17). 
But the discriminant of the characteristic equation of U, f is” 
Di= (Ou — $x)? + 492 Ga = 4 [ph + eda] 


and, therefore, 


i. e., the roots of that siani are equal. But more than that, they are zero, 
for this equation, or 


a — (Pu + Ox) © + Du Pre — Pis Pa = 0 


reduces to o? = 0 if (16) and (17) are fulfilled. . 
The following theorem is, therefore, true: Jf U,f, U, f generate a linearoid 


two-parameter group, guch that 
-o (Uos U)= U, 


then the characteristic equation of U, f haè both of its roots equal to zero; while the 
roots of the characteristic equation of Uaf are distinct, and the. difference between 
them is unity, ` 
The first part of f this theorem, if applied to linear groups, is a special case 
of a general theorem of Killing’. The theorem can obviously be generalized. 
From (14) we find na l | 


us A Pu | A hn eee 
ee 1— (Qu — Ve)". Pa 1 + Ÿn — de’ an se 


A 


~ 
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if 1ar(dn—y)=F 0. Call this Case III*. Since @, is still arbitrary, put it equal 


to [1 — (vu —e)"] (@), where ẹ (x) is also an arbitrary function of x. We 
have then 


+ (2) [24a {1 — (bu — Yee) yi — 11 — (hr — Vet yo] go, 
Of = (di ys + diz ye) G + (dar + Yee Yo) Ge 
L (tir — Yee)? + theta = 1. 


| Uf = (x) [{1 — (du — Pat yi — Whip 11 + (du — Ye) | a qı 
I. . 


Moreover, we find 


A= (č na — be %) = Va (i = Pa = Yai — Yu + Vo) KA — Mn], 
a Lt bu Ye Ae 
Nu 1 — (du — dep) | 


- Since we must have in our case A 0, the case that 


duty = 1 





is also excluded from IIT”. 
Now let 1— (dy — de) = 0, 1+ Yu — de = 2. Equations (14) in this 
case (III”) reduce to | 


— Du tape thepa ' =0, _ 
— by bn + Vie Due = 0, 
+ be Ou — Wey — Yor pe = 0, 

L + Ver Dis — tepa — Pa = 0, 


D, — 1 = An = 0. 


We have subcases to consider. First, in Case III™, let P £0. Then 
Va = 0, and since generally we find from the above equations , 


Vis (Pu — pa) =0, u + De = 0, 


we have u = $2 = 0, and from the first equation also a — 0, while g= Q 
remains arbitrary. We have then 


TIT". U.S => (2) yo | 
Uf = (du + Ve) q T (du — 1) Y: 4. 


A= (bu — 1) y 
so that 4, must be different from unity. À 


Moreover, 


x 


u 
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If 4, = 0 and 4, —=0, we need only put P= 0 in LP. Let pe =0, 
be Æ 0. Then 
p= TE, Qu =n du, a= — On: 
Thus we obtain, putting du = #, 
r 
I. ( U, f= (un = Van n) [q + ba de]; 
U,f = bu Yi Gt Ran + (bu — 1) ya] 92 
A=® L (Yer Y1 — Ya)" 
the case yy, = 1 being again excluded. 
= We find ify, #0, 


- Now let 1 + by — Vo = 0, 1 — (dn — de) = 2. 

(T= ta t+ al, 

Tit". Df= (hayi + Vi Ye) Qu + (1 + Var) Ya Qe, 
A=—32 (Vos) i | 


1 


and since A Æ 0, we must have Vu €O. 
If J = 0, we have 
US = > (x) Yı VES 
MI” | Uf = uyga + [Yay + (1 + du) Ya] Gas 
A= —@ (x) du Yir 


We have now obtained all of the different forms of groups belonging to 
Since A is a perfect square, 


Case III. In every case A is a relative invariant. 
we have thus a linear invariant for every form belonging to Case III. 
By a transformation of FH the groups of Case III may be reduced 


to the form 
S OF pe Or da 
Ipa "Oy, T 99 Ipa (19 
ie 
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as may be shown just as in Lie’s “Vorlesungen über Differentialgleichungen,” 
pp. 421-422. The following is a direct proof of this, and furnishes, besides, the 
. formule for the transformation. 

In order that U,f, U,f may assume the form (19), it is necessary and suffi- 
cient that », and ÿ, be determined, so that 


Ti(9:)=0, Us(9:)= 91, Ti (Ye) = 1, Ta (Ye) = 9e- (20) 
Now we have $3, (5), 
U,(A) = 0, U (A) = (du + xs —1) A, . (21) 


so that we may put 
1 
9, == An Fi, : (22) 


We know further, taking the case that y = 0, that 


2 H = — Pa — ou — 2b 
Pa en D) RS 2e t Ga 4: pu” (23) 


for the roots of the characteristic ee of U,fare equal. Therefore, 


D (ss — 35 Yı En m 





and therefore, since every solution of U, f= 0 is a function of x and A, 


= 4 
eae Sg tee: au). (24) 





The further condition U, (9) = 9, easily furnishes the most general form 
possible for D(A, x), which contains an arbitrary function of x. But this is 
unnecessary, for we easily find f 


ETA +4n)= Ce a + da. 


We can, therefore, put 











Y = ae | 
D = — a La + da] . 


+‘ 


(25) 





212 . Wiiozynsxt: On Continuous Binary Linéaroid Groups, ` 


Thus we find in the different cases the following sets of canonical variables : 


1 
Yi — Ant nml 


= dl [i | 
TI. = 2 (1 — vy rap AE Yı — AYs t 1] ; 


a Lt Vu ten We 
ET ~ L (du — be)’ 
TI, 9 AT “y— eft my), 72 
91 >. Ye È E B+ 1); 
a a 
TH”, p = Am, w= (re —B— +1); 
| : HT 


IT. y= An, Yo = we TEE A 
III H=AM“ , ne % +1). 


All of the forms III are truly linearoïd. For if we compute the discrimi- 
nant of the characteristic equation PARSERS to the general infinitesimal trans- 


formation of the group 
A Uf. + Cy Us, 


we find it to be equal to cf, so that the difference of the roots isc. This com- 
pletes a former theorem, so that we now know that if U,, U, generated a two- 
parameter group for which (Uz, Us) = U, then the characteristic equation belonging 
to U, f has its roots both zero, that belonging to U,f has its roots distinct and their 
difference equal to 1, and that belonging to > Ts +s ‘has its roots distinct if cs + 0, 
and their difference equal toc. ` | 
This theorem can also be read as a purely algebraic one, about the roots of | 
three equations, | 


Ie dapl=0, [Ye — dap] = 0, ra 
VER a=, th, du = 1), 


if the relations (3) of this section for a=1, œ—0 teke place between x and 
vq, and is doubtless true generally. 
The opens group induced by US, Uaf on 9, Ya is 


Y= ay, CR a S (26) 
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so that we have the following independent differential invariants of the first 
order 
1 dy, 1 dý 97 

p de’ p de 2 A 





It may further be shown that to every transformation of the form (26) cor- 
responds a transformation of our group in y, and yp, which is perfectly definite, 
if only the meaning of such expressions as 


bot fut futai ioga 
a . =e . 


is made clear, by choosing one among the infinity of values of log a. If, then, 


we can show that functions ÿ., ÿ, exist which undergo arbitrary substitutions - 


of the form (26) for circuits of æ around arbitrary points a,, it follows that 41, yz 
` undergo the Lente substitutions of our group for the same circuits. If, 


instead of ÿ, = AFET, we take y; = (y; — a) TTI, we can also avoid the 
introduction of such algebraic branch points as are obtained, for instance, by 
solving the equations for Case IIT®, which contain the square root 


VSO (1— buy + Yell — Ÿ — Ve) Var: 


Everything, then, depends upon the proof that functions 91, 9z exist, which 
for circuits of v around a,, undergo the substitutions 


P= aY Y= Mr 9a F Br (k= 1, 2,....m). 
If there are such functions, rı (x) and 7, (a), in 


d 
Lane Len, 


will be uniform functions. Ifwehave | 





1 1k 1 
| HR Pc comers tes 
we obtain 


n= Tea ug), 


where u (x) is a uniform function, and y, has the required property. 


4 
“a 
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We then have 
| m Iig ; 
= S jea oed, 


where v (æ) is also a uniform function of x, and where, for convenienceawe have 
taken a definite integral. 

Assume that v(x) has no zeros or poles coincident with any point a,, and 
that the expansion of v(x) in the vicinity of its poles b contains no term of the 
form (x—6)~ Then the value of ÿ is changed only by circuits around a,- 
For such a circuit we have 


p= da 9a + (1 —a)f” Il @— a “ays (£) da, 
provided that the definite topta on the right member is well ee or an 
equivalent equation involving a loop integral if this is not the case. If we take 
v(a) = q+ qr... eq 
Co ihe Gq, can be so chosen that Fe obtain 
9a = Oy Ya + Bes 


a, and By being arbitrary constants, with this limitation, however, that if a,=1, 
b= 0, 80 that af a is no branch point for Yis H 48 not for Ya. 


Case IV, 
, (Ui, U) = Ui, X U, + X, U,= 0. 


We have already found for this case. 


Of= nyt din rés (— ph + Pg) =p U 


dit, 
— hy thaya = 
Of = Ph Pad + 0192) = ps U, 
where ur 
Que — de 0. 


We have the absolute invariant 
NT Di + pY = pr» 


f 
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U(B}=1, (PR) f.. : - 
16 a pi | 
Putting, therefore, 


z = Vy Fe Ye 
Y= p yF paYs Ve Pa F Pata’ 


these variables are transformed by the two-parameter group 


and find further 


= Yo P=ap + Be 
Our differential invariant is, therefore, 


dlog dy, 
ae 


The further discussion is similar to Case III. 


$4.— Three-parameter Groups. 


The first possible composition. of a three. -parameter group, assuming the 


` group to be simple, is 


I (T, U=, (U, U,) = 20;, (Uz, 0) = U, (1) 


These relations give at once 
Dy = (pu — Pea)? + Apis ar = Ds = (Xu — Xa) + 4X Yar = 0 
D,= (hu — be) + Aion = n 


` where pa, tu, Xa are the coefficients of U,f, Uf, Uaf respectively. By the 
methods of §3 we find. 


Du +da =0, ttle =0, yntye=0, | | 
(2) 


Dar 

Pu = >; pancia, Pa = ye. Pa = —®, 
a. ph à i 

u5% X= ene a=- X25 hy 


. where ẹ and y are arbitrary functions of z. Equations (3) are-the consequences 
‘ of (U,, U,)= Ui, and (U,, U;)= Ug, provided that dy Æ +4. Now, from 
29 . 


(3) 
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(U, Us) = 2U;, we obtain 


j Pax — Pete | = Hu, | 
Xu — Pu Xie + Pre Xu — Pu xe = PAPER | (4) 
Pu xa — Pa Lu F Pa Xe — Pa Xa = Wer, 
Pie Xe — Par Lis = Abe. 


Substituting the sae (3), we obtain 


= -my == — beg, 


antes ox. .=-%, VS — du RE © y. 
or | dede — Ox. | (5) 


as the only additional condition. | 

The roots of the characteristic as sence to U,f are +4 and. 
— 4. The roots of the characteristic equation belonging to the gener al ee 
tranaformation of the group, c U F Cy Ua + ¢, are found to be 


pı = — pe = $ (h — 20; cg). a (6) 


The group is similer (ähnlich) to the special linear group by the trans. 
mation 


2 i 
TE E n= Yy + EB v (7): 
For we find . | | | 
Dim) =0, Din) = mi U; (m) = — n, Us(ne) = 0; 
 Bn)=—bm D) = + Em 


so that if we introdupe ny, YN» as new variables, the infinitesimal ‘transformations 
become 
| ETS Lond +n — ne Gi 


which generate the special linear group. : 

The same is true, as is easily verified, if py = $, the case not included 
in the above investigation. : 

The next possible composition is 


(U;, T)=0,; (U, B=, (Un De, (HO, #1) (8) 
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A rather long. but not uninteresting discussion shows that there are no linearoid 
groups of this composition. 
Next we may have (Case IT): 


(U; 0)=0, (Gi, G)=U,, (Us, U)= U (9) 


We have at once 
Uf= = 6 a — pu — 1) a+ (p Na PER yı Ys) a 


Ur x Of, Uaf = (xuy t Xe Ya) D + (xa + Yea Ye) Ye 
(tu — xa + Au An = 1 J 





(10) 


ifyn—Ye E +1. An—%e= +1, Uf and Uf change into forms such as 
‘as II™ .... III? of §3, both being always of the same form, so that U, f and 
Uf eee in this case always the same path-curves. 

There is no group of the composition 


(D, U,)=0, (D, U) = U, (Up, Ua) = U+ V- 
The next possibility is 
(U, U)=0, (D, U) = Us, (Uz, U) = 0, (11) 


t 


which gives 


2% = 
Uf= o [a Ho tu) at Ge mL DEAE 
Uf = 4 (yq + Ye qe); 
af = (Xua th + Le Ye) D + (Xa 1 T Yer Ya) Yas 


where 





(12) 


(11 — Xen)” + 419 La = 1, and Xu — He £ +1. (1 2a) 


Mange = + 1, Uf assumes one of the forms IT”... . III of §3, but 
‘U,f remains the same asin (12). 

Next we may have | 

(U, U;) = 0, (Un U) = 0, (Uz, U) = 0, (13) 


/ 


from which we find either 


Tf =$ (hna — ye): ' 
Uf =p nnt ht) S= xY + 4%), 


(14) | 


« 
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or ‘Ufs La = Vs) Ya = Yon (Xu — Xe) Ge . 
| Uaf = du yin + (Yay: + wa) a, Ve FO, ; (14a) 
Of = Xunn + [ža n+ (an = $2.) y] Qe | 


or a similar group obtained by taking ds 0, dy = 0. 
There are, finally, a number of cases corresponding to __ 
| (U, U,)=0, (Di, U,)=0, (Uy, %)=0, (15) 
which it is necessary to write down. : | | 
The differential equations belonging to the several groups are easily found. - 
_In the first case the linearoid system is the transformed of a linear em of 
the form . 
ni + pint + pom = 0, (¢=1, 2), . (16) 
by the equations (7), the te group of (16), in the sense of Picard, 
being the special linear homogeneous group. 
In the next case, if we, take for 91, 9a the canonical variables of Case ITI, 


$3, we have 
U (91) = 0, Talo) =J; U, (ys) =1, Us (92) = Yo, 
and, therefore, | | 


D, (#1) = 0, D (= 2) = À. 


The three-parameter group induced upon Yı, Ya is, therefore, 


Jah Y= ap + BA(x) +7, 
80 that oot 


i . 4 4 
N + Ze =n) ME — 7, a(x), | 
are the differential equations, invariant under this SErOUD, X, A", ete., denotin g 
the first and second derivatives. 

The function-theoretic nature of the functions 9, and 9, is A investi- 
gated. Asin §3; if a, (k= 1, 2,.... m) are the pois of r(x), and u (x) denotes 
a uniform function of æ, 


pu : TE = 1 
91 on I (x ax) . (x), Tr = ont log Ox, 


80 that, for a circuit around a, 9, is multiplied by a,. 
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Then 
y = Fr [e— mJ, n oe da], 


weet fs [oa fs Ze de] de, 


where «=a is an ordinary point, and À! denotes the value of 4’ for x = z. 
c and c! are constants of integration. 


- Thus, for a circuit around a,, we notice that 9} changes into 
1— a : t To ; 
B= ay ETH [o— mf, 2 ae] G), 


where, if a, = 1, the factor of X (x) may be made to assume arbitrarily assigned 
values B, by proper choice of the parameters still arbitrary in u (x) and r, (x)- 
And 9, itself changes into 


Ve = ay Yo + B.A (x) + Yrs 
ye = (1— m) S yide —B, (a) + BA (a); 


where 


by a proper choice of the infinitely many parameters still remaining in u (x) and 
r, (x), can also be made to assume arbitrarily assigned values. This does not 
take into account possible exceptions, nor does it inform us as to the simplest 
functions of this kind. It suffices for our present purpose to note that, in gen- 
eral, functions exist with the arbitrary branch points a, henner to the substi- 
tutions 


“Pi = a4 Jis ‘Ye = Oe Ye + br A (x) + Yes 


where 4 (x) is a uniform function, and correspondingly there are functions %, Ys 
with the same branch points and the corresponding linearoid substitutions. 
Similar results are obtained from the groups of form (12), (14) and (14a). 
For groups of composition (15) suppose, first, that U,f(i= 1, 2, 3) have the 
same path-curves. Then, as we have seen in §3, Case II, U,f= @(x) UF. 
Calling 91, 9, the canonical varjables of the group Uf, these quantities are trans- 


formed into 


P= po Ye = Ys t Ci pr (x) + c Pa (x) + cs Qa (x), 


so that 5, verifies a non-homogeneous linear differential equation of the third 
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order, the corresponding homogeneous equation having $1, Qz, Ps a8 a funda- — 
mental system. 

If the path-curves of U, f are not all the same, suppose that U, f and Uf 
have distinct path-curves. Then U,/f and U, f can be reduced, as in $3, to the 


canonical forms s i z- » which gives for Us a the form 
p (e) À + 4 (0) À 


$ and ẹ being functions of x only. The group of ÿ: 9a is then 
p= Yi + o, +9 (2), ‘Je = Ye + & + cs (x), 


so that both 9, and 9, verify non-homogeneous linear differential equations. 


°$6.—Four and more Parameter Groups. 


Let U,f....U,f generate an r parameter linearoid group. If, in these 
infinitesimal transformations, we put x = a, the group becomes linear, and has | 
m< 4 parameters. Let V,/,.... V, f be what becomes of U,/f,.... U,f when 
x is put equal to a. i T 

Now, according to Lie’s classification of binary linear groups, and as can be 
easily deduced from our results also, such a linear group is either the general . 
linear group, or the special linear group, or, finally, a group conjugate under the 
eee linear group with a group of the form 


m = ay, na = By + YY, (1) 


where, moreover, a, B, y will depend upon a, if (1) represents the group gene- 
rated by Vi,..-. V,, and may have less than three essential parameters. But 
then the group generated by U,,.... U, will be of the same form with œ in 
place ofa. Such groups we will leave aside, as they do not present any pecu- 
liarity essentially. different from those already studied. 

| We shall, therefore, suppose that V,,.... V, generate either the general or 
the special linear homogeneous group. In either case there will be three infini- 
tesimal transformations, say Vi, Ve, V; which generate the special linear group 
among V;,.... V,. Then U,, Up, U must generate a three-parameter group 
with the same composition as the special linear group, which, moreover, we can 
suppose to be that group itself, only a linearoid transformation being necessary , 
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for that purpose, as shown in §4, Thus we shall have. 

U= yg U=} (ynt Ag) Us =— you 
and obviously all other linearoid di transformations can be expressed 
in the form 

= $P + oP Us + of? U, + png +). (E= 4, By eee r). 
But (G, a must be expressed as a linear function of U, .... U, with constant 
‘coefficients. This requires @£”, o{, oP to be constants. But a U+ e Us + Us 


already occurs in the group. Thus all other infinitesimal transformations of the 
group can be written in the form 


Of = pi (x) (hu + Yee) (4,5, eee er), (2) 


s 


80 that | 
(Ui, U) = D, (Ui, Uy) = 205 (Us Us) = Us 
(Ui, Ux) = (Uz, Ux) = (Us, Ui) = 0, (b= 4, 5,....7). 
_ The finite equations of this group are | | 
| m =p (ayı + By), ne = P (yy + dys); . . (3) 
where f = RC | (4) 


and the determinant = 

' ad — By = 1. 
This latter restriction, however, is inessential, as @, (x) nee in particular, be 

equal to unity. s 
| The corresponding differential equations are found as follows: The special 
linear group, i. e., the invariant subgroup U,, U2, U, has the differential inva- 
riants © | 

U=Wye— RYD VENY Ys W= Yi Ys — Yy 

"and these are, therefore, transformed by U,,.... U, by an r — 3 parameter 
group, which we shall now investigate.. We have, denoting by Uyf the twice 
extended operators U,/, 


Ol S = Pr (ys + Ye Qa) + (Pr yi + plan) gi + (Qu ys + Ob ys) g 
F (pyi + 2g. yi + PK Ys) Qi + (Guys + prys + QE ye) Qe 


where 
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We find | | Fe 
- Uf (u) = Wi u, 7 
Ur (v) =» ew + v, l (5) 
U; (w) =— prut pvt w, 


so that u, v, w are transformed by an r-3 parameter group whose finite equa- 


tions are ” 

uu, . | . 

v =e [29'u + v], l : (5a) 
where Digi an tepne p =a +... + O23 (5b) 


the group is a ternary linearoid group. 
We have, therefore, 


OR 


OT 


whence = 
Cu ae 
so that x ee 
wo d v 
Aa a S o o 


is an absolute invariant under the group. 
Now + obviously verifies a non-homogeneous linear differential equation of 


order r — 3. The corresponding homogeneous equation bas the fundamental 
system Ql... Ql. Let — = p, and let 


d-i ar a 
ee EEE T 7 AD? 


. be the differential equation for p. Let ~~ =q, then | 


g=1+1p +32. | @) 
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But, according to the definition of p and q, Yu Ys area A fuidamental system ; 
of the linear differential equation 


oh + p += | (9) 


Assuming 71, y, to be uniform seeping multiformities expressible by the 
equations of our group, &, .... 8,3, 8, and J are uniform functions of œ. 

Our linearoid system consists, then, of equations (7); (8) and (9), or, instead. 
of (9), the equivalent SUR 


Lun, y he (9a) 
Y1 Y3 — Ww Wye Ya Yi 


This is of the third order, p and q vai defined ty (7) and (8), the. genoral solu 
tions "1 % being given in terms of y, by. the formule 


m= a + BY m= yji + Yes ad — by = 1. 


The entire system is, therefore, of order r. 
We have incidentally found a new proof for the well- known result that J is 
an invariant of (9) for the infinite group y = A (a) y. 
_ We have seen that if y; y, are transformed by the group (8), the coefficients _ 
p and g of the differential equation (9) which they verify are transformed into 


p=p— 2); Ce Ph. 
kid ; . (10) 


Paes r 3 r 
g= q trà Cr pi + z aol) p cx ĝl. 


The converse is also true, i. e., if p and g are transformed by (10), is Ye 
are transformed by (ae For, let us put 


y = tré, 
then (9) becomes ; , i 
ay = + 
dat B= (11) 


so that J being an invariant for (10), 9; 9g are transformed by a linear transfor- - 
30 


224. ` WILOZYNSKI:. On Continuous Binary Linearoid Groups, 


mation with constant coefficients. It has been shown by Klein and Poincaré 
that J may be chosen as a rational function of æ, so that the solutions 9,9, have 
the arbitrary branch points a,,.... a, and undergo an arbitrary linear substitu- 
tion A, when æ describes a closed path around ap, provided that the roots of the 
fundamental equation belonging to A, have the absolute value unity. 
| Moreover, it can be seen from the formula obtained by integrating (7), that 
scan be determined as rational function of œ in such a way that for circuits 
around a,, p undergoes arbitrary substitutions of form (10). 

We thus have the result that functions yi, Y, can be found with the anes 
branch points a1, +++. Am and the corresponding arbitrary linearoid substitutions bas 


form (3), provided only that the roots of the equations of form 


a — a, Y = 0 


B , Ô—w 
~ have their modulus equal to one. 
These-functions are such that the quotient A undergoes projective substi- 


tutions with constant coefficients, and, therefore, verifies a, Loue equation 
of the form 
À ( ý ) = u(x), 


where A ( K ) is the Schwarzian derivative. 


§6.— Conclusion. 


In a former.paper,* we have seen that the double-loop integrals which verify 
the hypergeometric differential equation, generalized by considering a, 8, y as 
uniform functions of x, are functions uniform except in the vicinity of æ = 0, 
1, ©, and that if x describes a circuit around one of these points, they undergo 
a linearoid substitution. These substitutions, we can now say, are not contained 
in any finite continuous linearoid group. The smallest continuous group contain- 
ing them is an infinite group of linearoid transformations 


ni = Pa (2) 91 + Oe (2) Ye, (= 1, 2). 


* This Journal, vol. XXI, No. 2. 
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The differential equations, if any, which these functions verify, cannot, there- 
fore, be found by the methods of this paper. The functions of a similar nature 
obtained here are all very much simpler, and are, in fact, not essentially new. 
They are but peculiar combinations, as we now see, of solutions of linear differ- 
ential equations. ‘ | 

The study of ternary linearoid groups and further generalizations, will be 
undertaken soon by Mr. F. E. Ross, a graduate student of the University of 
California. | 


UNIVERSITY OF CALIFORNIA, BERKELEY, Oot. 18, 1899, 
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. A Property of Lines in n-Dimensional Space. 


5h 


By E. O. Lover, Princeton, New Jersey. | 


1. The following geometrical facts are well known: A liné, i.e., a one- 
dimensional manifoldness, in the plane has curvature when not every three con- 
secutive points on it are collinear; a line in ordinary space has double curvature 
when not every four points of it are coplanar; similarly, a line in a flat space 
of four dimensions is said to have triple curvature when not every five consécu- 
tive points of it lie in a Euclidean space of four dimensions; and so on for spaces 
of any number of dimensions. 

If a secant line MM’ approach a limiting position as À’ approaches M on the 
curve, the limiting position is called a tangent to the curve at the point M; if a 
secant plane MM’ M! tend to assume a limiting position as M’ and M” approach M, 
the limiting plane is the osculating plane of the curve at the point M; finally, if 
the Euclidean space 2,, MM’ M" M" tend to a limiting position as M' M" and M" 
approach coincidence with M, the Aue 33 is called the osculating 3, of the 
curve at the point M. > : 
| Two consecutive tangents ie one point in common; two consecutive 

osculating planes intersect in a tangent, and three consecutive osculating 
planes have a common point; two, three or four consecutive osculating 5,’s 
have in common, respectively, an osculating plane, a ae and a point, of the 
curve. | 

Every right line perpendicular to the tangent at M at the point. of tangency 
is by definition a normal to the curve at M; a curve of triple curvature’ possesses — 
- a doubly infinite number of normals at every point; these all lie in a 3, which 
is called the normal space. Of these œ? normals one only is found in the oscu- 
lating plane; it is called the principal normal. A simply infinite number of 
normals are perpendicular to the osculating plane; these are called binormals. 
because each one is perpendicular to two consecutive tangents. One binormal, 
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the principal binormal, is contained in the osculating space, and one, the trinor- 
mal, is perpendicular to the osculating space; the peter is 80 called because it is 
normal to three consecutive tangents. 

The tangent, principal normal, principal Donna and trinormal at the 
same point are the principal directions of the curve at this point; they are 
mutually perpendicular, and each is normal to the 5, formed by the other three. 
The curve admits of but one osculating plane at a point, but has a simply infinite 
number of normal planes, all of which are situated in the normal space; one of 
the normal planes, the principal normal plane, is in the osculating space. The 
principal normal plane is determined by the principal normal and the principal 
binormal, since the osculating and normal ‘spaces have the principal normal and 
principal binormal in common. The normal space is the space perpendicular 
to the.tangent; the space perpendicular to the trinormal is the osculating space ; 
that normal to the principal normal is called the rectifying space; there is no 
occasion for giving the fourth space a name, 

Thus, at every point of the curve there is a tetrarectangular tetraeder whose 
edges are the four remarkable lines associated with the curve at that point, 
namely, the tangent, the principal normal, the principal binormal, and the 
trinormal. It is convenient to assume as origin the movable point M of the 
curve, the tangent as x-axis, the trinormal as y-axis, the principal binormal as 
z-axis, and the principal normal as t-axis. Let dp be the angle between the two 
consecutive tangents, ô} that between the two adjacent principal binormals, and 
dy that between the two adjacent trinormals, when the origin M is shifted along 
the curve to the neighboring position M’, Then, from the definitions of the 
principal axes, 


cos (t, 2) =dp, cos (t, 7) = dy, cos (2, y) = dy, 


In order to complete the array of direction-cosines of the axes at M’ with respect 
to those at M, it is only necessary to observe that 


cos (x, x!) = cos (y, y) = cos (z, 7) = cos (t, t) = 1, 


and that because of the perpendicularity of the axes 


cos (x, y) = 0, cos(x,#)—0, cos(x, #)— —dp,.... 
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accordingly, the quadrangle of direction-cosines becomes 


a y z t 
| 4 0 0 de 
y 0 1 dy 0 (1) 
z 0 —dy 1 dy 
s |—dp 0 —d 1 


The ratios of the differentials of +, , y to ds, i. e., the limits of the ratios of 
do, di), dy to MM! as M’ approaches M, measure the curvatures at M; the first is 
called the flexion, the second the torsion, and the third the curvature; or perhaps 
more simply, the first, second and third curvatures. Thus, if 


ds = pdp = td} = rdy, 


the number p, 7, 7, the reciprocals of the curvatures, mensure three lengths 
which are called, respectively, the radius of flexion, the radius of torsion, and the 
radius of curvature. The flexion of a space curve consists of the more or less 
rapid deviation of the curve from the tangent; the torsion, of the more or less 
swing from the osculating plane; the curvature, of the rapidity with which the 
curve leaves the osculating space. 

The array (1) shows that in order to discuss the curve in the domain of each » 
of its points, it is sufficient to know the functions $, 4, x, i. e., sufficient to give 
p, T, r as functions ofe. Thus, the three equations, the so-called intrinsic equa- 
tions of the curve 


Alep, t7) =0, Ale, ost fale, pt, 7) = 0, 


determine the curvatures at every point of the curve lying between points at 
which the tangents may become indeterminate; the equations determine the 
forms of these arcs but do not-fix the positions of the branches in space. 


2. The method of the intrinsic analysis used so successfully by Professor . 
_ E. Cesàro in his ‘Lezioni di geometria intrinseca” and developed by him for _ 
configurations in spaces of any number of dimensions, may be employed to brng 
‘to light an interesting property of curves in n-dimensional space. 

Let P be a point in space referred to M as origin and generally movable 
with M; let its coordinates be æ (8), y (e), z (8), t(s). Let P be the point of the 
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trajectory of P corresponding to M’; its coordinates referred to axes at M are 
a+ du, y+dy,2+62, + dt; its coordinates referred to axes at M are x + dx, 
y +dy,2+dz,t+dt. Let u,v, w, p be the coordinates of M' referred to M. 
Then projecting M’P’ on the axes of M, we have, by virtue of the array (1), 

e+da=uta+t+dz—(t + dt)dp, 

y + òy =v + y + dy — (z + de) dy, 

a+ be =w +z + de + (y + dy) dy — (t + di) dY, (2) 

t + =p +t + dt +(x + dx) dp + (2 + de) dy. 
Confining attention to those curves, for which it is legitimate to assume that the 
limit of the ratio of the arc to the chord is unity, it follows from the definition 
of the tangent that 

v 


Apel, LE TL a0, baVT PP Te Te, 
hence 
bh BO RP D es 
CS EE LE HA a 


and the formulæ (2) give the fundamental relations of Cesàro’s analysis, 


dx CRE by dy 2 
ds ds p ds ds r 5 
04 _ dz, y t ot __ dt (3) 


The latter formule give the following as the necessary and sufficient conditions 
for the immobility of a point, viz. : 


eee À dy _ % de — t CR =. D, A: (4) 


ds -p ds r? de + r ds p T 





Now, take the origin of arcs at any point of the curve at which the curva- 
tures, always supposed to be continuous functions of the arc, have finite values; let 
x, Y, z, é be its coordinates with respect to a fundamental tetraeder at a neigh- 
boring point. The coordinates æ, y, z, ¢ are infinitesimal along with s, and since 
the conditions (4) ought to be satisfied, we have 
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then, also, J 
| t 1 = 1 f/@ a\_ 1 
pik a es Ge tap! 
2 - Lt  y\_ I1 
Are) > ie 


a ae N -1 
tee = Ge 
The expressions for the coordinates u, v, w, p of M, with regard to the axes of 
M, are obtained by changing e into — ds in the above formuls, since transferring 
the origin of arcs to the point M' (e + ds) infinitely near to M(s) is equivalent to 
putting s + ds = 0; accordingly, ee 
Lu po ae (6) 
| D4prr’  6pr p ? api 
hence, of all the 3,’s passing through M, those containing the tangent are charac- 
terized by the fact that their distances from points on the curve infinitely near 
to M are infinitesimals of a higher order, and for one of these, the osculating 3,, 
the distance is infinitesimal of at least the fourth order, — 

It follows also that every aro, sufficiently small, taken in the neighborhood 
of the point M is situated wholly on one side of any 5, through the tangent, with 
the exception of the =, formed by the tangent, trinormal, and principal binormal. 
Contrary, then, to the property of curves of double curvature, the osculating 
space of highest dimensions of a curve of triple curvature lies wholly on one side 
of the curve. The process by which this result was reached shows that a line of 
multiple curvature cuts its osculating space of highest dimensions or lies wholly 
on one side of that space according as the number of dimensions of the space 
necessary to the existence of the curve is odd or even. ` 


u—=ds, v 


Concerning the Cyclic Subgroups of the Simple Group 
G of all Linear Fractional Substitutions of Determi- 
nant Unity in Two Non-Homogeneous Variables with 
Coefficients in an Arbitrary Galois Field.* 


By: Lzeonarp Eugene Dickson. 


1. This paper leads to a generalization to the GF'[ p"] of certain results due 
to Professor Burnside f. upon groups of linear substitutions in the GF [p], i. e. 
the field of integers taken modulo p, a prime. Numerous variations from his 
method of treatment have been introduced in the present paper, partly to avoid 
the separate treatment of the two cases d= 1 and d= 8, and to enable us to 
catch in the exceptional cases p= 2 and p= 8, and partly to minimize the 
calculations and, on the other hand, to amplify certain proofs left to the reader. 
Professor Burnside’s results for the case p==1 (mod. 3) are incorrect in two 
places. The factor 2 should be deleted from GC on p. 103 and p. 104 
of his paper; in fact, the statements made on p. 108, lines 15-23, are correct, 
but do not lead to the conclusion stated. A more subtle error was made on p. 
` 102, lines 1-6. There exist three (and not just one) conjugate sets of substitu- 
tions of the canonical form there considered. This is made evident at the end 
of §4 below. | | 

It has been possible to make the present treatment very brief and yet com- 
plete as to details, by making continual use of the general results of the paper 
on the “Canonical Form of a Linear Homogeneous Substitution in a Galois 





* Presented in abstract at the meeting of December 28-29, 1899, of the Chicago Section of the 
American Mathematical Society. 


t ‘‘On a Class of Groups Defined by Congruences,”’ Proc. Lond. Math. Soc., vol. 26, pp. 58-106. 
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Field ” (Amer. Jour. 2 Math., vol. XXII, pp. 121-187). We refer to this paper 
‘the earlier paper.” | 

The distribution into conjugate sets of the substitutions of G is given by 
the formulæ (6), (7), (8), (9), (10), (11) and (12), the identical substitution form- 
ing another set. 

From the results of this paper in the en case p° = 2°, we derive (13) ; 
an immediate proof of the non-isòmorphism of the alternating group on eight 
. letters and our group G for p* = 2%, each being a simple group of order 20160. 
This result was first established by Miss Schottenfels under the direction of Pro- 
fessor Moore.* 


2. The group G of all substitutions of determinant |ay|=1, 


9: ACTES ES. — wat + any + Age 
antt asy + äs * anet asy + as’ 


in which the coefficients qy belong to the GF [p"], is a simple group of ordert 
zd "E 
NSS eo 


where d is the greatest common divisor of 3 and p*— 1, so that 
d=1, ifp = 8" or 8—1; d=3, if pp = 31 +1. 
The gdnto qt? = 1 has in the GF [p"] a single root + = 1, if d= 1, but has 


three roots 0, @, PŒ 1, if d= 3. Hence, there are exactly d Köimogenbous 
substitutions of determinant unity Ie oe 
ki = O (an E1 + aie Ea + as Ea) n (i= 1, 2,3) 


which, when taken fractionally, lead to the same non-homogeneous substitution 
S of determinant unity. The homogeneous and non-homogeneous groups are, 
therefore, simply isomorphic if d= 1. Ford@=8, we may still work with the 
homogeneous group in place of G, provided we regard as identical the three sub- 
stitutions 

2; ex = 0, OF = 20’, 


sh @ is the homogeneous substitution multiplying each index by 6. 








* Annals of Mathematics, 2d Ber., vol. I, pp. 147-162. s 
Ÿ Part II of the writer’s Chicago dissertation; Annals of Mathematics, vol. XI, 1897, pp. 161-188. 
Also Burnside, ‘‘ Theory of Groups,” p. 840. 
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8. We can exhibit G as a permutation-group on p” + p" +1 letters. Every 
linear function A£, + BE, + Cf, in which A, B, C are marks not all zero of 
the GF C1, can be put into one of the forms . 


u (Ëe + ple + + o&,), a (és + ES: UE, 


wheré u, p, o are marks of the GF [p"] aad: u #0. Combining into.one system 


{ AE, + BE, + CE} the p*—1 linear functions u (AE, + BE, + OF), u denoting 
in succession the p*— 1 marks Æ 0 of the field, we obtain p” + p° + 1 distinct 


systems, 
{ës + PÉs + 1 {Es + Bey, lih : Le, 6 arbitrary marke]. 


Any ternary homogeneous linear substitution replaces the functions 
u (AE, + BE, + Of), comprising one system, by linear functions ~ 


u (AE + BE; + CEs) = u (ağ, + BE, + yë), 


all belonging to a single, system. Hence, it permutes the above p™ + p" + 1 
. symbols amongst themselves. - It follows that G is isomorphic with a permuta- 
- tion-group @ on these symbols. Buta Due substitution altering none 
of the symbols must have the form 


= ab), i= akas . en ae 


If it have determinant unity, it corresponds in. G to the identity. Hence, G is 
simply isomorphic with @. 

The permutation-group G! ts doubly transitive. We need only prove that G 
" contains a permutation converting {E,}, {Es + it into respectively 


| 146 + BE + 08}, [AE + Be + Osh, 
the latter being any two distinct symbols, viz. : 
A:BiCO#HA Bil, 
For the corresponding Gan substitution, we may take 


i= AE, + BE + Ob, $= (4! — 4)E + (8 — — B)£, +(C'—C)E,, 
- f= ak, + Bla +. yes; 
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where a, 8, y are chosen i in any manner such that the determinant of the sub- 
stitution is unity, viz 


teë slarl 


w= 
Bi 





TE a 


By hypothesis the determinants are not all zero, so that solutions a, 8, y in the 
GF [p"] certainly exist. 


. 4. By application of the general theorem of §2 of the earlier paper, a ter- 
nary homogeneous substitution of determinant unity in the GF[p"] can be 
reduced by a linear transformation of indices to one of the following five types . 
of canonical forms :* | - 

E = w, y =y, dame [ate] (1) 


arising when the characteristic determinant . 


A (a) = X — aA + Ba—1 


is irreducible in the GF [p"], its (imaginary) roots being, therefore, à, A?", AP”. 
a! = Ue, y = uy, g= pete, (2) 


arising when A (4) has a quadratic irreducible factor with roots ts uP” and a 
linear factor, whose root must evidently be the reciprocal of u . u”, and, there- 
fore, belongs to the GF'[p*]. | 

_ For the remaining types, the roots of A (4) =.0 all belong to the GF[p"]. 
In the case of multiple roots, there arises more than one type of canonical form 


d= as, y = By, 2 = yz, [aBy =1], (3) 


v =a, yf = By, #=8( +y) [af =1], (4) 
dea, y=aly+a), d=aety), [a =1]. (6) 


In the last form we may set a = 1 when applying our results to the group G. 


* An interchange of the indices does not give rise to a new type, e. E, 
wan, y=o(y+e), Z= pe, i f Cas? = 1]. 


Indeed, we can always make a new transformation of indices of determinant unity which interchanges - 
any two indices and at the same time changes the signs of all three indices. 


N 
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It will be convenient to treat the type (4) in two cases, according as a = @ or 
a Æ B, the order of (4) differing in the two cases. 
If two substitutions § and T belong to the GF[p"] and have. the same 
_ canonical form, there exists (by §8 of the earlier paper) a substitution W belong- 
ing to the field such that T= W-' SW. It remains to consider whether or not 
there exists in the field a substitution W, of determinant unity which transforms 
_Sinto 7. Let w be the determinant of W. 

For the canonical forms (1), (2), (3) and (4), it will be shown’ that sali 
canonical form can be transformed into itself (retaining the same properties con- 
cerning the conjugacy of its indices) by a substitution V of determinant equal to 
an arbitrary mark Æ0 of the field, in particular, one of determinant w7’. 
Expressing it in the initial indices, we obtain a substitution V, belonging to the 
field, and of determinant w-}, and, finally, transforming S into itself. Hence, 
the product V, W will be the required substitution of determinant w~! w = 1, 
which belongs to the field and transforms S into 7. Hence, will two substitu- - 
tions in the G&F [p"], which have the same canonical form (1), (2), (3) or (4), be 
conjugate within the group of substitutions in the field and having determinant 
unity. 

For the type (1), we may take as V the substitution 


d =g, y =y, ¢=o"s2 


where a is a primitive root in the GF [p], so that 


i potters 


is a primitive root in the ŒF [p"]. The determinant of V is, therefore, rage | 
which, by proper choice of r, may be made equal to an arbitrary mark = 0 of 
the GF [pr]. 
For the types (2) and (3), we may take F to be 
L=g, yY =y, Z= pz. 
For the type (4), we may take as V the substitution 
| d'=pa, yoy, =g, 
For the type (5), there arise two cases. If d = 1, so that 3 is prime to 
p"—1, every mark in the GF [p"] is a cube. Hence, we can determine r so 
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that p” shall take an arbitrary value except zero in the field. Hence, we can 
take V to be | 
red = pt, Je Py, gd = pz 

But, for d = 3, only (p” —1)/3 of the marks Æ 0 are cubes,* their products 
by 8 and being not-cubes, if 8 be any particular not-cube, We can evidently 
determine V such that 7’ is the transformed of S by a substitution V, W belong- 
ing to the field and having as determinant 1, @ or 8’. There remain three 
types 


a! = g, y =y +o, #=8+y; i (51) 
=g, yYy=y+pe 2—=2+7y; (53) 
a =m, CU ey, Oe a | _ (65). 


all conjugates by means-of a SUR Non in the field, but of determinant Æ1. In 
fact, the substitution - 


< 


B: z= 8x, Y=Y, 2= 


transforms (5,) into (5,), while B° transforms (54) into (5,). The most general 
substitution which transforms (5,) into (5,) is seen to bet 


4: de y y = cy +de, d = cz + by + ax, 


` of A c’/8, which cannot be unity. The most general substitution 
whigh transforms (6,) into (5s) is - 


Al: dye, y sey + Bbw, 2 = oz + by + Bazi, 


gotten by transforming A by B—!. But A’ has determinant c/B +1. Hence, 
' for our group G, the types (51), (55), (5s) are all distinct. 


* Annals of Mathematics, vol. XI, 1897, p. 176. 

t By 39 of the earlier paper, it is impossible to transform (5,) into ©(5,). We can verify this result 
otherwise. If 8 be a general substitution replacing œ by ax +by-+ cz, the products (51) S and 99 (5, ) 
will replace z by the same function only when 


Po; —b+e, 6a—=a+pb, 
Since 94:1, c= 0, and hence b=0 and, finally, a —0. But this is impossible. 
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5. Type (1). The substitution of determinant unity 


a — 1 
f a o| 
0 Jl 0 


has the characteristic determinant 


A (A) Sab — aX + Ba — 1. 


Hence, there exist homogeneous linear substitutions whose. characteristic deter- 
minant has the middle coefficients a and 8 arbitrary marks in the GF [p"], and, 
therefore, one whose root À is a primitive root of the équation 
| AAA El, | 
The order of the corresponding substitution (1) is the least integer m for which 
ANS AM = Mr 

i. e. for which m (p — 1) is a multiple of p” +p" +1. But the greatest com- 
mon divisor of p°— 1 and p™ + p* + 1 is also oe of p” — 1 and 8, and, there- 
eee equals d. The order m is ‘consequently -> + (p™ + p* + 1). 

Moreover, the roots of any irreducible cubic of the form A(4)=— 0 are of 


the form 4", 4°", 4°", so that the corresponding substitution is the st power of 
the substitution just considered. > Hence, the orders of all substitutions having 


irreducible characteristic determinants are factors of + (p+ p* + 1). 


Consider a substitution S of type (1) for which à is a primitive root of 
| ne APE 1, | ' (a) 
` By $$6 and 9 of the earlier paper, the only substitutions of G which are 
commutative with S have the canonical form (simultaneously with the canonical | 


‘form (1) of 8): l | 
d =r, y =y, ¢g=oz, (ratet) 1), 


where ø is a primitive root of the GF [ p™].. Hence, r(1 + p*+ p”) must be 
divisible by p™-—1, and, therefore, r divisible by p*—1. Setting r=p(p"—1), 


o= (oP*—1) z= A, 
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since o”~! is a primitive root of (a) and hence equal to some power ¢ of 4: The. 
only substitutions of G which are commutative with S are, therefore, the powers 
of S. It follows that S is one of a set of 
a o N 
SFr F 
distinct conjugate substitutions, N being the order of G. 

The only distinct powers of S which have the same characteristic determi- 
nant as 8 are evidently S, S** and Sr”. To each set of three substitutions such 
as 4, 57, $7* contained in the cyclic group generated by Sand all belonging 
to the same characteristic determinant, there corresponds a set of e distinct con- 
jugate substitutions. Hence, there exist in G 


a 1 n n 
tiz +e] 
such sets of conjugate substitutions. It follows that G contains in all | 


dN 


(PF PFI) [+ (P° + p+ 1) — 1] (6) 


substitutions “not *the identity whose orders are factors of 1 a pe + p* + 1). 


aN 
3(p™+ p*+1) 
all conjugate under .G. Each must, therefore, be contained sleoogtaly 


in a , subgroup of G of order À (p™ + p° + 1). 


Hence, there are distinct ae subgroups of order + FT (p+ p*+ 1), 


° 

6. Type (2). Since G contains substitutions in whose characteristic deter- 

minant A(A) = 2° —a2? + 82 —1, both a and 8 are arbitrary in the GF[p"], 
we can choose | | 


- i a=y+1/8, B=sty/5, 
so that A (2) = (a — 1/8) — yà + à), 


where y and ô are arbitrary in the GF [p"]. In particular, G contains a substi- 
tution T whose characteristic determinant has an irreducible quadratic factor 
which vanishes for a primitive root u of the GF [p™]. The canonical form of T 
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is then (2). The order of Tis, therefore, the least integer t for which 
| wt pi = u+, 
i. e., for which both # (p"— 1) and ¢(p" + 2) are divisible by p” — 1. But 3t 
and ¢(p"— 1) are both divisible by p*—1, for ¢ a minimum, if and only if, 
t=p" — 1, when Bas or pees 1; =} (p"— 1), when p= 3l+ 1. 


t 


Hence, the order of T is = (p* — 1). 


By §§5 and 9 of the éarlier paper, the most general substitution of G, which 
is commutative with 7, has the canonical form 


af =a, y = uy, d= 0%. ue E (c) 
` The determinant of (c) being unity, | | | 
-o= po, 
| dN ne. 
Hence, (c) reduces to 7”. It follows that T is one of a set of FI distinct 


conjugate ‘substitutions. The only distinct powers of Sf which have the same 
„dN je 
z distinct con- 
pe 
- jugate cyclic subgroups of order + (P — 1), each of which. is thus contained 


multipliers as S are clearly S and S?", | Hence G contains 4 = 





self-conjugately in a subgroup of order + (p™ — 1). 
The number of substitutions of G whose orders are factors of a (p* —1), 


In fact; 





without being at the same time factors® of + Fi AP 1), is 4 ae i: 
such substitutions form ros 


ag We) IE (07 


different sets, those in each set ee the same characteristic determinant. It was 








*If d=8, the order is not a factor of p*—1, since the latter does not divide }(p™—1) when 
p=8i+1. 
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shown above that each such’ set contains Poi distinot conjugate pubplitutions: 
The product gives the total number of such substitutions in G: 
\ ~ 
d 1 no ry aN = Np" | 
ay P NP py AT (7) 


7. Type (4), for a + B. Chenging the notation, we consider the ba 
tution P, 


d'=a(x+y), y—=ay, ¢=a-*z, (a® = 1) 
where a is a primitive root in the GF[p"]. It generates a cyclic group of order. 
1 72? (p"— 1). If p= 2 or 2, we have a? = 1, 80 that these two cases are 


| A excluded; the PRE below would, in fact, fail, since the order P is p for 
these two cases. 

Considered as an operation of the isomorphic ET group, , P blonzi 
to a subgroup of G which leaves fixed the symbols {y} and {z}. The general’ 
substitution possessing this property has the form 


R: sane y = By, CE: [aBy =1]. 
In order that R shall have the order —- F? (p° —1), ü is necessary and sufficient 
that a be a primitive root in the GF (p"], a that either. 
(i). a! +0, ‘a= Bey; or (ii). d #0, azy EB. 


Indeed, if both 8 and y differ from a, we may, by D. in place of æ, 
- the new index 
al! 


XS0+ y vey © 
X'=aX, y=hy, 2=y2, 





give F the form 


whose (p* — 1)" power is unity. If, therefore, a +8, we may take a=y. 
‘Then a” $0; for, ifo" =0, R multiplies x + = y by a, so that R would 
have as order a factor of (p"— 1). Similarly, if a Æ##, then must a = 8, a #0. 


Linear Fractional Group in a Galois Field. 241 
Finally, if a = 8 = y, each may be taken equal to unity. Then, by induction, 
BR: d=g + ray -+ ra'z, ymy, d=2, 


so that À is of period p. Hence, either (i) or (ii) are necessary conditions. 
Consider the case when the relations (i) are satisfied. Setting 





= alz — a 
R takes the form 
X'=a (X + Y), Y'=aY, d=a ts. 
This substitution is of period + p (p* — 1) if, and only if, a be a primitive root 


in the @F [p"]. 
Interchanging y with z, the proof follows for case (ii). 
With the aid of the theorem just proven, we proceed to determine the num- 


ber and conjugacy of the cyclic groups of order + p(p*— 1), which leave the 
symbols {y} and {z} fixed. Consider first the case (i), | 

| a #0, a=ß, y=a*a, a= primitive root in the GF [p"]; 

R: d=as + aly + a'z, ymay, ¢=a*s. i 

By simple induction we verify that Fë has the form’ 

d = ax + ta! af ly +a” ai? (=) 8, yY =y, Z= z. 
In order that @R* shall be identical with 

x= as + py + pz, yoo, g=a*z, 


it is necessary and sufficient that 


é—1 me — nf Ho ht 
Pa =1, ta =p, a! =p". 


It follows that the set of p”. r distinct substitutions 

x =ax + My + a'z, y= ay, d=a "x, (d) 
pl 
. pml 
distinct marks M,, Mz, .... such that no two have as their ratio an integral 


where a is a fixed mark + 0, a” an arbitrary mark, and M any one of the 





` ‘is 
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_ mark,* has the property that no power of one of the substitutions (d) equals 
another substitution of the set. ae therefore, obtain p" (p"— 1)/(p —1) dis- 
tinct cyclic subgroups of order + TP (p — 1). 
Furthermore, every cies V of the subgroup leaving fy} and {z} 
fixed, and having = B, and lastly of order a factor of J p (p — 1) withoùt 
being a factor of p or (p”— 1), is contained in one of these. cyclic subgroups. 


In proof, we observe that, by the argument used at the -beginning of the para- 
graph, we may set . 


V:. d=a'x +aly ail: yay, =a "z, (a FO, a” $1). 
Let M, be such a mark that its ratio to a’ [a° is an integral mark. Then the 
power s + &(p* — 1) of the substitution of the form (d) above 


gd = ax + My + Ag, y =ay, 2 =a 2, 


of == ax + [s 4 k(p*—1)] a! My + Aa! Co om =e; =a! y, 2 =a "z. | 
By choice of &, we can make | 


[e+ k(p"—1)]a-1M=0,. 
and, by choice of 4, we can make thie coefficient of. 2 in a’ equal to ee It fol- 
lows that there are p" (P —1)/(p —1) cyclic subgroups of order — -JP ("— 1) 


- for which a = @, and as many more for which a = y, each leaving A symbols 
{y} and {z} fixed, and together-containing all substitutions of the last property - 
having an order not p nor a factor of p” — 1. | 

These cyclic subgroups are all conjugate within G, and, indeed, within the: 
'. subgroup which leaves {y} and {z} fixed or permutes them. In proof, we first 
observe that the cases for which a~*=a, viz., p°= 2 and p"=4, have been 
excluded. We verify that the substitution 


ce A FE 
=g Eaa 8, pe y, . ome: 
=r 
* The marks M,,M,,.... are evidently the multipliers in a rectangular array of the marks + 0 of 


the GF[p*], the first row being formed by the integral marks 1, 2,,,..,p—1. 


s 
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transforms the substitution 


£ = as + My+42 , yoay, zaz 


into C = aw + My + Be , y =ay, d= ans. 
Further, x = Apa » Y= py, Z = A pe 
transforms x =a + My + Az , yoy, =a? 
into — af = ax HAMy +X p Az, y =ay, d = az. 


Hence the cyclic subgroups given by a = are all conjugate within the group, 
leaving {y} and {z} fixed. 
The substitution 


tae y Yuro-e , omy 
interchanges {y} with {2} and transforms 
x = ax + My+ Az, y = ay , «aia 2 
‘into d = as — Ay + Mz, y=a "y, d = az. 


Hence the set of cyclic groups given by a = ĝ are conjugate to the set given 
by a = y within the group, leaving fixed {y} and {z} or permuting them. The 
latter group, therefore, contains 2p" (p"—1)/(p —1) conjugate cyclic groups of 

i 
d 
not divisors of p or (p* —1) are all distinct. But the general permutation-group 
_is doubly transitive, and hence contains i 


Ep? +p" + 1p” +p) 


conjugate subgroups, leaving fixed two symbols or permuting them. In all, we 
` have 


order — p(p"—1), and those substitutions of these groups whose orders are 





w Gp) ah +2 DO +2) = ey, 


conjugate cyclic subgroups of order + p (p"—1). Each is, therefore, contained 


self-conjugately in a subgroup of order = p* (p* — 1)\(p— 1). 
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Each cyclic subgroup contains p + + (p" — 1) — 1 substitutions of order p 
or a divisor of + (p"—1), the latter giving all of its substitutions whose orders 


divide p*—1.° There remain (p — e 7 ( p— 1)— -1] substitutions. Hence, . 


meg contains | 
N(p° —1—d) i 8 
p (p"—1) ( ) 


substitutions whose orders divide 7 lp pt = 1) but not p or p*—1. For the 


cases p” = 2 or 2° above Sd formula (8) reduces to zero. The result is, 
therefore, true generally. 


8. Type 4, when a = 8. We have fo consider substitutions of order p of the 
canonical form té 


oats, Y EY eae 

From the investigation at the beginning of §7, it follows that the only substitu- 

tions of period p which leave fixed the symbols {y} and {z} have the form 

a =w + ay + Be, yY =y, J=g, , | (e) 
(a and 8 not both zero.) | 


There are p™— 1 distinct substitutions of this form. They are all conjugate 

within G, being reducible to the above canonical form. In fact, if 8 £0, we 

te (e) by t | 

f t=% yY =y, Z =gz+ py 
ad get ‘the substitution f 


E y aoe y =y, =z. 


By choice of p, we can make a — Bp = 0. If 8 = 0, we transform (e) by 
| de , =z, d=y, 


giving x = g — az, yY =y, =z. 
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In either case, we reach a substitution’ of the form (e), but naging i the coefficient . 
a =0, and, therefore, B #0. Transforming it by | 


a! = & 79 y = Bry, d= Ba, 
we get ` © gate, yoy , ome. 
The p” —1 substitutions (e) determine (p* — 1)/(p —1) conjugate cyclic 
subgroups of order p and contained in the subgroup, leaving fixed the symbols 
{y} and {z}, and hence also {y+-pz}, p being an arbitrary mark in the GF [p"]. 


Each such group, therefore, leaves fixed p*-+ 1 (and no more) symbols. But 
the p™ + p" + 1 symbols furnish 


4 (PE p° + 1)(p +5") — 
(p Pte PY) 4 ph 4d 


such sets of symbols. Hence, G contains 


Ia 

am tt + PEE ee ica eee 

GER D ET EPG IG 

such conjugate cyclic subgroups, all of whose substitutions are conjugate under G. 
Each such subgroup is, therefore, contained selfconjugately within a subgroup of 
order, + p™ (p?—1)(p—1). The total number of distinct substitutions of G 
`of order p of the type considered has thüs been shown to be 


aN (9) 
FET)’. | | 
9. Type (G). If p > 2, the substitution 
M: d=x+7y y = ya a —=3, 


is of order p. The most general substitution EU W, into itself has the 
form 


a == ax + by + cz, jaa Et, d = az. | " (f) 
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Tf it have determinant unity, a==1, 0 or @. Hence, there are dp™ such substi- 
tutions. The following substitution of determinant unity 
| t— 1 1 


ee 
x | z” 





v= tw, yoy— 


will transform W, into Wy, viz. : 
Wi: =x 4 ty 4 ilt — 1), y =y +i, 7 =z. 


Taking ¿=1, 2, ....,p—1, we get dp” (p — 1) distinct homogeneous substitu- 
tions of determinant unity which transform into itself the cyclic group generated 
by W,. There correspond p*(p—1) distinct substitutions in G. The cyclic 


group { W,} is, therefore, one of FC distinct conjugate subgroups of G. 


Hence, G contains N/p™ distinct conjugate substitutions of the type (5.). | 

"Since (5,) and (5,) are conjugate to (5,) within the general linear homoge- 
neous group, the number of substitutions of G conjugate within G to (5,) equals 
the number conjugate to (5,) or to (5s). Hence, there are in @ together 


3N/p™ (0h: 


distinct substitutions of the types (5,), (52) and (5,), forming three distinct sets of 
conjugate subgroups. 


10. Types (5), (5,) and (54) for p= 2. The order of the canonical types, 
Wi: d=a+y, y =y+ Bs, d=2- (i= 0, 1, 2) 


is now 4. Indeed, we have 


Wi: =g + Bz , Y=Y $ d=; 
Wi: d=atyt hz, yoyt+ z, 2 —2. 


Since W, leaves fixed but one symbol {z}, while W? leaves fixed the 2* +1 
symbols jz}, {y + A2} (à = arbitrary mark of the GF [2"]), the two substitu- 
tions are not conjugate under G. But W, is transformed into W by the sub- 


stitution . | 
emery, yoy, ge. 
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As in §9, the most general substitution transforming W, into itself is 
dax + by + e, y—ay+ bz, 2# =a. 


Its determinant must be uni y, whence af = 1. ‘It follows that @ contains just 
2" distinct substitutions whi¢h transform W, into itself and, therefore, as many 

more which transform W, into Wẹ. The cyclic group of order 4 generated by 

W, is, consequently, one of N/2"*+ conjugate subgroups of G. Just two of the 
substitutions of every such subgroup are.of type W,, the remaining one,* Æ J, 

pone of re (4) with a= a Hence, G contains 


-8N | 
aie (10)p=3 


distinct substitutions of the t pes (51), (52),.(53) for p = 2, all distinct from those 
enumerated in $8. As in the case p > 2, they fall into three distinct sets of 
conjugate subaneatons inae G. 


11. Type (3). The substitutions of the canonical form 
ax, Y=By, d=ye > [aby =1] (3) 


are of order a divisor ofp"—1. Of the (p"— 1} sets of solutions in the GF[p"]. 
of aBy = 1, d sets have a = 8 = y, and hence each equal to F (r = 0, 1 or 2). 
If a be any mark differentifrom 0, 1, 0, @, and if @=a, then y=a™° £a.. 
. Hence, there are 3 (p” —d 1) sets of solutions, in which two, and only two, of 
the quantities a, 8, y are equal. There remain 


‘(ph —1P— 3 (pP —d —1)— dB p* — peat 2d 


sets of solutions in which a,|@, y are all distinct. Dividing this number by 6 to 
allow for permutations, we obtain the number of distinct sets of unequal multi- - 
pliers of ternary homogeneopis substitutions (3). 

If, for d= 3,4; 8, y dé not form a permutation of 1, 6, 6, the three sets 


a, oe 0a, 08, 0y; Fa, PB, Py, 


*W? and Wj are readily transformed into W8. For example, the substitution 
< | woe, ym Bly, emp. | 
of determinant unity, transforms wh into W 3. | 
33 | 
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are not equivalent sets of multipliers in the homogeneous group, but are equiva- 
lent in the non-homogeneous group G, The number of sets of unequal multi- 
pliers in G is, therefore, ` 


1 + (PT EH 5), for d=3 ; RE, for d=1. 








By §5 of the earlier paper, the only homogeneous substitutions commuta- 
tive with (3), fora, 8, y distinct, are the (p° — 1)* substitutions 


P: dax, y= by, J= 0, (abe = 1). 


By §9 of the earlier paper, there exist substitutions transforming S, given 
by (3), into OS only when a, @, y form a permutation of 1, 6, @. In the latter 
case, S has one of the forms T, PT, PT, where P denotes the substitution 

P: eG: y =z, ae 


In this casé, there are 3 (p"— 1)? homogeneous substitutions commutative with 
(3), and, therefore, (y”— 1} substitutions of G commutative with the substitu- 
tions corresponding to (3) in G. Hence, 


et, y = Oy, d = Oz 


is one of a set distinct conjugate substitutions under @. 


N 
(p Ca (p*— 1} 
For a, 8, y distinct and not a permutation of 1, 4, @, each substitution (3) 


is one of a set of conjugate substitutions under G. The total num- 


ie 
1/d (p° —1) 
ber of such substitutions is, therefore, 


(p — T a (Ee = i 
p — öp" + 4 + 2d _ 
Gray ( r3 l k for d=1. 
Combining our results, the total number of substitutions of G of canonical 
form (3) in which a, 8, y are distinct, is for d = 1 or 3: 


N in bp" + 4 + 2d 
Gay a D (11) 
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Consider next the p" — d— 1 sets of multipliers a, 8, y, two of which are 
equal. There correspond to the substitutions (3) 1/4 (p°— d —1) substitutions 
` of G, no two of which are conjugate, paying different sets of multipliers. The 
“substitution 
| A: ad = at, yY =y, Z =y. [ay =1, y+a] 
cannot, by §9 of the earlier paper, be transformed. into @A. The most general 
substitution transforming À into itself is, by §5 of the earlier paper, | 


x = ax + by, y =a + byg = o'z z. 


The number of such substitutions of determinant unity is 
YO ane" — p"). 
Hence, the total number of substitutions of G having the canonical form A is 


N(p" —d—1) (12) 


Fp" dA). aang | 
d AGP) =F — 1)(p* — p") 


12. As a check upon the accuracy of our enumeration of the substitutions of 
G, we may verify that the numbers given by the formulæ (6), (7), (8), (9), (10), 
(11) and (12), together with aay (to count the identical substitution), give as 
total sum the number N. 





18. In aies the cyclic groups generated by the substitutions of type 
(3), we consider in turn the cases d = 1 and d = 8. If a- be a primitive root of 
the ŒF [p"], any substitution C of the form (3) may be written 

C: W=, yoaty, daz, 

where r and s are integers chosen from the series 0, 1, 2, ....,p"— 2. Then, 
for d= 1, C is of period p*— 1 if, and only if, the greatest common divisor of 
r, 8, and p* — 1 is unity, or, symbolically, [r, s, p*—1]==1. The number of 
sets of integers r, ¢ satisfying this condition is (Jordan, ‘ Traité,” p. 96) 


F- =p yE G) y) 


where gi, gs, ---- are the distinct prime factors of p"—1. For  (g" —1) values 
ofr, the pairs 7,7; r, — 2r; — 2r, r are included in these sets, but lead to only 
(p" — 1) sets of multipliers in C. The remaining F — 8@(p" — 1) sets r,s 
lead to +{F(p" — 1) — 3 (p* — 1)} sets of unequal multipliers in O. 
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The substitutions (3) all lie in the cyclic groups generated. by substitutions 
C of period p*—1. In certain of these cyclic groups, the @ (p" — 1) substitutions 
of period p*—1 have in pairs the same set of multipliers; in others they have 
by threes the same set,of multipliers* If O have the multipliers a, 
a", a 17%, where m°Æ1 (mod p*—1), then C™ has the same multipliers 
in a different order, But if m° + m + 1Z=0 (mod p”— 1), then ©, 0”, 
_Q@-1-™ all have the same set of multipliers. The first congruence has 2“** golu- 
tions m, where u denotes the number of distinct odd prime factors of p*—1; 
while, if 2* is the highest power of 2 contained in p" — 1, x=0 if &— 0 or 1, 
x=1 if k=2, «= 2 if RS 8 (Dirichlet, ‘‘Zahlentheorie,” $37). The second 
congruence m + m-+ 1==0 is seen to have solutions for d= 1 only when 
p = 2", n odd, such that the prime -factors (say y distinct ones) are all of the 
form 67 +1. But if m be a solution; so is also — 1 — m, giving but 271 sets 
of multipliers a, a”, «717%, The solutions m > 1 of m?=1 lead to 2***—1 
distinct cyclic groups of order p"— 1, such that the sets of multipliers of their 
substitutions of period p*—1 are the same in pairs, and containing in all 
4 (p*— 1)(2***— 1) distinct sets of multipliers of substitutions of period 
p—1. The solutions of m? + m + 1= 0 lead to 2-1 distinct cyclic groups of 
order p* — 1, containing 4 (p"— 1) 27 distinct sets of multipliers of substitu- 
tions of period p"— 1, those in each cyclic group having coincided in sets of 
three. Denote by pp(p*—1) the combined number of sets of multipliers in 
these two classes of cyclic groups. In every other cyclic subgroup, the sets of 
multipliers of the substitutions of period p” — 1 are found to be distinct. . Hence, 
the substitutions (3) generate the following classes of non-conjugate cyclic groups 
_ of order p'— 1: 

(i). at*—1 groups generated by substitutions with multipliers a, a, 
ai= with m= 1 (mod p*—1), m>1. 

(ii). 271 groups with similar generators having m*+ m +1 =0 (mod p'—1). 

(iii). One group generated by. the substitution with multipliers a, a, a—*. 

(iv). He (p"— 1) — 8} —p groups generated by substitutions with unequal 
multipliers and not conjugate with any of their powers. . 

A cyclic group of class (i), (ii), (iii) or (iv) is transformed ne itself by the — 
following number of substitutions of G respectively : 


2(p"— 1), à 3(p" — 1, (p™— 1)" — p") or (p° ei 


*The statements of Burnside, 1. c., middle of p. 77, are not exact. 
t Using Dirichlet, 6685 and 87, and Gauss, Disq. Arith., Art. 120. 
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In fact, each is commutative with the (p"—1)* substitutions O; class (iv) with | 
no other substitutions of G; class (i) also with CT, where T replaces x by y and 
y by — w; class (ii) also with (xyz) C and (azy) C; class (iii) with 

= d= + by, Y—=cex+dy; =e. 


\ 


14. For d= 3, set p*— 1 = 3, We may establish the theorem :* 

If t be prime to 3, every. substitution (3). is some power of a substitution (3) of 
` period p” — 1; if t be divisible by 3, no cyclic group of order p* — 1 generated by: a 
substitution (3) contains one of the substitutions of period t 


: ts ax, y =a R+ly i J sant By 


Except when pol is divisible a 9, it, therefore, suffices to study the 
cyclic groups of order p*—1. The substitution C is of period p"— 1, if, and 
. only if, [r, 8, p—1]= 1 and r—s be prime to 3. Denote by M the number 
- of sets of multipliers giving distinct substitutions C of. period p” — 1 in the quo- 
tient-group G. We can readily prove that, if ¢ be prime to 3, M=4F(ċ); 
while, if ¢ be divisible by 3 and we set t= 73", T being pms to 3, then 
M=3"-1 F(T), 

Supposing first that ¢ is prime to 8, we may establish the following complete 
list of non-conjugate cyclic groups of order p”— 1 generated by the substitu- 
tions (3): 

(a). 2***—! groups generated by substitutions with multipliers a, a”, a717" 


3 


where m = 1 (mod 3t), m = — 1 (mod 3). 
(b). #1 groups generated by similar substitutions with m+m+1=0 
(mod 34), m=1 (mod 3), occurring only when p* = 2", n even and prime to 8, 


uc that $ a — 1) has only prime factors (ò distinct ones) of the form 6j + 1. 
(c). 505 14 FC) — Ep (86) 271+ — } @ (88) 21} groups generated by sub- 


stitutions of period p" — 1 not conjugate with any of their powers. 
If ¢ be divisible by 3, the only cyclic groups of order p" — 1 are: 

(a). tei groupe generated by substitutions with the multipliers a, a”, 

Genre is m? (mod 34), m= — 1 (mod 3). 


©) ST 


of period p* — 1 not conjugate with any of their powers. . 


ann —2+*-1_ 44 (32)! groups generated by substitutions 





* The statements of Burnside, 1. o., p. 102, are not complete. 
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15. For the case p* = 2, we have a simple group @ of order N= 20160. 


Applying the above general results to this case, @ contains 


960 conjugate cyclic groups of order 7 with 


2016 

Three sets of 630 
815 

1120 


The substitutions of period 2 are all contained in the cyclic groups of order 4. 


iis fé 5 


LL LL € 


Tf 6 (13 


4 
« “ “ 2 : 
3 


“ 8064 ey ee € 
s- 3.1260 | « 
‘6 315 its 
“cc 2940 ét 
1 identity. 
20160 


5760 substitutions period 7 





[14 


s 


ce 


de 


5 


4 
2 
8 


For comparison, we give a table of the typos of substitutions in the alter- 
nating group on 8 letters : 


The two groups differ in structure in many respects. 


- (123) 
(123)(456) 
(123)(45)(67) : 
(12)(34) 

' (12)(34)(66)(78) 
identity 


Ty pe. Period. 


(1234567) 


(123466)(78) 


(12345) 
(12345)(678) 
(1234)(56) 
(1234)(5678) 


mH DD ND Dm & WwW Hh A 





Number in G. 


20160 


They contain. the 


same number of substitutions of pario 7, the same number of period 4 and the 
same number of period 2. 
- Norm —Page 282, line 6: For § 18 read § 16. 
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On some Invariant Scrolls in Collineations which leave 
a Group of Five Points Invariant. 


By Vimem Snyper. | 


The quadric surfaces which are left invariant by cyclical collineations have 
been quite exhaustively studied.* 

Another quite simple series of scrolls, namely, certain ones contained in a 
- linear congruence, have equally interesting properties, but have not been here- 
tofore considered, except one form which was noticed by Ameseder. The follow- 
ing note will be restricted to such surfaces. There are six collineations which: 
are of essentially different type that project a set of five points into thomnelves 
without leaving every point invariant. 

Using the notation of substitution-groups, these six collineations may be 


represented as follows: 
; T, = (A, 43)45)(4)(45) r 
Ty = (A, 4a) (As A)( ás), 
T, = (A; As As)(Ay)(As) 5 
OK = (A; A, A;)(Ay As), 
Ty = (4 Ay 49 A,)(4s); 
Ty = (Ay Ay Ag A, As). 


It is not necessary to count the number of ways in which any 7, may be repre- 
sented; 7,, 7,, are independent of each other in the sense that each leaves a 


*J. Liroth, ‘ Das Imaginäre in der Geometrie und das Rechnen mit Würfen,” Math. Annalen, vol. 
XI, p. 84, and “ Ueber cyclisch-projectivische Punktgruppen in der Ebene und im Raume,” ibid., vol. 
XIII, p. 804. A. Ameseder, “ Theorie der cyclischen Projectivititen,”’ Wiener Sitzungsberichte (Math. 
natw. Classe), vol. XCVIII, La, P 290, and ‘“‘Die Quintupellage collinearer Räume,” ibid., p. 088., 
R.-Storm, “ Veber Collineationen ‘und Correlationen welche Flächen 3 Grades oder cubische Ranmcur- 
ven in sich selbst transformieren,” Math. Anin., vol. XXV, p. 465. H. Schroeter, '‘ Cyolisoh projective 
no ” Math. Ann., vol. XX, p. 281. H. Küppers, ‘‘ Collineation durch welche fünf Punkte 
des Raumes .... Diss. Münster, 1890. 


254 Swyper: On some Invariant Scrolls in Collineations 


characteristic configuration invariant, but all the invariant forms which arise 
from permutation of the elements in a particular T, are projectively equivalent. 

These collineations will be considered in turn. | : 

Let T, = (A, A;)(As)(4,)(45) be the symbol of a collineation which leaves 
the points 4,, Æ, 4, invariant, and interchanges the points A,, A, involutorially. 
` The plane..A,.A,4,=o remains invariant, and likewise the line (4, 4) =. 
The intersection of o and w remains fixed; hence, every point of o is invariant. 
The other invariant point on wu is the harmonic conjugate of (u, ) with Es 
to À, À,. : 

O The scrolls having u as an m-fold directrix, and any line v in © sic does 
not cut u as a double directrix, the two lines which issue from any point of v 
passing through a pair of conjugates of u, will go into themselves ; the genera- 
tors passing through a pair of conjugate points simply interchange ; likewise, 
tangents belonging to positive and negative complexes simply interchange, and, 
. consequently, the asymptotic lines belonging to positive and negative complexes 
also; hence, the harmonic homology T, leaves a series of scrolls of the symbol (2, m) 
‘invariant in such a way that positive and negative asymptotic lines are interchanged. 

T = (A; 43) 43 -4,)(As). This form leaves every point of each of two skew 
lines u, v invariant, and is known as the axial involution (Salmon-Fidler, vol. 
I, p. 182). The point corresponding to any point-A lies on the line joining A to 
u and v and is the harmonic conjugate of A with regard to these two points of 
intersection, hence, every scroll having u, © for directrices is left invariant by T; in 
` such a way that every asymptotio line goes into self, the two points in which it 
intersects each generator being interchanged. 

T= (4 A, 43) 4:)(45). Here space is in triad ee The plane w, con- 
taining A, A,A, is invariant and in it the point in which the line A, 4, = u 
` pierces it, hence, u has only invariant points. There is an invariant line ina 
skew to u; call itv. The points on v are in triads; hence, the invariant points 
must be imaginary (Lüroth, 1. c. first paper); call them R and S. 

Let X,, Y, be any two points in space; they generate two triads X, X, X,, 
Y, Y, Y;. Through these six points a twisted cubic curve c can be drawn, which 
goes into itself. The points on c lie in triads; hence, two imaginary invariant 
points lie upon it. All the self corresponding points lie on wand v. c, cannot cut 
v, for the plane of each triad passes through v, and in that case of plane through 
v would cut c in more ‘He three points. | 
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Hence, ¢, cuts u in two imaginary points OP. The points OPRS are the 
vertices of a principal tetrahedron of 7,. The Reye complex of lines joining 
corresponding points breaks up into two special linear complexes with u, v for 
axes. The line joining any two non-coincident corresponding points must cut v. 

The osculating planes of c at O and P must also remain invariant; hence, 


~ they are the planes (Ov)(Pv). The tangents at these points are also invariant ; 


choose O, P such that the tangents are OR, PS. Now, consider the scroll > 
generated by all the lines which cut u, v and cp. This will be a quartic scroll 
having u for a triple directrix and v for a simple one. The three lines which 
issue from the same point of u cut v in the points of a triad. The pinch-points 
are O, P, each counted twice. Let Z be any point on the surface 3; it will 
generate a triad Z,, Z, Z. Determine on a second generator g not belonging 
to the first triad, a point W such that the four points gu, gv, gce, W have the 
same anharmonic ratio as the- points g'u, g'v, ges, Z; Zlying on g. Then W will 
` generate a triad, and the locus of W, as q takes all positions on 5, will be another 
twisted cubic lying on the same surface. Dually, let a, 8 be any two planes; ` 
they will generate two triads a,a,a,, Bı B8. The first triad will pass through 
a fixed point U, on w, and the second through another, U,. These planes cut v 
in two triads; they uniquely determine a cubic torse x,, all of whose planes are 
arranged in triads, and will, therefore, have two imaginary invariant planes 
1, Ps through v. The points of contact are also invariant and lie on u, hence, 
_ they must be the points O, P, arid the invariant planes are (Ov), (Pv). These 
conditions fixed cs, hence, c; is self-dual, and all the generators of Z lie in the 
osculating planes of c,; these planes are also tangent planes to Z, hence, c, is an 
‘asymptotic line on the surface. The other lines, loci of the points W, are the 
remaining asymptotic lines; hence, 7, transforms œ? quartic scrolls of the type 
[3, 1] into themselves in such a way that the cubic asymptotic lines go into them- 
selves, ~~ ; | | | 

The Weddle surface 4, locus of the vertex of a quadric cone passing through 
two triads X, Y, goes into itself in such a way that the cubic lying in any plane 
through v goes into itself. The curve cs is an asymptotic line on this surface, 
hence, © and » touch each. other along c. The ® surfaces 4 all pass through 
the line v, and on them it is a single line. 

Each plane cubic cuts v in the points of a triad, and the points in its plane ’ 
on c define another triad. f - 
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The 12 Kummer surfaces which are determined by the two triads (4,4, 4,), 
(B,, B}, Bs) of nodes go into each other in sets of fours; it is always possible 
to choose B, such that the triads form a quadruple involution on cz; they lie in 
triple involution in any case. All 12 surfaces of the group are in these cases 
_ tetrahedroids, projectively equivalent to Fresnel’s wave surface. The surface À 
also acquires two new lines.* 

Ty = (A, Ay 43)(A4, As). Since F= T, and 78= %, it follows that only 
those configurations which are left invariant by both 7, and T, are invariant in 
T;. No simple scrolls except hyperboloids remain invariant, and in these the 
two systems of generators are interchanged. Tf = 1, so that space lies in sex- . 
tuple position, and-it might be supposed that a twisted cubic could be passed 
through a sextuple, but as the points of every sextuple lie in pairs on three lines 
. through an invariant point on account of 7? = Tp, hence, no other cubic through: 
these points is possible. : 

T, = (A; Ay Ag 4,)(As): This case ‘has already been considered in detail in 
the article by Schroeter mentioned above. The scrolls defined’ by secants of a 
pair of rays in involution and the invariant quartic curve, break up into two 
quadrics, and there are no others. The secants of this quartic and the invariant : 
lines form the second generation of the same quadrics. 

. T,= (4,4, 4, 4, 4s). Let it be supposed that the five points are so sie bed 
that no four lie in a plane, then two skew lines u,v remain invariant, and on 
each are ranges in quintuple. Then u,v have two sets of imaginary invariant 
points, O, P on u; R, Sony. A twisted cubic c, is uniquely determined by 
` passing through the five points of a quintuple and having v for a chord; ¢, will 
go into itself by 7,. Onit there are two invariant points which must-be Æ, JS. 
Consider a scroll © generated by lines cutting w, v, cp; = will be of the 
fourth order, having v for a triple directrix and u for a simple one; -it remains 
invariant in Z,. Now, consider, dually, a plane a and construct the torse x, 
determined by the five planes a, and having u for an axis. This torse remains 
invariant, and has two imaginary invariant planes (wR), (uS). The points of 
contact also remain invariant ; hence, c, is self-dual and identical with x,. 
Finally, regard Cs 88 directrix of | a linear ene the surface 5 being self-dual 








* See J. I. Hutchinson, “Note on the Tetrahedroid,” in the Bulletin of the American Mathematical 
arn vol. IV, p. 837, and ‘‘On a Special Form of a Quartio Burface,” Annals of Mathematics, vol, 
XI, p. 158. . | 
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and c; lying upon it, it appears that the generators of £ all lie in the correspond- 
ing osculating planes of c; hence cs is an asymptotic line of the surface. By 
choosing another point on any generator, and passing a corresponding 6, through 
it, all the asymptotic lines can be obtained. They all pass through the same 
points À, S, which are, therefore, pinch-points; they have the same osculating 
planes (Su), (Ru), which are the torsal planes, and, finally, all the same tan- 
gents, the limiting generators of the surface. Another set of scrolls similar to 
these can be obtained by interchanging u and v. T, leaves œ? quartic scrolls of 
the type [3, 1] invariant in such a way that the cubic asymptotic lines remain inva- 
riani. ; 

The general type of the equations of these scrolls, the invariant lines being 
chosen for (x, y)(z, w) respectively are 


In h: 2°, (2, w) + yf, (2, w) = 0, 
$, f being binary quantics. | 

In R: F(u)=0, =y, u=zw. 
In 7, and 7, the invariant scroll has the same form; usually the asymptotic 
lines on a [3, 1] scroll are of order 6,* here they are of order 3, and the pinch- 
points coincide in pairs, and are imaginary. Conversely, every [3, 1] having 
two double imaginary pinch-points has asymptotic lines of the third order, 

Any [8, 1] scroll can be expressed in the form 


zæ (a? + 8cy*) + wy (y? + 302°) = 0. 
The values of À, which correspond to the pinch-points, are determined by the 
equation 
3e — 1 = 0 (4 + =r): 

which is to have two double imaginary roots, The admissible values of c are 
— 1 and — $, which go into each other by interchanging x and y, 

E = za (a? — By) + wy (y — 32) = 0. 
The asymptotic lines are determined by this equation and 


os GPS 
Fa T oe = 0. 


* V. Snyder, ‘‘ Asymptotic Lines on Ruled Surfaces,” Bulletin Amer. Math. Society, vol. V, p. 848. 
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The projection of these curves on the plane z= 0 gives 
[e ety E et Ywl[@—sy)a—/Z@+ xo] =o. 


_ These curves all touch each other at the conjugate point z= 0, y= 0 projections 
of Rand S. By changing the sign of the parameter x, all the lines become 
imaginary ; hence, all the asymptotic lines of © belong to right-hand complexes. 

` These two cubics make up a sextic, and their points of intersection with any 

generator are harmonic as to u and v; hence, they go into each other by 7}. 

The generators from every point of x, y are all real. 

If five points A,.... A, be chosen arbitrarily in space, no point A, can be 
found such that 7*=1, where T=(4, 4,.4,4,A,A,) ; for T? =(A,A,45)(A,A, As) * 
_ and PE (A, A,)(A,-A,)(A, 45). Tis identical with 7, and T° either with 7, 
or T}. It cannot be the latter, as the lines joining A, A, A, A; would then meet 
in a point O, which is contrary to the hypothesis that the pons are chosen arbi- 


- trarily. Hence, 
| T? = T;, PS T, 


and only those configurations can remain invariant which are ‘left so by both 
these transformations. In 7, every point of u and v remains invariant, and 
every line joining corresponding points, as.4,.4,, cuts both. In 7, the plane of 
each triple passes through v, and as A, 4, also cuts v, and similarly A, Aii A; A, 
all of the points lie in a plane, contrary to hypothesis. 

These planes all lie in the same pencil, and cut conics (containing the six 
points) from a fixed quadric surface, which, when the surface is projected into a 
hyperboloid of.revolution, become parallel. 7’ is now a rotation of 60° about the 
axis of this hyperboloid. f 
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On the Reduction of Hyperelliptic Integrals (p =8) to 
Elliptic Integrals by Transformations of 
the Second and Third Degrees. 


By WILLIAM GILLESPIE. 


INTRODUCTION. 


‘The principal subject of this paper is an application of cubic involution to 
the problem of the reduction to elliptic integrals, of hyperelliptic integrals of 
genus p= 3 and of the first kind, by a rational transformation of the third : 
degree. | = 
It forms thus a continuation of Professor Bolza’s researches on the cubic 
transformations of elliptic integrals and-cubic reductions of hyperelliptics of . 
genus p = 2.* | 

It is also closely connected with the work of J. I. Hutchinson in his disser- 
tationt where he applies the quadratic involution to a similar problem where 
p= 2. 7 | 

In Part I, the general case of cubic reduction is considered after the connec- 
tion of the problem with the theory of cubic involution, has been established ($1). ` 

The invariant condition which must -be satisfied, in the case of cubic reduc- 
tion, by the octavic on whose square root the hyperelliptic integral depends, is 
obtained (§2), and the most general reducible integral is obtained in four general . 
forms, the last two being independent of the cubic involution (§§6 and 7). 

The main subject of Part IT is the singular case of simultaneous reduction 
of the second and third degree; that is, where two hyperelliptic integrals having 
the same octavic are reducible, one by a quadratic transformation and the other- 








+*+“ Die cubische Involution und Dreitheilung,”. etc., and ‘ Zur Reduction Hyperelliptischer Inte- 
grals,’’ oto., Math. An., Bd. 50, pp. 68 and 814. 
- t'On the Reduction of Hyperelliptic Functions (p= 2),” etc., Chicago, -1897. 
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by a transformation of the third degree ($3-$8). As an introduction to ‘this 
part, the genéral case of quadratic reduction (p='3) is considered (§ 1), and 
the special cases of more than one reducible integral with a given radical, are 
determined. A complete table of such cases is formed (§2). 

In the last part, the involution is specialized to one containing two cubes. 
For this special form, the most general reducible integral is determined (§1) 
and the cases of simultaneous reduction of the second and third degree (§2). 
For one of the latter cases, in which the hyperelliptic curve can be reduced to 
the normal form 

yma(i— a), 


the reduction problem is studied by means of the Weierstrass-Picard theorem on 
the periods of-reducible integrals ($3). This leads not only to a confirmation 
of the results previously obtained by algebraic methods, but also to a determina- 
tion of all hyperelliptic integrals of the first kind belonging to the curve 
| P = x (1 — xt), ; 
which are reducible to. elliptic integrals by rational transformations of any 
degree. 
In the following review but. the merest outline of the work can be given ; 

further details of the work may be found in the dissertation on this subject 
(Chicago, 1899). 


Part I. 


$1.— The Connection of the Problem with Cubic Involution. 


The method used by Jacobi* for the transformation of elliptic integrals, can 
be extended at once to the investigation of the reducibility of ne 
and furnishes the results : 

In order that the hyperelliptic integral of the first kind and of genus p= 8, 


J? (2 æ)(xdx) (1) 
| vV R(x 2) i 

(where q (x, x) is a quadratic and R(xx) an octavic quantic), shall be reductble 
to the elliptic integral | 








ps ae s 
: ~ (ys — An Y Yi — Ae Y) Yi — As Ye)(Y1 — a Ys) 


*** Fundamenta Nova,” Werke, Bd. I, p. 65. 
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om being a constant by the rational transformation 


, A= A à 
k y= V, | ®) 
‘where U and V are cubic quantics in (xx), té is necessary and aufcient, first, 
that R can be broken up in two cubic factors. R, and R, and a neat (ca)(xes) 
such that 
U — AV= ki (21 2a), 
U — 24 V = Bey (a, re), - . 
U—AgV=. (zd), (4) 
U—AV=  (ad,)?(xes), | 
or, what is the same, À must be decomposable into three factors, two cubics which 
shall define a cubic involution and a quadratic whose roots are branch points of that 
involution; and secondly, since (ydy) = UdV— VdU, which is proportional to 
the Jacobian of U and V whose roots are the double points of the involution, 
the roots of the quadratic q must be the two double’ points not ea to the 
branch points in R. . 
Thus a reducible integral must have the form oo l 


f (ady)(xd,)(adar) — o (5) 

v (ta) (ze) + Saai + WA) nn 

where jf, and f, are linear homogeneous functions of the cubics U and V and 

(ed) (xe) for è = 1, 2, 3, 4, denote the branch triples of the involution U + AF. 
“Tf an integral have this form, tt is reducible. 


§2.—The Cubic Involution and the Invariant Condition for Reducibility. 


We collect in this paragraph those properties of the cubic involution of 
which we will make frequent use. 
A cubic involution is defined by the equation | à | 
. At =, (6) 
_ where À is an arbitrary parameter and fi and f two cubic quantics. 
We will require the following combinants 


S= (Afi T= ff B= w= j= (SH (1) 


Being given one point (y) of a triple, the other points are the roots of the affinity 
equation . 


SNS + ET (=. (8) 
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The double points of the involution are the roots of 3, while the branch points 
are those of 
| 8H, + JS . F oe (9) 

The first polar of . 
na ‘ | r= 2H,+ 438, (10) 


with respect to an arbitrary parameter A, is the cubic involution itself. For a 
given 3 there exists, besides the involution spoken of above, another called the 
conjugate involution, For this involution all the statements made above hold 
good if we first change the sign of J.* 

The condition which must be satisfied in the case of cubic reduction (§1) by 
the octavic R can be expressed thus: 

In order that there shall exist a reducible hyperelliptic of the first kind 
belonging to R, R must be decomposable into the factors Fa, Ra and N, where N 
‘is a quadratic dividing exactly the branch form 3H, + JS for the AR 
determined by the cubic factors Rj and Ry . 

This is equivalent to two algebraic relations between the roots of R. In 
accordance with the general theory of reduction,f it can be represented by the 
identical vanishing of a simultaneous biquadratic invariant of N and 8H + JS.f 


§3.—A Normal Form for the Reducible Integral. 


From the form of the reducible integral in $1, we see that the double points 
are associated in pairs, and for that reason we choose the following normal form 
used by Klein in his “ Modulfunctionen”’ (P. T): 

Penonng the roots of à by 


PaP i=1,2,3,4 and af aP — 29 20 by (ik), 

. we have the invariants : l . -o | 

A= (12034); B= (18)(42); C= (14)(28), - (nu) 
where ae A+ B+0=0. | ` 


i ‘* We refer for these statements to Bolza’s paper in the Annalen, Bd. 50, si, where the literature of 
* the subject is given. | 
+ Koenigaberger, Crelle, 85. }Clebsch, “ Binäre Formen,” 327, p. %4. 
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` Then, by a linear transformation of determinant 1, 3 can be transformed into 


the form | 
(I) xy La (x — ey) (Amr, + Bas). (12) 
“Here the pairing of the roots is put in evidence. The invariants may be 
expressed in the following manner: 
i= 2/314; B= = VTL: .C= — 25/3 LT, (13) 
? 
- where the ?s are the irrational invariants of the cubic involution used by Bolza* 
and are connected by the following relations: 
h+h+h=0; 4—-h=iW3h; h~h=iV3h; h—h=iw3h. (14) _ 
Using the affinity equation and these values for the ae we find the fol- 
lowing branch triples: 


double point. . | branch point. 


L n= +: my i BE 2; 
À 1 
IL m=0 | = bn; 
| E xy kú WEYA T3 | as) 
l + Til Ti — Le me À 0 ; À 
we 1 i 
IV. x eet a, = — 8 
1 nt 1 T Ts 


Then, using the first two double points as roots of -g and the first two branch 
triples as U and V, we obtain the result: _ 

Every hyperelliptic integral which ie reducible by a ee of the’ third 
degree, can be transformed by a linear transformation of the independent variable 
into the sm | 

2in3 2, (xda) 
yes Cly Ta TER + l ù + lg ay) [Ay (haat iv 3a La) a+ BE h &— ly 2%) a3] 
x Lea (ha + iW3 bas) a + ts (iv 3 ha — ly 29) 23 | 


which, by the MIN $ : 
y= (hu + iv 3 bay) ah, Yo = (iBT, a — by as) 2f, | 





(16) 








*L. ©., equation (77). 
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| reduces to the elliptic integral 


a nn 
(a+ ys)(4 B yi by Byala Yat Ae Ya) (Her Ya + Us Ys) 


where 2,:4, and ww, are arbitrary parameters and the ’s are defined above ; 
the integral thus depends on three independent non-homogeneous parameters, 
which agrees with the result in the end of §2.- 





$4. —A Theorem on Cubic Involutions. 


The Hs cane will help us to obtain the reducible integral in its 
` most general form, independent of any normal form. 
We have from Clebsch* ou is 





a ar - (43 — Y), (18) 


where ẹ and y are two of the quadratic factors of T; and the m’s are radis of 


the cubic resolvent of 8. 
We deduce: 


(branch equation) 3H, +J3= s 
ý à ge 





a, (OY — 3x), (19) 
= H+ 49h yh), C0) 
OO ONE haley (22) 





| (affinity equation) 


where ` (xy) = ti Ye — Ts Yı- 


If we form the product of the affinity equations for the two roots of the factor 
l} — 4x of the branch equation, we find it has the form 


REG — x}. 


Thus we obtain the following lenma: 
In any cubic involution the Jacobian and the branch equation, when expressed 
tn terms of E Clebsch functions ẹ and y and the invariants ms and ls, assume 


the forms i m, © — 4’) nae mi Wt — B y?) respectively ; the double 
points yielded by i dis (à — n of te Jacobian correspond to the branch points 











*Binire Formen,” p. 169. 
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yielded by the factor (Is — lay) of the branch equation, and there is a a similar cor- 
respondence between the roots of (Y + x) and (hv + Lx). 

For the conjugate involution, the factors (} — y) and (44%) corres- 
pond, and also (4 + x) and (h4 +4 x). 


$5.— First General Form of the Reducible Integral. 


This lemma of (84) will be applied now to the form of the reducible inte- 
grals given in equation (5). 
We may suppose S ‘ 
(b+%) =(ed)(ad,); “(b—y) = (ëd) (xd,), 
(ab + by = (a)(re) ; (ab — Gx) = (care) , | (22) 
(ob +h x= (eaea); (lab — x) = (#6) (we,) . l 
This, however, involves an agreement in the choice of the homogeneous coordi- 
nates of the points a a Gj. 


Also, since F or sat GP — i 2) has for its first R with regard to an | 





arbitrary parameter the cubic vont itself (TST), .. the reducible integral 
(5) has the form — : 
fa (ad) ` (23) 
TSX PPT. S ; 
The transformation - ' 
i | = D, = V | 


can, by a linear transformation of the elliptic integral be thrown into the form | 
TT, = 0 or 


nate Eci (24) 
Let us now consider the elliptic integral. | 
Before reduction, the hyperelliptic integral has the ea: 





Sour à (cd) (25) 
M ah) (me) (eh) (ma) PET, ARTE 
and by the transformation (24) | - l 
(ye) = TT, = pi (ae,)(xd,)’, #21, 2, 3, 4, [Bolza, 1. c. (34)] 
(ya) =TET,, let (yA)(yu) = g (y), 
we also have 


(ydy) = 308 (ada), | [Bolze, 1. c. (38)] 





(26) 
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. after the transformation, our neui has the form 


0 _(ydy) — 4 27 
J ~tl) taxa) (y) 


where C'is a constant and g is an arbitrary quadratic having as roots the paran 
eters A and u. 
Returning to the hyperelliptic integral (23), since, 





GTST T, = (Tg) T — 4 Arg, | (28 
it must have the form - = 
(b—g)(adz) "| | ` (2 


S Vihr Tr OLTg) i—i 9)] ” 


Equations (24) and (27) give us the transformation and the elliptic integra 
but the constant factor must be obtained. 
- To find this factor, we must collect those from the following equations: 








| (ydy) = $Q. X. (xdæ), ‘see (26), (3¢ 
PATTES ir (bt hate (3: 


where VA = 21,6), and its conjugate VO = 2,44, [Bolza, 1. c. §7], (3! 


and also the factor from i 


à = ra x). see (18), ` . | (3: 


we have thus the theorem: _ it 2, 
The hyperelliptic integral | 








VEO Ae Je: | us 
JTL, Sz GIFLE — tHg] 5 


by the transformation py, = 4 a à oye =—} Se reduces to the elliptic integral 


f | (ydy) _. 8, 
Viv (y) +4xy))9(y) | 
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“§6.—A Second General Form of the Reduoible Integral. 


It is possible to express these integrals and. the transformation in terms of 
the biquadratic T, so that, knowing T, we can ‘find the integral. | 


We know that Dex, [Clebsch, L ©. p. 159]. 
Let now | - F,= 2DPX, - | i - (86) 
and let m , n, n, be the roots of the resolvent of P. Then it is found that 

1 | ro | 
= —— ®, =. BP, —— X, 87 
En = TE Ra à (7) 


and using the relations* that exist between the ls, n’s and Q, we obtain the 
reducible integral (34) in a new form, whence the theorem: 

If T be any biquadratie quantic and ©, P and X the three quadratic factors 
of Tp, ni, % and ns, the roots of the-resolvent of T'and g an arbitrary quadratic, 
then the most: generat reducible hyperelliptic integral has the form 


f ERE D) (38) | 
_(m— =a v SESA AE E g Pa 





and reduces to the elliptic integral . 5 
. a S rT 
{m= ł 
LR by the transformation ; | Fa 
Vivi ®(y) + CEE eme dE 


This form is completely ndepani of the cubic involution. 


‘§7.—A Third General Form of the Reducible Integral. 


Finally, the integral can be expressed in terms of three quadratics En 
and Z, defined in the following way: 


Oa EO VTTE, | 
te Ein) (39) 


roo V Leg, 








* Bolza, 1. o., (85), (86). 
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Since the functions D, Y and X are mutually harmonic, it follows that E, n and č 
are also, and the discriminant of each can be shown to be equal to 2. 
Substituting in these ‘values in (38), we obtain thé theorem: 
k,n, be three quadratic quantics mutually harmonic and so normalized that 
the discriminant of each is 2, and if also h, h, ls, L, &, G be any quantities which 
satisfy the Jour relations ; 


L+thth=0, hi h=iv 3h, kL— hiv 3h, h> h= i3}, 
and if g be an arbitrary quadrasie, then the most general reducible hyperlliptic inte- 
gral has the form 





Mlh n— ~h h (zdz) 
ta/ ; 
SZ PAP TÔT BGO ETES) e2 


(where B and C are constants equal to (ag) and’ (69): vel) and reduces 


to the elliptic integral : 
S zoma 
V(VEL n (y) + VERSIO) | 


by the cubte ns 





hann — hE GGE | E 


T Ne = Na =n (x) sed (a) = MS 8 = an 
This form is eee deperi of the eon bs 


Part IL. | 
$1.— General Case of Reduction of the Second Degree. 


_ As an introduction to this part, we consider the general form of a hyperel- 
liptic integral of the first kind and of genus 3, which is reducible by a rational 
transformation of the second degree. | 

Using again the method of Jacobi just as in Part I, §1, 1 we deduce the 
theorem : | 
In order that the hyperelliptic integral -` 


(meda) - nn 
Fee. à an 
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(where g is a quadratic and R an octavie quantic), shall be reducible to the elliptic 
integral |. 
Jr 
M (Y1 — An Ya)(Ya — As PY — mG Gn) — À n), 

m being a constant, by a rational transformation 

n=U 

Y = y 
where U and V are quadratic quantics in (x), ‘itis necessary and sufficient that R 
shall be decomposable into four factors belonging to the same quadratic involution, 
and that the quantic q shall have as roots the double points of that involution. 

By a parametric representation of the roots of R as points on a conic 
section, we have a geometrical statement for these conditions. The points of À : 
must be so situated that we can pair them in such a way that the four joins 
shall pass through a common point, and the tangents to the conic from this point ` 
shall touch in the points which TO prenti the roots of q. 








$2. — Singular ce of Reduction of the Second Tra 


From the conditions just determined, we conclude that in- general for a. 
given octavic R, which fulfills the required condition of §1, there exists but one 
reducible integral. Some octavics, however, are decomposable in the required 
way in more ways than one. In such cases, more than one reducible integral 
will exist with the same octavic R. 

The singular cases can be determined by the method used by J. I. Hutch- ` 
inson in his dissertation (Chicago, 1897). First determine all octavics invariant 
under the finite linear substitution groups, then, for each octavic, pick out 
all the transformations for period 2 which interchange the eight roots in pairs. . 

Having all these transformations, we.can form all ‘the reducible integrals. 
The stationary or double points of each transformation are the roots of g, the 
numerator of the integral, and the R is in each case the invariant octavic. We 
. may use for the reducing transformation 


y= (ch), Y = (x), | 
where d, and d, are the stationary points of the transformation. 
The following table contains an enumeration of all auch octavics, the groups 


under which each is invariant, the stationary points and the number of distinct 
reducible hyperelliptic integrals which can be obtained for each octavic: 


(e ‘3 To =t) ‘br » 3 = lx f0 = tx | g = u UoIpeUIp 





FT 


(GT ‘6 =u) ‘Ex 


(g'&'T'o—=u) Rs t0 = tele 
; p 








Erri 





(Er o=u) fe, sok 
“g 








0 = x x 





` ‘speIdeyaT 


. ƏJQJOnN pər 


jo zequinyy | - 


‘gjujod £reuones | 








`- w=] 





“Worpaysyoo 


_ ?=/ 9 =u Uolpeyip . - (x + te) Sela IA 





P = u uorpeyp |  G+pkmtk A 


= # uoIpeyp (5e + fe yey + pe) te AT 





Z = u uozpoutp (et ee +R) + e) ‘ete (qa) TIT 





g= u uompoqip| s+ felon + seleg + gejov + le (8) TIT 


\ 


` p =u 01940 | +R) u 





gœuompéo) = (ot eg + w+ pe) ee (a) 1 





8 =U opoko | wp + fe peop + fo jego + ge jevy +e (8) | 


‘dnoip | 3 ` ay 








Elliptio Integrals by Transformations of the Second and Third Degrees. ZTL ` 
§8.—Cases of Simultaneous Reduction of tha Second and Third Degree. 


We will now turn our attention to the problem of the determination of all 
the cases where there exist two hyperelliptic integrals of the first kind and genus 
8, which have the same R (=æ) and where one is reducible by a transformation 
of the second degree, while the other is reducible by one of the third. 

` We consider this from a geometrical standpoint. - po 

By means of a parametric representation of a point on a conic. section (C), 

Weyr gave the following geometric interpretation of a cubic involution: - 
The points of any triple of the involution define a triangle. inscribed in the 
conic (C;) and circumscribed about a conic (J,) called the Involution Conic. 

The points of intersection of (O,) and (J,) are the branch points of the invo- . 
lution, and the double points are the points where the common tangents to (0) 7 
and (Z) touch (0). 

If we choose for the triangle of reference the self- conjugate triangle of (G) 
and (L), the conics assume the equations* 


(Cx): de ++ 2 =0, 
m Sth +4 =o, ae 
Ge HE | 
where the ?’s are the invariants defined i in Part 113). 
The coordinates of the double points are SoA | | 
| pr Vil, p= eva p= Vi, (44) 
and those of the branch points are o g 
pe = h hlp p=, p= £ il. _ (46) 


If, now, R (ææ) is to permit both quadratic and cubic reduction of the 
integral, the eight points denoted by R (a,a,) must be RUES on (C;) as 
follows : 

Since cubic reduction is possible, three of the points (A, B and C)of R 
_ must define a triangle inscribed in (C,) and circumscribed about (4), three more 
(A', B', O’) must define another such triangle, while the other two points, 
(D and E) of R.must be points of intersection of (C,) and (J,). 

- Again, since quadratic reduction is also possible, it must be possible to pair 





* Bolza, L o., p. 90. 
36 - 
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these eight points so that the joins of the four pairs, shall pass through a a common 
point 0. 
We obtain.in Bll the following ét diferent ways of pairing the e eight 
points : ; 
I AA’; BB; CC'; DE. 
I AB; AB; CC'; DE. UE 
I AB; AB; OD; C'E. |. | (46) 
IV Ad’; BOC; BD; CE. 
V <AA'; BB; OD ; O'E. 


 §4.—Case I, AA, BB, CO! and DE intersect in O. 


For this case the following theorems are proved : 

- I. If in a cubic involution two triples are such that they form, by taking one 
point, from each, three couples in quadratic involution, the branch points of the 
cubic involution form. two couples in the quadratic involution. This may be 
stated thus: If the points of any two triples of a cubic involution are in perspec- 
tive, the centre of perspectivity is the vertex of the self-conjugate triangle of the 
conic (O,) and the involution conie (J,). 

IT. Conversely, if we project a triple of the involution from a vertex of the 
self-conjugate triangle upon the normal conic (C,), we obtain another triple of 
the involution. 

Thus, being given > and es sign of J, which are necessary for the con- 
struction of the conics (O,) and (Z;), we may take for O any vertex of the self- 
conjugate triangle, we then choose for A any point on (Q,), the two tangents 
- from -A to (4) determines B and C and projecting A, B and O from O, we . 
obtain other triple 4’, B' and O'. This is the desired arrangement. 

Notice À is perfectly arbitrarily chosen on (C,) and O is one of three points; 
we have thus an infinitude of solutions. In all.other cases we have a finite 
number. KG 
In order that the most general reducible meni $7, PI L: shall specialize 
to the present case of simultaneous reduction by a cubic and by a quadratic 
transformation, it -is necessary and sufficient that the quadratic g(a) shall be ` 
chosen is to the ARE E. . 
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_$5.— Case TI, AB, AB, OC! and DE intersect in O: 


Take the point O arbitrarily i in the plane, and from it draw the two tan- 
gents to (J), touching in Kand Æ and cutting (C,) in A and B and A’ and B’ 
respectively. 

The line KK’ is the polar of O with regard to (h ), but’ Roa: a relation* 
between the coordinates of K and C, the third point of the triple ABC and 
between K? and C’, we learn that the line CO’ is the polar of the point O with 
regard to a conic (B,); 

g? yê z 

| GAL PRET 

But, since CC’ is to pass through O, O must be on (B,); since, also, DE is to 
pass through O, O must be a point of intersection of (B,) and DE. 

We may take any two branch points-for DE. Two of the allowable posi-. 
tions for O are ` 


peak, y= hv ih, pr = LIVRES. | (48) 


= 0. (47) 


There will be twelve allowable positions for 0. 


§6.— Properties of the Conic (B). 


| This conic (By) has some peculiar pistes and is closely connected with 
the involution— 


I. The conic (B,) passes through the double points of the involution on Q,. 
IT. The conic (B,) is apolart to (4). 
| This, together with I, determines (B,) completely; (B,) is i apolar 
to (C3). 
III. A triangle inscribed in (C,) and circumscribed about (4) i is self-conju- | 
gate with regard to (B,). 


This is the geometrical meaning of I above. . 
From III follows at once a theorem which we s Foachpd otherwise i in the last 
‘paragraph. 


#0. Bolza, l o. 60 (a). 
t Meyer, ‘‘ Apolaritét und Rationale PERN p 84. 
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Draw from any point O two tangents to G) cutting (0; ) in AB and A’B! 
_ respectively; the line, joining O and O" which complete the triples of which 
_ ‘AB and A'B' are point pairs, is the polar of O with respect to the conic (B,). 
‘TV. The points in which the common Pe to (B,) and: (6) touch (OL) ar are 
the four ae T= 0, .° 


§7.—Case III, AB, AB, OD, C'E intersect in a nin: 


| Take arbitrarily the point Sin the plane. isin S to E and D, two of the 
points of intersection of (C,) and (4); produce these lines to cut the conic (0;) 
again in O’ and O respectively; the lines AB and -A’B’ are thus defined, being 
- the polars of O and C’ with regard to the conic (B,). 7 
If AB and A'B! meet in -O, then, in order to fulfill the conditions of our 
problem, O and S must coincide. ` 
If we use the branch points 


l po = LVL =a, 
(Dand E) {p= LhvVLG=b, - . (49) 
| CETTE zo. 


‘and impose the condition that O and S'are coincident, we find the only permis- 
sible positions for O are the points of intersection of the conics: 


ee ee (50) 
yz (h — ly)(ba — ay) = hala? + y? + 2). 
‘Two of these points are the points D and Æ themselves, and the other two lie 
-one on each of the tangents to the conic (Z) at the points D and Æ. | 
- The integrals arising from this case are, however, degenerate, as the radical 
‘is over an expression of the fourth degree only, since in each case one of the 
triples ABg, or A'B'O' isa branch triple including a branch point erbari in R. 


58. — Oases IV and V. | 


These two cases lead to more complicated results. The positions permis- | 
sible for O are the points of intersection of curves of higher degree than the 


Elliptic Biel by Transformations of ihe Second “aa Third Paez 275 


second, and .as no very mirne Bowi ‘appear-in the work, the igus 
of these-cases will be omitted. : 
Parr. IIT. 
§1.—Involutions containing Two Oubes. 
Up to this point we have supposed the involution to be perfectly general, but 
let us now consider. the special case, where the oume: involution contains. two 


cubes. _ 
As Clebsch has shown,* every such involution may be expressed in the form 


afta g= o - (61). 


wbere Q = (fA) and A= (jfh. 
` Then using the notation of Clebsch, we 5 Bid 


S= (/Q)=— F4; JEGER | 


2 
| Ay = RAY; T=0; 8344+ 90 = —§ RA. (52) 


_ Hence, by applying method of Part I, §1, we find: 
The ‘most general reducible hyperelliptic. integral corresponding to this. 
| special form of the involution has the form 


fost re | 63 
MAAS HUS Hag) 
. The conditions necessary and sufficient for such a special form of the involution 
are | Re ne . 
J#0, T=o0. 
But we can express the involution (51) in the form .  . 
| E Mal + a=. (bay 
©: Then $= fa and 8H + JS = kr x, and it follows the hyperelliptic integral 


| aa Ta (la) Le i | 
Jr MATE | ne 


* L. o., 989: 
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is reducible to the elliptic integral 


f- ydy) 
V In F AL Ya) Us + A) 





Yı Ya (iy 
by the transformation | | 
A= zi, 
Ys = $. 


§2.— Cases of Simultaneous Reduction of the Second and Third Degree. 
Is it Pope that the octavic which occurred in ‘lie integral (53) 
A nf + Ay Olaf + bs ©) 


mm (At + Ali at + 14 a) aa __-(66) 


or its normal form 


can be decomposed in such a way as to yield also a quadratic reduction of the 
-integral ? 

If this is possible, then thé octavic (56) must coincide with some one of the 
invariant octavics found in the table, Part IT, §2. 

If Aj: Ag = u: — ui, then the octavic is invariant under the dihedron group 
(n = 3), and, by making use of our table, this octavic yields us three reducible 
integrals, If, in particular, 4/ 144 = uÿ:— ui = 1, the octavic assumes the form | 


Tı (at — z$), (67) 


which is invariant under the dihedron group n = 6, and we obtain from the 
table, Part II, de the following three reducible integrals: 


tly 
fes Beds) forn = 0, 1, 2. (658) 
Varie) 





The octavic A (a, f+ À Q) í + fs Ag will be invariant aioe the dihe- 
dron group n = 6 if , 


pers. 


where È has the meaning given in (52). 
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If, now, we choose our natation so that 
Ant + Az Q = fnn =F and aft la Q = Qu = Q, 
we have the reducible integrals _ | 
a,, dx) . 
CCS 65) 
where ag =f and Q = (zm )(za)(2a) 
and the theorem : 

For a given octavic AfQ we have altogether four reducible integrals, one 
(53), whose numerator is A, by a transformation of the third degree, and three 
others whose numerators are the first polars of f with regard to the different 
roots of Q, by transformations of the second degree. 


§3.—JIntegrals Treated by Method of Periods. 
In the last part of the paper, the reduction problem is studied for a special 
hyperelliptic curve : 
yaa(l—2) . (60) 


by means of the Weierstrass-Picard theorem on the periods of naa inte- 
grals. 

A system of ise linearly ispada integrals of the first kind, with y 
for denominators is chosen, a Riemann surface is constructed and a canonical 
system of cuts made. 

The moduli of periodicity of the three integrals at the various cuts are tabu- 
lated, and by repeated applications of the Weierstrass-Picard theorem certain 
reducible integrals are found which all have the denominator y = Væ (i—z‘). . 
Among these there are three reducible by quadratic transformation, and are 
exactly the three given in equation (58), where they were obtained in an 
entirely different manner. Finally, the following theorem is obtained’: 


Ewery ie of the form 


i ymai f ti 


Hart di) MAGII ES e = 5 
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(where a, and b, are rational), is reducible to an elliptic integral, and there are no 
other hyperelliptic integrals of the first kind belonging to the equation 
y? = £ (1 — x) 


which are reducible by a transformation of any degree. 


The Cross-Ratio Group of n! Cremona Transformations 
of Order n—3 in Flat Space of n—8 Dimensions.* 


By Erraxm Hastines Moors, of Chicago. 


Introduction. 


The binary n-ic form has as an absolute irrational invariant the cross-ratio of 
any four of its roots. These cross-ratios are expressible rationally in terms of 
any n— 8 independent ones. If any particular system of n — 3 independent 
ratios be associated with a particular order of the n roots, by varying the order 
of the n roots, we shall have in all n! conjugate systems; these systems are 
expressible rationally in terms of the original system, and exactly so in terms 
of any system of the set. Hence arises, to speak geometrically, a group of n! 
Cremona transformations in flat space of n —3 dimensions. The various Cremona 
groups so obtained from the various initial systems are Cremona transformations 
of one another. In this paper I study more closely one of the simplest of such 
Cremona groups. 


§1. 


Definition of the cross-ratio group G, of Oremona transformations F. 


I recall certain fundamental properties of the cross-ratio rational function 
[æyzu] of the four independent variables xyzu: 


(x —a)(y — u) 


[eye] = Go ae—a) 





* This paper, with slight modifications, was read before the American Mathematical Society at the 
Buffalo meeting of the summer of 1896. 

The papers of G. Kohn, “Ueber die Erweiterung eines Grundbegriffes der Geometrie der Lage” 
(Mathematische Annalen, vol. 46, p. 285, 1895), and ‘‘ Die homogenen Coordinaten als Wurfcoordi- 
naten ” (Wiener Sitzungsberichte, vol. 104, p. 1167, 1895), have certain connections of content with the 
present (independent) paper. 


37 


wr 
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(a) [wyau] . [waren] = [wyzu]. 

(b) Ceyeu] = [yous] = [euxy] = [ways]. 

(c) [mye] = 0, [ewy]=0, [xyzd] = 1; [Olu] = u. 
(d) > [ayou]. [yxzu] =], [xyzu] + [zzyu] = 1. 


(e) The four quantities zyzu taken in all 4! = 24 orders give rise to six, 
and only six, different cross-ratios, and these are expressible as linear fractional 
functions of (any) one of them, viz. 


[ayers] a =a (à), [zzyu] = 1 — à =2 (4), 
E a = ml (a), [yxeu] = _ = 4 (à), 


“fein = =) [yeu] = 2 = 4 (2). 


(f) The cross-ratio [xyzi:] is invariant under cogredient linear fractional 
transformation. ` + 


av + b ` ; 
y = ened . (ad — be + 0) 





of its variables x, y, 2, w: - | 
[ayeu| = [ay g u]. 


(g) x, y, z being unequal, by the transformation 


PACE ss, 
(y—2)e—e) [dr 


_ (ad —bo= — (z —y)\(w — 2) (y—z) £ 0), 


which throws v= v, y, z tov = œ, 0, 1, we have 
| o [ey] = [v y tw] = [701d] = w. 


We take now n independent variables 
=. B. (@= 1, 2,.., n) (1) 
and consider the n (n — 1)(n — 2)(n — 3) cross-ratios 


xe Ti = [as 2 z], {t, J, k, i=] 1, 2,..,n). (2) 
Of the n ratios i 
i ARC RTE (=1,2..,n), {3) 
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the three r,, r,_1, r,_4 have the numerical values œ, 0, 1 respectively, while 
the n—8 remaining 7, (i= 1, 2,..,n—3) are obviously independent and 
form, we say, a fundamental system FRS mee 

R= (r, Tg, ETS Ts) | | (4) 


of n — 3 cross-ratios for the ‘rational expression (in accordance with the remarks. 
a, b, d) of -all the cross-ratios ry,. Indeed, by applying the transformation 
v = [2n 212V] to the n variables v = z,, we have (by g, f), since 7, = 2, 


Tiya = [ri Tr]. l (5) 
Similarly every order a of the n variables z ....2,, 
= a = (Za, 2a -` p Zah a | (6) 
gives rise to a corresponding fundamental system | 
RO = (rP, HP, oe a), T = [ras Zoe a Bane Zac) (7) 


($221, 2,..,n—8). 


The two fundamental systems À, R are, of course, expressible each in terms 
of the other. We write the system of n — 3 equations 
r = re T'as fanata] = ff (Tis Toy. Ta) ' (8) 
: (f= 1, 8,..,n—8) 
more compactly 


(r®, r, LR | 7 3) = (AX, JO, ” s : Se sri, Tey sey Ta); (8') 
or Le RO = FOR, F x (8") 


where, on the right, F® = (ff, AP, ...., fits) is a system of n — 3 functional 
operators each on n — 3 arguments. | 


Now, in a flat space R,_, of n— 3 dimensions, a point R being determined 
by the n — 3 non-homogeneous point-coordinates 7, 


R=(n, 7. z isd Tn—s)» . (9) 


we determine by 
R= FOR, - (10) 


a 1, 1 rational point-transformation ; that is, a Cremona transformation F® of 
` the flat space R,_3. The order of this transformation F®, that is, the order of 
the (n—4)-way locus-spread in the flat space #,-, of points Æ which corres- 
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ponds to the general linear (flat) spread #,_, in the flat ane R,_, of points 
EF, is \ e 
é lifa,=n, n—3ifa tn. 
For, indeed, the transformation F® (8, 8): 
RÉ Oe, LE 


Tan Ta Past Pass Te EN Te 
z= LA An —2 (== BY Sty a apd ün—i BES rin Ga —1 a) 


ere ? 
Tan mie a N Tan Ta, Pan — Tai Ta, — T, 


` is for the four cases TR Anis Ang) Qj (J Sn — 3), when we recall that r, = œ: 


mn) EE EEE LE 
Tasa T Tani Ta | Tanı Vw 
me he, g o aaa pean Ve 2e (11,) 
Tan nt Van Hs Tour Vans Tama — Tan: 
p ‘ ae I 
ap =n) Tis eee s Pis oeeo Tag ; 
won Van Tam Tan Tass . Tan — Tan—s | (11,) 
<<<. 
Van" To Van T'as Van — Tan: 
= À 1 
apla = N) Tir ree Tis ers ys Nys 
Pass T Pass ET Pan: T 7. 
=en Ta ne Het mes, (11a) 
aT Tan — Tas Tan — Tans 
~— I 
a; = n) Phone 
Pass r NA 
= Je Tes (L... Mee yds) (114) 
anni Tan Tan Ta f 
Gj i=1, 2, .. , n—8). 
The literal substitution a 
Q = Z 4 , Zi ’ i ) = (2; 2a). (12) 
Ba see ys Bap -y Ban 


| changes the initial order o to the order a. There is a composition of substitutions 
ab = 7, (2 Ba)(% Z) == (alah (= 5,:4=1, 2,..,n), (13) 
and similarly a composition of orders ` 
ab = 6, (Za, + + am)(2r, + + Zon) = (Zo, + » Zea) (cq = ba: k =l, Ree n). (14) 
The order c = ab is derived from the order b by the same posen permuta: 
tion as the order a = ao from the order o. 


Hence, just as R® = FO R= FO RO (8"), so LOS RO = FOR, But 
RƏ = FÀ R® and RO == FOR, Thus, corresponding to (13) and (14), we have 
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the composition of cross-ratio transformations F™ : 
Eh FO pr. (15) 
R= FOR, R= FOR; R'=FO(FOR)= FOR, 

The n! substitutions a form the symmetric substitution-group G”, of 
order n |. 

The n! transformations R' = FR (8") of the flat space R,_, are for n>5* 
distinct,f and form a holoedrically isomorphic transformation- -group G@,, which, 
from its source, I call the cross-ratio transformation-group G, of the flat fase of 
n — 3 dimensions R, 

The (n—1)! tee Fa) (a = 1) form by themselves a collineation 
group Gan: holoedrically isomorphic with the symmetric substitution-group 

Mi, On the n— 1 letters z, .... Zai- 

The remaining n!— (n— 1)! transformations F® are Cremona transforma- 

tions of order n — 8. 


§2. 


The Sato -group Gin, Of the transformations F® (a, = n) is the (Klein’s) 
group of (n—1) collineations permuting amongst themselves in 








all possible ways certain n—1 points P,,...., Pay. 
We introduce the homogeneous point-coordinates x, 
R= (f, ce Paa) = (ys ey Bg i Bash (16) 
*For n==4, the group is made up of the six linear fractional transformations t=% (r) ` 
(¢=0,1,....,6). This well-known group plays a fundamental rôle in the theory of the binary 
quartic. ə» 


The general cross-ratio group Gn! (n > 5) I obtained in 1895. 

Mr. Slaught, in his forthcoming Chicago dissertation, discusses in detail the group for n == 6. 

The group for n = 5 has been given (from a standpoint quite different) by Mr. 8. Kantor, ' Theorie 
der endlichen Gruppen von eindeutiger Transformationen in der Ebene” (Berlin, 1885, pp. 11, 19, 61, 
52, 105). And Mr. Kantor may have somewhere indicated the generalization to n —=n. 

tIf the two transformations #, F® are identical: FR FR for every point R, then denoting 
by a’ the order reciprocal to a (a/a—o) and by c the product o/b one has FOR= FR, that is, 


when one lets the point À depend as in (9, 8) upon the n variables & (1), 
| [een Len à Lens Loi] = Len Za 1 2-2), (G=1,....,n—8). 


The z's being general variables, this implies for every i that the two tetrads Zos %en1 Zem Ress Zu 2 18 3 AA 
are the same order apart, whence the fixed triads ges 2¢,—12ca—2, 2x2 Ža —2 are the same and so the 
residual 21,2. Thuse;=¢ for i=1,....,n—8, and, indeed (by e), fori =1,...., n. That is, the 
orders ¢ and o are the same, and likewise the orders a and b. 
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where E l Ti = Bif Eass (i= 1,2, .., n— 3). (17) 
It is convenient to introduce also the symbols 2,_,, x, with the respective 
values g, 1 = 0, a= œ, Then, remembering that 7,_,= 1, 7,-;=0,7,= ©, 


we have Mai 
Ti = h| Lpg i “=, ees n), (17) 


We introduce also the supernumerary homogeneous point-coordinates y: 


gum 
= Sante (6-1) a= Yn—1 — Y | (18) 
: s Aa G=1,..,9—1) 
with the identity 


tanei eX | 
Su=o, k | (19) 
i=l E . 
The collineation F (a, = n) (an) is then 
U E Ba Ta, (= 1, 9,..,n—2), | . (20) 
or i MYL =E Ya (i= 1, 2, ..,n— 1), (20° 


where u is a proportionality-factor. 

The group Ga—, of (n— 1)! collineations FO as =n) is then Klein’s 
group.* It permutes amongst themselves in all possible ways the n — 1 points 
P,(j=1,2%....,n—1): Lun 2: 


/ 


(is its too then) (li: &—(n— 92.031), - (21) 
Cc ee eer) =(0:..:0:..: 1 : ++ 10), (J Fn— t), 
(as ..1m5........:8,.)=(l'..:1:: 1), (j=n—1), 


which are more conveniently given by the use of Kronecker’s symbol ô, with 
the definition : 


i 


da= OH), == eN - (22) 





* Klein, “Ueber eine geometrische Repräsentation der Resolventen algebraischer Gleichungen ” 
(Mathematische Annalen, vol. IV, pp. 846-858, 1871). 
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By a change of coordinate-system, this may be written | : 
. un = 07 lol, (i—1,2,..,n—%2). (29). 


This normal form of the equation of the curve shows that just as to every 
parameter-value.o one point of the curve corresponds, sò also to every point of 
the curve one parameter-value corresponds. 


The flat Ry, 


ima—2 


> La, = 0 = (30) 
i=] > 
meets the curve in the n — 3. points orei to the n= 8 roots o = 0/04 
of the equation 


i=n—3 à 

Sopot 1— 0, . (31). 
i=l 

and, conversely, any n — 3 pn of the curve lie in one and only one flat 

R,- 4° 

This normal coordinate-system is fully defined by the curve and the three 
points o =, 0, 1 on the curve; the (n— 4)-flat «,= 0 is the flat meeting the 
curve in the point c = 0 n — 2 — i times, and in the point o = œ +—1 times; 
the unit-point a= .... =9,_, is the point o = 1. 

By a linear homogeneous substitution on the oj, 03, i. e., by a hear frac- 
tional substitution on the parameter o, we change the distribution of the param- . 
eter-values over the points of the curve. There are œ? such distributions and 
correspondingly œ? normal coordinate-systems. 

If a curve is given twice, once with the parameter c PT ‘once with the 
parameter +, then n 


o= mae . Gamat; ° 
i. e., the œ? distributions of the prodeding remark ha all sobsible distribu- 
tions. For, at least, we can so determine ay that +, where 
+o’ N 
shall be œ, 0, 1 at tho same pnk at which o is œ, 0, 1. Then the two distri- 
butions o, x’ lead to the same normal coordinate-system, and hence, indeed, 
=T. 
88 


A t MEZ 
vs tac 


288 Moore: The Cross-Ratio Group of n! Cremona Transformations 


Hence for every parameter-distribution the cross-ratio of the parameters of 
‘any certain four points of the curve is the same, and we speak of the cross- 
ratio of four pointe of the curve. ; 

By a collineation of the Ras, which throws one normal coordinate-system 
into another, the curve is thrown into itself; on the curve, the point o = a, (with 
respect to a fixed parameter-distribution) is thrown to the point o = oj, where 
ol = (ao, + B)/(y05 + 8). These œ? collineations of the curve into itself are 
‘the only” ones. 

Through any system of n linearly independent points Q (J = 1, 2, .... ,n) of 
the Ras one and only one rational -curve Si,n—3,n—3 passes. By proper deter- . 
mination of the coordinate-system, we may set: 


Q: Cit an Ge POR aea rA aar a E r eaa Ooan aree.. (38) 
i X (J=1,3,. :n— 3), 
O eaa ua eee D T A EEE :1, 
Qu: RE E E EEE a E ae E A E EEE eet an 
where no & is 0 and no two é’s are equal. Let the parameter ø on the rational 
curve take the value o = à, at Q; (J = 1, 2, ....,n). We fix the parameter o 
by the conditions 4, = œ, 4,1 = 0,a,-g=1. Setting 
jon om 2 


G (01, 02) =I (oi —Ajyox), Go, 03) = gi 4 (01, 03) / (01 = Ais), | (34) 
©- (=1,8,.,.,n—3), ` | 


where the g;’s are constants, we have as parametric representation of the most 
general rational curve Sj, ,~3,,—s containing. the points @, with the respective 


parametric values o = A,(j = 1, 2,....,n— 2), 
us; = Gi (0, 03), (@=1, 2,..,n— 2). (35) 
The condition that the curve-point o=A,_,=0 shall be Q,_; is Wg: = a, 
(i= 1, 2,.... , n — 2), and the condition that the curve-point o =a, = œ shall 
be Q, is u” gi = & (i = 1, 2, .... , n — 2). We set then in (34, 35) 


nas M=ẸlE a = 1%-.,n— 2), (36) 
and have, indeed, in (35) the single rational curve i, ns, »—3 Which contains the 
n points Q (f 71, 2,....,n). (That the determinant |gy| #0 is a conse- 
quence of the linear independence of the points Q,.) 








* This theorem is given, for instance, by Meyer, “ Apolarität und rationale Curven,” p. 898, 186$. 


` 
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where p m Ti = Li Ea 23 (@=1,2,..,2— 3). (17) 

It is convenient to introduce also the symbols z,_,, 2, with the respective 
values x,_.1== 0,2, = œ. Then, remembering that 7,_,= 1, Ta- = 0,7, = œ, 
we have l ; | 
DEEE ET Gass nN) (171) 


We introduce also the supernumerary homogeneous point-coordinates y : 
gn : 
n=Y Tg — (n — 1) x, GDS Ya- — Y - (18) 
: FTI 622d) 
with the identity . 
‘ š 4 — 1 . $ 
>` eds ` (19) 
tue] ` : 
The collineation F(a, =n) (11,) is then 
pte = gy — Aa», (i=1%..,n—2) (20) 
or i HY =E Yas (i= 1, 2, .. , n— 1), (20°) 
where u is a P 
The group Gay: of (n — 1)! éallineations Fo ie n) is then Klein’s 


group.* It permutes amongst themselves i in all possible ways the n — 1 points 
P,(1= 1, 2, . sang 1): , i « d 


ENET ET E E S E O E (21) 
(Aie PE ee mt. m3) EE (0:.,:0:.,: 1 tet), (j#n—1), 


Gimme (LE eee tees :1), (j=n—1), 


which are more conveniently given by the use of Kronecker’s symbol Oy with 


the definition : 
$4=0 (Hi), Du dn e (22) 





* Klein, “Ueber eine geometrische Repräsentation der Resolventen algebraischer Gleichungen ” 
(Mathematische Annalen, vol. IV, pp. 846-858, 1871). 
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the composition of cross-ratio transformations F'® : 
FO FO — Fro) l (15) 
R= FOR, R= _ FOR; R= — Fo (FO R) = — FOR. | ù 


The n! substitutions a form the symmetric eubstitution-group Gh, of 
order n |. í 

The n! transformations R! = FOR (8”) of the flat space R,_, are for n> 6* 
distinct,f and form a holoedrically isomorphic Por group G,, which, 
from its source, I call the cross-ratio trangformation-group G,, of the flat space of 
n — 3 dimensions Ras. a 

_ The (n—1)!-collineations F® (a, — 1) form by themselves a collineation 

group Qan: holoedrically isomorphic with the symmetric. substitution- -group 
Gi, on the n— 1 letters 2, ....2,_:. 

The remaining n!— (n — D transformations F® are Cremona transforma- 
tions of order n— 3. 


§2. 
‘The collineation-group Gig, of the transformations F (a, = n) is the (Klein’s) 
group of (n—-1) collineations permuting amongst themselves in 





. all possible ways certain n—1 points P,,...., Paai 
We introduce the homogeneous point-coordinates æ, 
R= (ty - ++ 1 res) = (mimi... Banat as), (16) 
*For n==4, the group is made up of the six linear fractional transformations r=) 
(¢=0,1,....,5).. This well-known group plays a fundamental rôle in the theory of the binary 
quartic. ÿ 


The general cross-ratio group Gn! (n > 5) I obtained in 1885. 

Mr. Slaught, in his forthcoming Chicago dissertation, discusses in detail the group for n= 6. 

The group for n = 5 has been given (from a standpoint quite different) by Mr. 8. Kantor, ‘* Theorie 
der endlichen Gruppen von "eindeutiger Transformationen in der Ebene ” (Berlin, 1695, pp. 11, 19, 51, 
52,105). And Mr. Kantor may have somewhere indicated the generalization ton=n. 

tIf the two transformations F4), F® are identical: FOR= FR for every point R, then denoting 
by a’ the order reciprocal to a (4 a—o) and by ¢ the. product ob one has FOR= FR, that-is, 


when one lets the point À depend as in (9,8) upon the n variables z (1), 
[Zen Len 1 Zoas Zoi) E [ati Ril (i=1,....,n—8). 


The z's being general variables, this implies for every {À that the two tetrads Zen Zoni Zea- Zois Mu En 18 s Bi 
are the same order apart, whence the fixed triads Zon Zen—1%n —2) 2n%s—1 2,2 are the same and so the 
residual Ze %. Thus a =i for i=1,....,n—68, and, indeed (by e), for i=1,...., n. That is, the 
orders c and o are the same, and likewise the orders a and b. Sa 
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85. 


The. cross-ratio transformation group G,,{F} is thus projectively determined 
by its fundamental (n —1)-gon P; (j= 1, 2,..,n—1): 


If P, is any point linearly independent of the P,(j==1, 2,..,n— 1),. 
then the transformation F®, R = FOR, throws the point R= P; to 
the point R! = POP, such that the two n-gons | 
$ Z. P P,. saute Par B Piee PaP 
are projective. ' ` f 
We take any system of n linearly independent points P, (i= 1, 2,.., n) of- 
the flat R,_,. Through them one and only one rational curve Sh, »—s, n—s passes 
(§4). Identifying them taken in any order á = (P, .. Pa) with the n points 
(Q.. Qu) of §4, P= Q= PP, we determine the homogeneous coordinate 


system (æ:....:x,_.) of or say (a\”:..:a,), and the corresponding non- 
homogeneous ae (7, .. r3) hrs 7 = gPa (i= 1, 2,..,n— 2). 
Then P, is say 

Pay (offs. .cofh eB. Es), P. a = p,. «1, pes). (37) 


The parameter o® of the curve shall take at P,, the value o® = A” and in par- 
ticular at Pas Pais Pana the respective values A% =o, A®,=0, AM ,=1. 
Then since by §4 (36), Af? = EP JESL, (E= 1, 2,.., n — 2), we-have eo 
AP =P, (i=1, 2,.., n— 2). (38) 
Further by (4), l 
As ne [ ©0140] = porn [AP ag ae 148 Ae] = — [Pan Po. Pe. PP ies eteraj? (39) 


We now refer ‘everything to the original order o—(P,..P,), and drop the 
(0) from the a;, Ta Ers pi, Or A. We further identify the n — 1 points P}... Pai 
with the n — 1 fundamental points P,..P,_, of the cross-ratio transformation 
group G, 1 (§2). Í 

The {s are expressed in the xps identically thus: 


j=n—2 ; 
is wa = 2 day (@=1,..,m—2), (40) 


where y is a proportionality factor and the gs are constants whose determinant. 
is not 0, 
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The collineation . ` | s 
jan 7 
ey = ual? => dam n=, i 41). 
| te ae +5 n— 2) 
throws P,, to P,(¢= 1, 2,..,n—1), and, as I shall prove, P, to FP,. 
In fact, since (§4) the cross-ratio of four points on the curvé is He 
of the choice of parameter, we have 


A = [Pa Pis os , Paidin curro) = [Aan Aan 1 Dan.. s Aad = FO (as Aas, An—s)s (42) 
(i= 1, 2, ..,n—8). ; 


Further, since Af? = p and A, = p;, the collineation (41) : 


mn ri=r,. (i= 1, 2,..,n— 3), (41) 
does indeed throw the point o 
R= Pa: r= pf (i=1, 2..,n— 3) (48) 
to the point ; : 
P R = F®P,: r= fo (pis Pss ees Pa—s) ; (44) 
- (=1,2,..,n—8). : 
§6. 


The a points of the transformations F 
and binary n-ic forms with collineations into themselves. 


| We consider (only) the fixed points which are linearly independent of the 
n—1 fundamental points P; .. P,_, of the group Gni, 
Jf R= P, is such a fixed point for the transformation F, then (§5) w we 
have the projectivity ; 
| (Pi Pas Pas P,] 7 LP Pa, ++ Pa Pa]. (45) 


The collineation (41) throws the n-gon into itself, and hence the rational curve 
Sins ns through the n points P, into itself, and on the curve is equivalent to 
a collineation of the fundamental parameter ø. To the n points P, corresponds 
then a binary n-ic form in 0, 6,(o = 0./0,) with a collineation into itself. 
Conversely, to every binary n-ic form H (o1, 63) (n > 4) of non-vanishing 
discriminant invariant (up to a constant factor) under a group of d binary col- 
-lineations G4, where then d is a factor of n!, corresponds n!/d points P, in the 
` R,_, each invariant under a subgroup G of d transformations F® of the cross- 


\ 
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ratio group &,,; these n!/d points and subgroups are conjugate under the main 
group. We determine these points P, by linearly transforming A (oy, 53) in all 
- possible ways into a normal form H (o, “de) with the factor ir 0a (01 — 02). If 


ton—3 


Hlo, 92) = 01 00 — 0) [I (0, A) then the point 4,=4,(t=1, 2,,.,n—3) 


is such a point P,. 

Obviously if the A/s of the normal form H(o,, c) depend upon certain ¢ 
arbitrary, parameters 6,,..,0(¢<(n—8), then the locus of the point 
P, (6,,.., &) is a t-fold spree fixed by points under the corresponding group 
G, of d natation F”, 

Now Klein (e. g., in his “ Vorlesungen über das Ikosaeder...,” 1884) has 
determined all finite groups of binary collineations and the corresponding systems 
of invariant binary forms. In order to apply the preceding theory for any par- 
ticular value of n, it is then comparatively easy to determine* the binary n-ic ` 
forms of non-vanishing discriminant with collineations into themselves. l 


If we consider only the collineations F® (a,== n), we have in this §6 results 
connecting the fixed points of Klein’s group of (n—1)! collineations in R,_; 
with the binary n-ic forms invariant under binary collineations for each of which 
one of the fixed points is a zero point of the n-ic form. a 

Ter Untvgnsrry OF CHI0AGO. 
* See, for instance, Bolza, ‘On Binary Sextics with Linear Transformations into Themselves ” 


(American Journal of Mathematics, vol. 10, pp. 47-70). - 
For n = § the results may be compared with those obtained directly by Mr. Slaught. 


Asymptotic Evaluation of certain Totient Sums. 


By Derriox Norman LERMER. 


INTRODUCTION, 


This investigation is the outcome of an attempt to account for what seems 
to be a remarkable law first observed in particular cases in 1895. It may be 
stated as follows: 

Consider any set 8 of k linear forms, peta (i=1.... $), all of which 
‘have the same modulus a, and where [a, b;] = 1.* Consider, further, a function 
©,(x) such that ©, (x) = 1 or 0, according as each of the prime divisors of x 
belongs to one of the forms of the set s or not. If then » (x) denotes the num- _ 
ber of distinct PASS inæ, we have. 


$ 2”) ©, (a) 
im os os == constant. ` 

In the following we shall prove this law where s is the set of linear forms 
belonging to a binary quadratic form. We shall also determine the constant in 
this case. | | 

In the investigation of this law, it seemed necessary to construct a more 

general theory of what Professor Sylvester has called the Totient Function—the 
function which denotes the number of integers not greater than a given number 
and prime to it. Euler, the -first to discuss the function, denotes it by x(x). 
Sylvester denotes it by + (a): Most continental writers follow Gauss, and denote : 
it by (x). We shall denote it by $, (x), as a special case of a more general 
function #,, (x), which we have called the Multiple Totient of x of multiplicity 
m, or the m-fold totient of x. 


* [a, b] have? as always, denotes the greatest common divisor of a and b. 


39 
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= MULTIPLE Torrents. 


The io totient of an integer x being defined as aie number of integers 
y such that ` l ' 


æ2y21 
and | nn... RES 


we have as a generalization the following definition : 
DEFINITION : The m: fold totient of an integer x is the number of different sets 
of integers . 
me GT. Um 
which satisfy the conditions — : | i | 
| | ee -22m21, (¢=1....m), 
and — Ps _ fe, Wy Em M]. 


Two sets are e considered diferent unless they contain thes game integers arranged à in the 
same order. . 
Let x be given in terms of ite component primes 
: | w= Ter. 
. o 


; Disregard, for the moment the second condition. The number of sets is then æ" 
since each of the m elements x, may run perce through the value 


1, 2, . æ. Now; among these values there are T multiples 7 Pie Ther 
it 


-: will dian be a) sets where each element is a meee of pi. Similarly: ‘hen 





- will be fs 5 vi sets where each element is a nie of IL Pi- . The familia 
(TIn: 


; principle of cross-classification* : gives as. the required number of sets 


| TI (1— ae) which i is the formula for the m-fold totient of a, for a 1 


t=] 





*See note on the principle of cross-classification at the sad of this chapter. 
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For a == 1 we have the m-fold totient equal to unity. Denoting it by Pa (x), we 
. have the theorem : ; 


Tarore I. Fors = [0 EL 


Beeta i=l 
: 1 
= ga" 1 —}, 
COLE i or). 
and an on (1)= 1. | 


The Data for ?” (2) may be written in different forms easily obtainable from 
this. Thus: 


Pu (x) = tere (p? —1); 


i=l 


with again the understanding that a(t) = = 1. A third important form is given 
in the ‘theorem: | 


Tarorex IT @,(x)=2" THE a (d) - 
' -. @) 
the sum extending over all d's which are divisors of x, and u being Mertens's Func- 
tion (cf. Orelle’s Journal, vol. LXXVII, p. 289, 1874), defined as follows : 
u = =1, | 

_ and “eG u (æ) = (—1} or 0, 
according as each of the à distinct primes in x occurs to the first power or not. 

We shall see that for every theorem connected with the ordinary totient 
_ $,(a) there is a corresponding one in the ae Of the function Pn (2). The 


following theorem is evident : 
Tusorem IL. fe and y are relative primes, 


On (2) On (y) = Pa (zy). 


Also we can show the following 
THKOREX IV. Se g= 


(4) 


the sum extending over all.d’s which are divisors of z. 
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For we have, when x > 1, 


$n (x) = I (pt ee 
and the sum in question may be ben 


pu ÿ Pa (pi): 
: =l k0 
Now for k = 0, pa (p9 = 1. ‘Otherwise, it is given by the formula above as 
| | Pi pt pple a | 
The terms of the sum are thén seen to cancel in pairs except the last one, which is 
pi". The expréssion is then equal’ to [[ pt" =x". Hence the theorem. 
x ` < ` i=l, A : 
The following theorem is of importance also : 


Turorem V, Gu (2°) = OTI On (x), 


Weh ce à a 
e have e =a" G) 


and io es a 2 1N 
al) =e" T] (1). 
ca a aee) 
By division the theorem follows. 


© We shall need to express , (xy), in- terms of Pn D. To this end we prove 
the fundamental theorem : 


THEOREM VI. 


om (2) = T Lo — pr a (y, PI Pa O): 


where À (y, p) = 0 or 1, according as p, is or is not a divisor of ye 


Let y=il{ rt, where [7, x] = 1, and B,>0. 


{=l 


We havi 2 
TRN Pm (xy) = IL [pret RED (pr — 1)] On (2) ; 


=T] [pre (pr — 1) Te Pa (1). 
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If, now, B #0, the expression pr (p7 — 1)®, (1) is equal to a (pil). 
If however, B,=— 0, this change cannot be made, but in this event p: is not a 
factor of y. Thus the product of the p?’s that do go over into the @,, function is, 
when multiplied by.{, precisely y itself. The factor left outside when B, = 0 is 
pro) (pr — 1). If B; +: 0, the factor is pr*, and the theorem is proved. 
. It follows from this theorem that if y runs through the values 1, 2,3, .:.., 


the coefficient of >, @) on the right will be HO of period IT Pie For, if 


i=l 


y= =y Ca Il [ vs): thes Pp: divides y when, and only when it divides y or 


N o. A PISA, p), 
For example, in the case of the ordinary totient, (m = 1); we have for s = 18: 
| h(181)= 6% (1), 
$1 (18.2) = 129, (2), 
$1 (18.3). = 9 ĝı (3), 
(18.4) = 12@, (4), 
“9 (18.5) = 6 9; (5), 
he ~ ĝı (18.6) = 18 9, (6). 


The coefficients now recur, the period being 2.3 = 6. 
We define now two functions by the following equations: 
Ce] 
Da (2; n, = Ñ pa (©), 


baa 


and 





Q, (x, n, k) = 5 l geil, 


where m, n-and k are positive integers greater than zero, and % is positive but: 
not necessarily integral, Lz] denotes here, as always, the greatest integer in T ; 


In studying these functions we shall also need the function S(s, k) defined by 


the equation 
fe] 


“8, k) = “a 


bus] 
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We shall also need the well-known theorem, 
| | | 
_[91= re]. 
[z] 


ae DOn Ga 1)= S(e, maa: 


THEOREM VII. 


To show this theorem, we take the first dire of the function on the 
left with oe to [x]. This may be written 
ny, Th 


Jen “fe TE 1 Pb, 
Sire fes (Fr 1) 0 (25 

Now, if 7 does not divide [x], the expression in the braces will vanish. Tf, on 
. the other hand, j is a divisor of fx], 4 eae ee the expression in braces 


becomes 
(BD). 


` But this, by Theorem V, is ae to 
| A he -0 x 
Epea (G). 
The first difference in question may thèn be written : 


Zerv-2e (ET, 


@ 





where the sum is extended over all ds which are divisors of [x]: If we put 
dd = [x], this becomes = 
> [ene (2), 

i 0 | 
where again the sum extends over all tire divisors, d', of [x]. By Theorem IV 
this is [2]™. Since now Py (1, 2,.1) = 1™, the theorem follows. 

In precisely the same way we éan prove : 
THEOREM VII. | 
$ 


NE | i On (gos = SG, mt) 


PE 
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Making-use of the well-known recursion formula for Mertens’s Function (cf. 
Bachmann, “Zahlentheorie,” vol. II, p. 310), we easily derive from the formula 
of Theorem VII the following: 

: | i {al : 
Èn (a, n, 1) = Ñ u (i) "S ($ à thm) 
| To; i . 

This theorem is of cardinal importance for the sequel, as is also the corres- 

ponding theorem for the Q function, which is proved in ee the same way 


starting from Theorem VIII. 
“Taroren X. 


ai. n, jay ag u(t) g (F, nn). | 


| Similar formulæ for the general case where 4 > 1 do not appear to be 
obtainable, but we may find a general reduction formula by which we may 
reduce the general formule. 


tow J Pr ‘ 
an = pre p — 1) Da (En, #) 


pren Ap Gr PH). 


Tasoreu XI. ee [Ip and je then 


To prove. this formule, we observe that when à is pune to Pr: We have, by 
. Theorem VI, 

| Pa (TA) = peer? (p, — 1) pa (è kW”). 
Assuming for the moment that à is prime to p, fri= l ies [=] , we get 


on the left by summing. , 
| CE 
aie (x, n, B, 


La 


by definition. On the right, we kaye 


prémi i m 1) see i), 
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Now, since 





[= 
e 
this last is by definition 

aon De (Fe n, #) j 


` We must now correct for those terms where à is not pine to p,; that is, for 


a i = p,, 2p,, BP, , yee y [E] 


For such terms we have, by Theorem vI. 
Pn (E E) = ph” Qu (C H). 


But we have already taken such terms with a coefficient prend (p, — 1), sò we . 
have only to add the. sum : 


prear) > . (ir H”); 


() 


where the sum is extended over the values of ¢ as given above, viz.: 


ip. ? m a 


pre D pnp), 
where now ¢ takes the values 
Cl 
k 


Pr 


that is, ; f fn. 
| at=, 9, 3, T 





We might write this sum, 





i=l 2,3,.... 
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Let, now, a be any positive number. Then we have 


n+l 
S(x, n) = kr + Aso, 


n)? 


as above. Put now [x]=2—o,, where 0<0o,< 1, and we have, by Taylor’s 
theorem, 
[a ned (x — 7 À t? gh tl 


n+1 nti = AT ele op), 
where 0<6<1. We have, therefore, 


S (z, = An | 


where A; (æ, n) = Ase, n) DNR Oy (x wao - fo)". 
Now, both terms on the right are essentially positive, and their difference is less 
than the greater of them. The greatest value of o, (x — 00.) is obtained by 


putting o,=1, 0 = 0, which gives x". The theorem follows. 
Taxoneu IL. For æ>1, 


S(x, = 1) = log x + Ast, —1)1 | 
where S | Age, -n|< 4: 
We have a well-known formula for S(x, —1), (cf. Boole, “Finite Differences,” 
p- 93), when æ is integral, namely : | 


S(x, — 1) = log x + Age, -n 


where 
Asen =+ a ESS Te 
ral A Fe wr 
(e denotes Huler’s constant 577215 ...., and the B’s are Bernaulli’s numbers.) 
It is seen at once that | 
By 1 


| Agi, 2) | Se +4 +2 ii a 
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But we also have (Boole, ‘ Finite Differences,” p. 109), 








Buns & 1 2 æ 

(2)! PÈ ; a S (2m)* 6 ` 
Also, since (22)* > La i, we have 

g Bx 2 
| (2%) | Sy? 
so that | Hi 
| Age, —»| Se+4 +2 uni 
<8. 


In case œ is not an integer, we have as above, 
S (x, — 1) = log [æ] + Ass, —1)) 
and putting [x] = æ — c.s, where 0So,< 1, 


S(x, = 1) = log wm log (1— <2.) + Age, —1): 
We wish to examine the absolute value of ` 


log (1— = , or of log G mt) i 


Now, for [x] 21, we have 

















< Lor Mie 
nés) |S [sca | 
and since o, < 1, 

[iog (1— Slog} <1, 





and the theorem follows. 
Tasorem II]. Fora>1,andn >l, 


S(x, TN - 1) — D + Asie, =n)?! 


where 1> 
| = , and: | Age, wm |S +=: 
‘ Dim =} + | Bs } [x] 
We have à e 4 
i Fs Age, — n) = — oain 


n 
TH) 
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BO 


= ‘1 1 
14am -wl S2, JUIS 


We can now find an Ai Ox minte formula for our function 


D, (2, 7, A} 
Tnrorru IV. 


mth 
Pn (x, n, 1) = na mats m(Z, n, 1), | 


where | 


1 


Deny = => FA and |A®,(x,7, DIS Ant log x, 


A being finite and independent of x, m and n. 
We start from Theorem X of the preceding chapter, 
[=] 


Pa a 1)= A SĘ ima). 


Writing in our PENT for S (+ ; mn), this hecomes equal to M +N, where 


a N= 5, (i) it" As (5 mn). 


imi 
a(g) Se S) 


is] 1 
INI S 3 S. = . 
e t=} 
Since m>1, | | 


. since now. 





we have, putting w(t) = 1, 


ts) 
[wiser 2 
{=l 


| <A, 2™* log +, 
where A, is finite and independent of x, m and n. 
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We pecak up M into two parts: - 











| M=P+Q, 
- where ott yu (à) 
~~ mn + 12 ae 
` | x 3 D gtl 1 
mn +1 Dery’ 
and o> garer $ A 
i mn + li 
Now | i gtd A 1 
< 
ME es RTE 
mstl > w 1 
L P Pope 
“mtl, uit —1) . 
a+. | 
. mn +i tel 
< Aa" ’ 5 
< Aa" log a, 


where Ag is finite and independent of ~, m and n. The theorem follows. 
. Tarorem V. For any prime p > 1, 


ga" tl x NERS 
Pelen PS Gee i FEUGIAT Dant date np) 
where Dm t is defined as in the preceding theorem, and * 
[Abn (x, n, p*)|<Aa™ log w, 
l A EIAN and independent of x,m and n. 
By Theorem XII of the preceding iad we have: 


©, (a, n, p°) = pep i) Spree, Ge" 1), 


gm 0 e 





where 7 is the first value of 7 for which els = 0. Put in this expression the 


value of D, (x, n; 1) obtained in the Seats theorem. We may write the 
result equal to M+ N, where 
l 


M= (p—ig™t 1 Dim 4-1) > 1 


ROLL By pee 
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and 





varaio oan n) 
We have then 7 
msa es cr) 2 
< Ax “Togs 


where 4, is finite and independent of œ, m and n. Also we may write 





M=P+Q, 
where aif (p — 1) ge +1 
P= MON 
: ore mn +1 1 D >= Eee 
and z ma p—1 neti 1 © 1 
Q T pts mn + 1 Dont ye, BPD! . 


Now > -1 1 1 
Sty per = peri AST 
~ and from our definition of l, ; 
| pH De 
` Since p occurs to a higher power than this in thé denominator on the right in 
-the equation TO Q, we may write | 


è | Q|< ga" S Aa" log a, 


where A; is finite and independent ofz, mandn. 


_ Finally, since š 
yrr tı ` 


~ mn + 1 tea Pp FF =a’ 
the theorem is proved. 


‘We will now derive à formula of neo for ®, (æ, n; k). For 
shortness of expression, we define a function P (m, k) by the equation 


r 


| — I 
Pr, C =l PET G= ays . | 





where k= Il př, and where also we understand 


ml 
= Poy = 1. 
41 f 
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We denote also, as in the preceding theorems, by Dat the sum ÿ F 
iaj 
We prove now the general teog: 
- Turorew VI. oa 


; gue tt pac Eim k) 
Pn (a, n, k) = De Pan + Ao, n (2, n, k), 


where e (AP, (x, n, %)| S42" log æ, 





A being finite and independent of x, mand n. 
Buppose that the theorem holds for Pn (z, n, , #), where W = = —, k being 


equal to Il pe. 


tea] 


We have, by Theorem XII of the ie chapter, 
: Pn (a, n; k) = per? Gr NS yen, ex n, #) , 
Y , ` j=0 Pr à 


_ where / is the first value of j for which Fi = 0, By the hypothesis we may 
write this equal to # + N, where 


Mere | gmat ` P 
M= Pe- pe 
Pr +e mn + 1. Dar À Don i 


maia w). 


We may, then, proceed exactly as in the preceding theorem, and the result 
shows that if the theorem is true for # it is true fork. But in the preceding 
theorem we have proved it for k== p*. Itis, therefore, true in general. 

For the particular case of the ordinary totient, we have m=n=k=1, 








LA 


and 


N = 








and P(mk)=1, while Dy = A, Our formula gives, therefore, 
à 
= e+ A, 


"where |A| < Ax les. a well-known result (Dirichlet, Werke, vol. II, pP- 60; 
Mertens, Crelle’s Journal, vol. LXXVII, p. 289, 1874). Re 


2 | 


mow 
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The above results may be looked upon as ère in connection with the 

function Q, (x, n, k), where n is negative or zero. The case n = 1 is important 

` for the sequel, and a treatment ey similar to the one used above will give 
Tasorex VII. 


Qn (2, 1, ie les + Aou (g, 1, K), 
5 (m+) 


where [Aon (@, 1,4] <Aloga, - 


A being ibe and independent of x, mand n. 
This is seen to be the same-as would be Ha by: the foida for 
a (x, 0, k). 
e case Q (x, 2, k) must be mak ee since in that case 


(+ , — m (n — -1)) becomes s(+ y — 1) , and the formula of Theorem II must 
‘be aaea We start with Theorem X of the preceding a dail and write ` 


Qt, = S “se. - 1); 


which gives Q, (æ, 2, 1)= M+ N, where 


and 


N ay u (J) 
geal 
Therefore, . a NIS < 4 4s < Ay 
A, being finite and indepeadénl ofw. 
We also write  M=P+R, 
here ` | | | uli 
i P > loge 
Jml i 
+ [a] * 
oT lols) li. 
jar d 
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Now logj< ji, 80 — 


IQIS È pn 
which’ is a finite series. ot Dirichlet-Dedekind, t Zahlentheorie,” p. 804). 
Finally, we put P= R + 8, where 
= S &(3) — logg 
pes eo D, 
. and < logg 


DEO Sen. 


j= [s] + 





Collecting results, we have . 
Q(z, 2,1) = sge T F An, o a 1) 


where | An, o, (a, 9, 1) LL = 


A being finite and nd ofa. From this point the discussion runs par- 
allel to the discussion of Theorems V and VI. We obtain thus the theorem : 
Turonga VIII. 


Q, (x, 2, = loge p + Apo, CRE 
where | Ao, i, a, »| < À; where A is finite and independent of æ, | 
The remaining values of u- are now readily depots of.” We can prove the 


theorem : 
Turorm IX. For n>, 21, 


Qn (&,n, h= + Aan m 
where AO. (z,n, DIS É ere A is finite and independent of 2. 
We start with Theorem X of the previous chapter and write ` 
Qu (x, n, de = Ds S —m(n—1)), 


oy. and, by hsara ILE: of this ca, we write this equal to M+ N, where 


M= Darm À eD, 
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. and | Bs ics à 
. N= EG) à (5 —m@—1)), 
| jai J J : 


Now the expression 7* (+ — 1) is a minimum when j=“. Giving it this 


value - 


-A being dt ofa x, mand n. 
Also, M= P +Q, where 
| P= Dur ris 
Jel 


= Den, 


(ms) 


DES =>. - 


Ton 
seii 9 i 





and 


St | | 
. where A, is again finite and independent of x, m andn. The theorem is thus 
proved for k= 1. ape prog M then proceeds as before. 2 | 


CHAPTER II. 
a Torment Pots. 


We define a totient point in space of m dimensions, as a point whose m 
coordinates are integers having unity for their greatest common divisor. Not 
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to restrict ourselves to positive or non-zero values of the coordinates, we define 
the greatest common divisor of any set of positive or negative integers, as the 
greatest common divisor of their absolute values, while the greatest common 
‘divisor of any number and zero is thè number itself. 

The existence of any one totient point with m coordinates involves the 
existence of m! other totient points, obtained by permuting the coordinates of 
the point in all possible ways. These points may or may not all be distinct. 
This is a special case under the more general theorem which follows : 

Tusorex I. The effect of a linear homogeneous substitution with positive or ` 
negative integer coefficients and determinant positive or negativ unity, is to trans- 
form totient points into totient pointe.. - 

From the equations of transformation it is manits that any common 
divisor of the old coordinates must appear in the néw. Solving for the old 
coordinates in terms of the new, we get again integer coefficients ; and again, any - 
common divisor of the new ‘coordinates must appear also in-the old. The theo- 
rem follows. z 

We define now an i-compartment of space of m dimensions, as the locus of ` 
points which are such that the ¢™ coordinate, ay, of each is a fixed positive or 
negative integer, not zero, and. if a, is any other of the m— 1 coordinates, 


Gea is a definite fixed positive or negative integer (or zero). 


Any given point lies in m different compartments, since the compartment 
may be taken with respect to any one of the m coordinates. We obtain an — 
infinitude of compartments for each coordinate æ by choosing different values 


of | 4]. nae BE z 


Taror II. There exists a one-to-one correspondence between the totient points 
of any two compartments, obtained by choosing different values of Lard: both com- 


partments being taken with. respect to the same coordinate œ. 

: By addition of suitable multiples of 2 to the remaining coordinates of a 
totient point in one compartment, we derive a totient point in the other. But . 
we derive only one. For if any coordinate x, go by this means to two coordi- 
-nates xj and aj’, we may write 

| | | & + Ain = wy, 
yb Ag oy = 
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. whence — [+a] =[2 

Ti 

d ‘ | ! 
= E [2 +a] [2]. 


But if a and aj’ belong to Pere in the same compartment, 
ET 
is x Ti d l 
and it follows easily that 2, =, and that the coordinates are the same. 
Tarorem III. The number of totient points in any compartment with respect 


to the coordinate 2, is Pa~ (a). 
It will be remembered Pn—1(%) indicates the mimber of sets 


Kis Lis Vgs ee TE E sees Cay 


“where a; 2a 21, for j= 1, 2,.... m, andj Æi, and where also 
Lai, a, a, vans » Le Titi oo al =L. 


If, then, whenevèr any coordinate a is equal to q, we subtract æ, thus 
reducing that coordinate to zero, we get a set satisfying the conditions - . 
ahh n>m20, j—=1,2,....mandÿ#i, 
and also still | ; . 
[2 Dan My vere Dey, Wpis verry Ta] = 1. 


We have, then, exactly Pn-1(x) totient points where the coordinate x, is the 
game in each, and where [=*] —0, All these points have positive or zero 
’ 


coordinates. They all lie in the same compartment, which, for convenience, we 

. may call the zero compartment. Since the number is the same for each com- 
partment, the theorem follows. | | Lo 

Example I. Tako m= 2, q= 6. Theng,_;(x)=2. The compartments 

lie on the line æ = 6. In the zero compartment are the points (6, 1) and (6, 5). 

_ Example II. Take m=3, q=6. Then ,~1(x,)= 24. The compart- 

ments lie in the plane x = 6. In the zero compartment the points are arranged 

as in the figure: i 
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The points in the other compartments are arranged in precisely the same 
symmetrical way. One obtains the points in another compartment by adding 
multiples of six to the coordinates y and z of the points in the zero compartment. 

Example TI Take m=4,2,=2 Then $,_,(a,)=7. The compart- 
ments are cubes. The zero compartment contains the seven points: 

(1, 1, 1), (0, 1, 1); (1, 0, 1), (1, 1, 0), (0, 0, 1), (0, 1, 0), (1, 0, 0), . 


being the vertices of the unit-cube, with the omission a of the corner (0, 0, 0). 





For higher values of m, of course, geometrical illustration fails us. 


CHAPTER IV. 
Torment POINTS IN THE PLANE; APPLICATIONS. 


The theory of totient points in space of two dimensions is itself so extensive 


and furnishes such a variety of shpenbione that we devote a separate chapter 
to it. 


The mere fact, as indicated by the eee equation 
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that the number of totient points in the triangle bounded by the lines y= 0; 
«= y, v =N, is proportional to the area of that triangle, proves nothing as to 
the uniformity of distribution of such points in the plane. In this chapter we 
propose to prove this uniformity in the sense that if N(k) is the number of 
points in or on the boundary of a region of area #, then 

N() _ 
| ‘lim yp" = a | 
the area X increasing in a sense to be explained and the region to be character- 
ized more definitely. 


Lemma. Let @i(x, k) denote the number of wine less than or ania: to [A] 
and en to x, then 


$1 (x, k) = Le (x) + A ie CE 


where | [Ay, y| Kwee, 
For k > 0 we know that 


1 (x, k) = 2 (d) Ea 


where the sum extends over all d's which are divisors of z. Put 
[+] =g i d)1 
where 0 Sp, < 1. - ' 

| We HAS then ee 4) = L aS aci MA 


(d) 
where Aq, (x, k) = -7 Ca au (d). Suppose le Since now w(d) —0, 
i=l 


when ig contains a square factor, we have one » = — You, a) L(A), where the 
(a^ ; 


sum now extends over all ds which divide a! = TI pi Give now o and y their 
fel. 


| Ag, (x, k) | < 2", 


‘or being the number of divisors of.2’, Now, unless. x is 1, 2 or 6, we have x >ë, 
where-e is the Naperian base, or r< loga. With these exceptions, therefore, 


[Ags (x, X)| < 2e < aloes, 


maximum ane; unity; then 


42 
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But if w= 1, Ag, (1, 4) = 0, < Ji, 
x= 2, Ad, (2,k)=1ord0 < 25, 
x = 6, Ad, (6, &) = 0, 1 or 2< 687, 


and 80 the lemma is completely’ established. 
The same proof applies to totient points with negative ordinates. The 
_ lemma shows to what degree of approximation the number of totient points on 
any line is proportional to the length of that line. 
It is important for certain applications to generalize the ob before us 
in that we subject the points to certain conditions. We discuss first the follow- 
ing problem : | 


PROBLEM, ` To find for every real number a, and every angle a (0 <a< =) : 


the number, N (a, a), of pairs of integers, (x, y), which satisfy the following con- 
ditions :. 


Le, y] =1, 
a == 0 (mod #), 


-Y < tan a; 
x 
x<a. 


We are seeking, in fact, the number of totient points whose abscissæ are 
multiples of a given number #, and which lie in or on the boundary of a triangle 
AOB whose angle at the origin O is a, and whose side ‘OA lies in the direction 
of the axis of x, the angle a being acute. 

The number of totient points on any ordinate y whose abscissa is Aw, is the 
number of integers less than or'equal to y and prime: to kx, which, by our 


lemma, i 18 
tes) 
y P. (f) + A4, (kw, y)? 
where © [Api (kæ, y) | S (kæ), 


The number of points in question is then 


[a] 
N (a, = = x y oe T Ag, (kw, y)» 


awl 


3 
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But the length of any ordinate y is kx tan a, 80 


Le] 
N(a, a) = => tan æ 1 (x) + Ady (he, y); 


=A+B, 


where | z] . 
A= > tan a qi (kx), 

and | [a] 
B= Ss A>, (kæ, y). 


- p=1l. 


By our lemma | [E] 
|B| <>) (x), 


zrel 


<$ aos, 


Dun] 
< A, aet 


- where À, is finite and independent of a (Theorem I, Chapter II). Now the sum 
A is nothing less than (a, 1, Æ) tan ay and by Theorem VI, Chapter II, ‘this 


is equal to 


— À tana Pa, à + tana A® (a; 1, k), 


where ae v 1, h)|SA,aloga. A, being finite and independent of a. 
- Now, — tana is equal to the area, K, of the triangle OAB. Putting 


together a above results, we have 


N (a, a) = KP,» + AN (a, a), 


where JAN (a, a)| <A tan a log a + Bae +, 


A and B being finite and independent of a and a: 
Take, now, another triangle OAB! having the same base OA =a, and a 
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smaller central angle a’. We see at once that the number, N(t), of points 
(x, y) where | 

Ce, y]=1 
and x = 0 (mod &), 


which lie in the triangle BOB, is given by the equation 
where t is the area of the triangle BOB’, and 
|AN(t)| <A tan a a log a + Balt, . 


À and B being independent of a and a. 
Consider, now, a curve, PQ, whose polar equation is 


2 ` r=f (6), 





f being a single-valued, continuous function of 0, for - 


EELEE . 


We suppose, to avoid unimportant exceptions, that PQ is not a ea line 
through the origin, nor made up in part of such lines, 

Join P and Q to the origin O and call the area POQ=K and the angle 
POQ=8. Suppose, further, that the line OQ makes an angle a with Oz, 
-where a So; and, for simplicity, suppose the figure OPQ to lie in the first 


‘quadrant. Divide 8 into n equal angles 6,, so that 6, = £ . Let the separat- 


ing lines of these angles cut PQ in the n=1 points, pi, and through these 
points draw parallels to the y axis. We thus get n triangles t (J—=1....n). 
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Let Kw = D t; be the sum of the areas of these triangles, By choosing n large 


j=1 
enough—say n,— we may make , 
= K K— Ky, 
| K = Ning) F 








` where oo < -7 Where e is an 1 arbitrarily ‘small positive number taken in 
advance. ` 


By what precedes, the number of pois? (x, y) such that [x y] = 1, and 
a = 0 (mod k), which lie in or on the boundaries of the triangles 4, will be 


Se Pete AN (Ko) 


h 
PE |AN (Kay) s5 A tan a a, log a; + Bajo? +}, 


31 | 
where a, is the abscissa of p,. Let R be the largest of these abscissæ, then. 
[A N(K,)| S(n.— 1){4 tan a R log R + BR°5%+1}, | 


<P = {A tan a B log R + BRO, 


Now we have E Pa 


, , = K— Kanaa. 
Also - N(K,)=N(K)— N(K— Kp); 
and since es Ki) < E — En < nay À 
we have | 


. . 6 ` 
N(K) = Ê EPs, + AN (E), 
where | 
|AN(K)| <2 E = [A tan a Blog R + ppe + Onasi 


where, further, 3 | C| aj 1+ 5 Pise 


We have then 


amol |s A tana Rlog R nee | 
= ds Ëf K + K | + Ming: 
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Multiply, now, every ordinate and every abscissa by M. This multiplies R by 
M end K by M? It leaves 8, a, Om) and a, unchanged. Calling the new 
area A, we have ; , 


5 A tana R log RM  BRieï+1 
Is ae f “UR = Ty me) + Mia * 


By making M arbitrarily large, we may make this ratio approach as nearly as 
we please to the quantity 27m), Which is less than the arbitrarily small quan- 


tity e. The ratio ae approaches, therefore, the limit s Pa», 28 the area 


K is increased in the above manner. It is now seen why we restricted a to be 





less than = . Since totient points ate symmetric with respect to the axis of T, 


thé curve may cross the æ axis. By horizontal summation we can establish the 
same result for curves crossing the y axis as follows: 

Writing x= mk, we see that for a totient point it is necessary that 
Cm, y] =1. | 

1st. Suppose [k, y] —1. On any abscissa of length equal to x, ier will 
be as many totient points as there are values of m such that [m, y]=1, and 
mS, which number, as we know, is tty) + Ad, (Hs), where 
| ae (2 (+ ’ y) 

2nd. Suppose [k, y] £1; then, instead of the above result, we should count 
none at all, since on such an OES [w, y] 1. Our plan is naturally to effect 
the sum for all abscissæ under the first SPRL and then correct for those 
where [k, y] +1. 
| Take our triangle now as in the figure, with base 6 on the y axis, and let 


< < y's, 3 
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the angle AOB=9§. Then æ= y tanĝ. Under the first supposition the sum is 


D e (y) SX æ 


y 


+ 


For the abscissæ where y is a multiple of p,, one of the factors of k, we have to 
reject 





By applying the principle of cross-classification, the result is easily seen to be 
| 


ZI] 
HORS SE (a) MD + ap (E, så), 


yl (d 


where the inner sum runs over all @’s which are divisors of Æ. For each value - 
dy of the argument, x = dy tan 0, so the result may be written, changing the 
order of summation, 


NO= TE « (4) FA wa +$ Sas a 


y=1 (à) 


or, in our usual notation, 


i ma G] | d 
N(= iYe (d) (6, 1, d) +Ÿ S'an (4). 
y=1 (a) 
We then have 
tan 0 6 
wat & PSL Paat AN: 
k we 2 > ae 
where | AN (é)| < À tan 0b log b + Bors? +, 


Now, it is easily seen that 


>» u (d) Paa = [C — Pan) 


(a) 


hare the product extends over all the primes y», which divide Æ. But since 
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Pise = , the above product may be written 


: Di 
U+ 1° 


‘+ 


Hi when divided by k, is precisely Pas, and since further tan O=K, | 


the area of the triangle, we have 


the limits of A being as above. The rest of the argument now proceeds as 
before. We see incidentally that we would have obtained the. same result in 
' the-first instance if we-had used the condition y=0 (mod &), instead of 
æ=0 (mod #). A finite number of additions and subtractions will not alter the. 
degree of the residue function, and we now may state the theorem : | 
Turormm I. Given a closed contour decomposable into a finite number of seg- 
ments of the type considered. Let the area of the region bounded by this contour be 
K, PENE |%) be the number of points (x, y) in or on the cs such that ` 


[wy] = 1, 
z=0 (mod k), 


` then a aN 

| im EI) SE Pan, 
where K increases by ordinary meee all the lines of the. figure being length- 
ened proportionally, and where for k= Il: 


fom], 


Pa,» = rl » but Pay = 1. 


The condition, «= 0 (mod %), may, as we have seen, be replaced by the condi- 
tions y = 0 (mod k), the limit remaining as before. Also, the second part of the : 
above discussion shows that if we assume æ= 0 (mod &) and y=0 (mod #)— 


* The theorem might be applied also to ourves where a finite decomposition is impossible, provided 
the total area is a definite thing and the infinite series of residue errors suitably convergent. Í 
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where necessarily [%, W] = 1—the result would have been 


. N(K 6 
Timp = ap Pau Paw 


which may be written s Pa un: 


It is further possible to impose the conditions [x, z] = 1, [y, da = 1, 80 
that our point (x, y) now shall satisfy the five conditions i 


I. [x,y] =1, 

Il. {= o0 (mod k), 
II. y= 0 (mod #), 
IV. f&, 2] = 1, 

V. Gé]=1, 


where necessarily for totient points to exist, 


[x, #]=1, 
[k, z] = 1; 
FALSE 


but where z and > may or may not be relative primes. 
The number of points satisfying I, IT and III is, as we have just seen, 


+ KP o, wy, Which, for shortness, we denote by M. Suppose, now, that 


P T 
z= [[r#and #= Me where r, and s are not necessarily distinct. We reject 


i=l: 
first those values of « which are multiples of the primes r;. By applying 
the principle of cross-classification, the remaining number of points is 
MY a — P(A, ri)), which equals MT] E 
i=1 Zif 
now we suppose [z, 7] = 1, we Rea in the same way those points where y is 
a multiple of s, and get MP n.7. Pa s, which is the desired result when 
[z, 7] =1. Suppose, however, in addition that x and y are both to be prime to 
a’. Rejecting those values of-x which are multiples of the primes of 2’, we have 
the above result multiplied by 2’ Paso: From this we need reject now only 


43 





which equals MzPq,. If 
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those points where y is also a multiple of the primes of 2’. This multiplies the 
result again by &,(#). We may put all these results in the following theorem: 

Tuxoreu IL. Given a closed contour decomposable into a finite number of seg- 
ments such that for each segment the radius vector ts-a single-valued, continuous func- 
tion of the amplitude. Let the area of the region bounded by this contour be K, and 
let N(K|,k, K, 2, #, 2’) be the number of points (x, y) such that 


I. [ey] =1, 
- IL 230 (mod k), 
Ill, y=0 (mod #), 


IV. [ae] =1, 
V. [y, #1 =1, 
VI. [ay, #'] = 1, 
where also VIL [k, #1] =1, 


VIL [k] =1, 
IX. W, =1, 
X. [zz] =1, 

then limi HEURE 2 Sed! a (2') Pa, un Po, nn Pa, ne 


E exw 


where K increases, by ordinary magnification, all the lines of the figure bing length- 
malin the same proportion, and where, for k = Il ph 
1 r 
Po, y= T I | 


i= | TE 





It is not difficult to show that the restriction ax = by (mod &) introduces a 
factor kPa, x. 

We have seen that in space of any number of dimensions the effect of a 
linear transformation of determinant positive or negative unity, with positive or 
negative integer coefficients, is to throw totient points into totient points We 

_ know, further, that in the plane such a transformation leaves areas unaltered. 


Let such a transformation be 
a! = a + By; 
y = ya + by; 
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where ad —@y=1. The ten conditions of the preceding theorem are now, 
dropping accents, 
I. [e, 9} =1, 


TI. ôs = By (mod k), 
Ill, yx= ay (mod #), 
IV. [da—6y,2] =1; 
. V. [ya— ay, 7] = 1, 
VL [(6e— By)(yx — ay), #1 = 1. 


The remaining conditions are not changed. The formula for lim 


kawo 


N(K|, k, k,2,2, g") 
-K 


is not disturbed. 


We are now prepared to write out an indefinite number of theorems which 
_are merely applications of the preceding theorems. It has been noticed (cf. Syl- . 
vester, Philosophical Magazine, 1883, p. 251), that the number of proper frac- 
tions in their i. terms whose denominators are less than or equal to n, is 


approximately à nê. This follows easily when thrown into the language of our 


theorems. We are, as a matter of fact, finding the number of pairs of integers, 
[æ, y], such et [e, y] =1, and also such that 1 SySaSn. Here we have the 
area K = 3 and the number i is, therefore, La or im. More generally 
‘we might ask for the number of such fractions, where the numerators lie between 
Zand {+ m, while the denominators lie between 7 and l’+m. The area K is 
Emm 
| 7 | . 
theorems may be multiplied indefinitely, the one difficulty in any case being the 
determination of the area K which stands for the conditions of inequality. 
Another class of theorems has to do with integral right triangles. By an 

integral right triangle we mean a right triangle whose three sides may be repre- ` 
sented by integers. Such a triangle is said to be reduced if the three numbers 
which represent the sides have no common divisor except unity. It is well 
known* that the three sides of such a triangle are given by the formule 


here mm’, and the number in question is Manifestly, the number of such 





-- # See Frenicle, ‘‘ Traité des triangles rectangles en nombres,” Paria, 1676, 88 xxiv, IXY, pp. 59, 61; 
Euler, ‘‘ Commentationes arithmetion, vol. L pp. 24, 25. Also Annals of Mathematics, vol. I, 2d series, 
No. 3, p. 1. 
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a = m? +n}, 
b= m— n, 


c = 2mn. 


If the triangle is to be reduced, it is further necessary and sufficient that 


[m,n]=1, and mæÆn (mod 2). If we take the further condition that the . | 


hypotenuse a shall be less than or eqnal to N, we have m+nm<N. If the 

_ sides are to be positive, we take m>>n. We may take m and n both positive, 

since — m and — n give the same triangles as + mand +n. These conditions 
= 


z “yt, Nn 6 N 
give an area K ae to aes Our number, ‘therefore, is aes 2Pa, 9 OF o 
N 


Thus for N= 100, I — = 15.9, and actual count gives 16 triangles. ` 
Tf, instead of restricting the hypotenuse as above, we restrict the a sum of the 
three sides to be less than or equal to N, we easily get the formula À log 2. 


Manifostly, here also the number of special prablemi may” be indefinitely 
extended. 
The foregoing problem is of special importance in that it suggests a class of 
theorems of which it is a very special case. For any number to serve asthe — 
largest side of such a triangle, it is necessary and sufficient that it should be 
expressible as the sum: of two squares which are relative primes. But the neces- 
sary and sufficient condition that it be- so expressible. is that every one of its 
prime divisors be of the form 4n+1. Further, if the order of the squares be 
left out of account, a number x of this sort can be so expressed in 2*®-1 different 
ways, where » (x) is the number of distinct prime divisors ofx. We have, then, 
the theorem °* | . : | 


N 
>. 27) Oy, n(x) 
lim 25 = 
3 Jaa N -H . 





where the function O4, n(x) is equal to 1 or 0, according ås all the prime factors 
of x are or are not of the form of 4n + 1. This is, then, a particular case of the 
theorem noted in- the Introduction. 
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We now proceed to consider. representations of numbers by the binary 
quadratic form | 


| a + 2bay + cy’, . 
where [a, 2b, c} == 1, these representations to conform to the three conditions 
I. [z, y] =1, 


IL 0<aŻ + 2ay + cy SN, 
THI. [ax + 2bxy + oy’, 2D) =1, 


where D=b— ac. 

We may suppose [a, 2D) =1 (Dirichlet-Dedekind “ Zahlentheorie,” p. 233), 
and, therefore, [a, b] = 1. Now we have 

a (as? + 2ey + cy?) = (ax + by)’ — Dy? 
We may, therefore, replace condition II by 
O . [ax + by, 2D]=1. 

Our result is, therefore, _ K2D.Pa an. The area K- is to be. determined 
© from the second condition, and is very different in form according as D is posi- 
tive or negative ; that is, for Definite or Indefinite forms. 


` For Definite forms, where D is negative and equal to —A, the area is: 


bounded by the ellipse 
a + Bay + oy? = N. 


We have, ihien, K= vat j anid the number of points in this case satisfying the 
given conditions is 
12 oe i 
1 WE. Pa, 24)' 
For Indefinite forms, we may have an infinite number of Foprescntaiions of 
‘a number m by one and the same form. Thus, if 
| Go qu EE . 
be a , representation of mM, 80 ‘also i is 
| af? + 2bEn + on? = m, 
where. a | `- E= Uw (bu + cy) £ Tae 
n= Un (ax + by) + Twy > 
dict (Tan LA is any one of the infinite number of solutions of 
Ê— Di = = 1. | 
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_ | - Now, it is well known (Dirichlet-Dedekind ‘“ Zahlentheorie,” p. 247) that 
one of these solutions may be isolated from the rest by the conditions 


y> 0, 
U (ax + by) — Ty >0. 


These conditions define a hyperbolic sector within which all our points must lie, 
which is bounded by the lines 
ax? + 2bay + oyf = N, 
AE = 0, 
U (ax + by) — Ty = 0, 
_ the area of which is : 





N 
ap 08 (P+ Uv D), | | 
(T, U) being the fundamental or smallest solution of the Pellian equation 
Ê— Du =r. This being our area A, our number of points in this instance is 


4 VD Pa, in N log (T Uv D). 

we multiply the above results by h, the number of properly primitive 
classes of determinant D, we get the total number of. properly primitive repre- 
sentations of numbers less than or equal to N and prime to 2D. This number is 
otherwise expressible as follows: Let « be any number prime to 2D, and let 
v (x) be the number of its distinct prime factors. If D is not a quadratic residue ` 
of each one of these prime factors, + is not capable of primitive representation 
by any form of determinant D. If, however, D is a quadratic residue of every 
| prime factor of x, then the number of primitive representations of x by properly 
primitive forms of determinant D is 62 ™, where e is‘the number of solutions of 
the Pellian equation #— Dv? = 1. 

In the case of Definite forms «=.2, except for the single case D= — 1, 
where e== 4. 

- In the case of Indefinite forms, the number of solutions of the Pellian equa- 

tion is infinite, but our isolating conditions noted above amount to making e = 1. 

Now the primes, of which D is a quadratic residue, belong to a certain set s 
of linear forms (Dirichlet-Dedekind, “ Zahlentheorie,” p.121). Ifa is then made 
up of primes belonging to these forms, we get 2° primitive representations, 
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otherwise none at all. If, then, as in the Introduction, we define a function 
©, (x), which equals 1 or 0, according as each prime divisor of æ does or does 
not belong to a form of the set s of linear forms, we may write for the above 
number of properly primitive representations | 





N 
eX 20, (x), 
For Definite forms this gives n5 
N 
D 90 (a) 
elim =! = *" aw AP 
Fou N (1, 24)" 
For Indefinite forms, we get 
N Es 
Droit) | 
e lim #= W = op AN D Pa, n log (T+ UV D). 


We have thus established, for a large number of cases, the theorem men- 
tioned in the Introduction. The method will not avail to establish the law for 
other systems of forms e, such as for example the single form 4n — 1, where the 
law seems to be 

2° ®) 6, (x) à « 
im 2 5 =, 
Ps N n 
The form 4n —1 belongs to quadratic forms only in connection with other linear 
forms. ; 

From these last equations we may derive new expressions for the number 
h of properly primitive classes of determinant D. 

For Definite forms 


> gr @) O, o 
N 


1 


hae VA Pass lim = 


For Indefinite forms, 


N 


eo $ reet) 


Ase SE, im El . 
6/D' Pi oe (TRUS D) NM 
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Again, from the well-known formule for A (Dirichlet-Dedekind, “ Zahlen- 
theorie,” §§97—101), we may write the equation for Definite forms, 


N 
2,70, (2) 12 © 1 /D 
: fom] — Poe ot 
lim = g = Fp A Pas (FZ): 
where, on the right, the sum (which is not independent of the order of the terms) 


is arranged according to increasing values of 7, the symbol (2) being Jacobi’s 





symbol. 
For Indefinite forms, the ee is 
> F0) 12 S 1 D 
oa] : sn es 
Jim 7 F a DP 4, aD) 2 PA O ) | 


From these last two expressions, we observe that-if s and # denote the sets ` 
of linear forms belonging to binary quadratic forms of determinants D and — D 


respectively, we have . 
vao, \ 1 E 
ree) SEP) 


mS 98 @, (x) LG 2) 


=m] * S 


Let us restrict scie to numbers m, which belong to a particular form 


`- of the above set s of linear forms. (Clearly the factors of m, may or may not 


belong to this particular form.) This restriction might be written as a congru- 
ential condition on m,. It might then be written as a congruential condition on 
xand y. The modulus of this congruential. relation would depend only on the 
modulus of the forms of the system s, and so would be the same, whatever par- 
ticular form we have selected. Each linear form of s, therefore, furnishes the 
same number to the above sum, and the number thus purnisbheg by each is the 
total number divided by the number of forms in s. 

Now, the total number of linear forms belonging to a quadratic form of 
determinant D is well known. (Cf. H. J. 8. Smith, Works, vol. I, pp. 206, 207.) 
If we write E D= > II 


tel, 
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where the ps are odd primes, the number in question is 
to (22), 
where D' = [ [ p: and & is given as follows: 


im] 


k=1, when D=10r65 (mod 8), 
k=2, “ D=8, 4 or 7 (mod 8), 
k=3, “ D=0, 2 or 6 (mod 8). 


But 4 9, (2 D’) = 2%? II (p: — 1), so that we have for each form 
: te] 3 


12 D Pa, 2D) K. 

a ee ‘ 
IL (2—13) 
imj 


This is not a case of the theorem noted in the Introduction. In this we have 
imposed the further restriction that the number œ should belong itself to a 
particular form, its factors belonging to the forms of s. 





CHAPTER V. 
Fortaer RESULTS AND DESIDERATA. 
The theory of totient points in space of m dimensions is as yet incomplete. 
` Proofs of the following theorems have been obtained, however: 
Tasorex I. Denoting bY Pa (Hs ler, hy, -.-+ , Æa) the number of sets of integers 
LX- Ly such that [a, Lis Car +--+, Ba] = land a2 k Za 21, we have 
ssa ae / a 
Pa (er hy, -o hm) => TI [| |e), 
(a) i=1 


the sum extending over all d's which are divisors of œ. 
By means of this we get 


THEOREM IL dax, M,...., hig) = Tb E +96 (2, h, BOE o 
i=] 
| Apn (8, My, ...., kn) | <4% —1ylos? where A is finite and independent of x, and 


_k is the largest of the parameters k,. 

This theorem is seen to be a generalization of the lemma of Chapter IV. By 
means of it we have established a certain ‘density theorem” for totient points 
in space of m dimensions. We use the following notions and definitions : 

44 ` i 
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An m dimensional surface is the locus of points (x, a, .-.- , %) satisfying 
a single relation F(x,, as, ----,%,)==0. Two points not on the surface will 
be said to lie on opposite sides if; when their. coordinates are substituted in. - 
F (xi, %, .--- Lm), the two results are different in sign. 


If all the points lying on one side of a surface have all their coordinates 
finite, the surface will be called closed, and the points will: be said to be on 
the inside. 

The content of a closed surface will be defined by the integral 


orf fo ff tardy. den ` 


the limits being taken so as to include all the deneni dar, des, … -o dtn lying on 
the inside of the surface. 
We speak also of the intersection of two m dimensional surfaces as the locus 
‘of points satisfying the equations of both. Points lying on a definite side of each 
surface may have all their coordinates finite, in which case we may speak of the 
_ content enclosed by the two surfaces. 

We have then established the following theorem : 

THEOREM III. The number of totient points within or on any closed sfin of 
m dimensions being denoted by N (V), where V is the content of the surface, we have 

tin A = ty 
= 
e ton] 
where the content V. is supposed to increase by multiplying the coordinates of every 
. point on the surface by the same multiplier. ., 

We have not discussed those cases where the coordinates are subjected to 
further restrictions. It is hoped that theorems concerning primitive representa- 
tion by m-ary forms may be obtained, with perhaps applications similar to those 
obtained in the case of binary quadratic forms. | 

A method of discussing the following problem is also still lacking : 


#To prove or disprove the equation 


D ga Oa 2 (x) 


n=] 





lim. 


== constant, 
N=% g 
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where Oa, » (x) = 1 or 0, according as all the v (x) distinct primes in æ are or are — 
not of the form an + b where [a, b] = 1.” 

‘A proof of this theorem, if it is true, would furnish easily a proof of Dirich- 
let's theorem that the number of primes of the form an + b, where [a, b] = 1, 
is infinite. We have, as we have seen, proved the theorem for the forms 4n + 1 
and 6n + 1, which belong to the forms æ? + and a+ 3y’ respectively. For 
quadratic forms in general, we have to reckon with more than one linear form. 

In connection with this last theorem, we have established the following 
equation, which may be`of assistance in es the problem: 

[w] 


Ss Le Ou, » (x) = D (à) u (a), 


z=] 


where 7'(k) = Il, a (1 + 2a), where also j = I pë Tie where, we suppose, 
tex] 


pı and, g are primes > > 1 such that 
| `. m=an+b, 
©.  mÆEan+b. 


Concerning Klein 8 Group of (n + 1 )! n-ary 
Collineations.* 


By Erraxim Hastings Moore. 


1. To the statement that a set of n + 1 real numbers 
Yor Yis -e s Yn 

determines a point, one may give six geometric interpretations (which are really 
of the nature of definitions), in that the numbers y; are - 

(I) Cartesian point codrdinates in real flat space R, 4, of n+ 1 dimensions ; 

(IT, I) Homogeneous point codrdinates in Ra; 

(HI) Supernumerary.Cartesian point codrdinates in Ry; 

(IV,, IV,) Supernumerary homogeneous point coôrdinates in R,,_,; 


with the restriction (in IT and IV) that not all the homogeneous codrdinates y of 
a point are 0, and (in III and IV) that the sum of the supernumerary coérdinates . 
y of a point is 0, and with the understanding that the poina 


(Yo e Ya) (yo, ss Yn). 
are the same point if and only if 
| yi = pyi, (= 0, diss , À), 
where the proportionality factor p is a real number: 
(I, II): pisl; | 
(IL, IV.):-p is any positive number ; 
(II, , IV,): p is any non-zero number. 
One speaks of the geometries of metric space, of unilateral and of bilateral :pro- 
jective space. The bilateral projective space is the ordinary projective space, 


* Presented to the American Mathematical Society, Chicago section, December 80, 1898, and conve- 
niently modified in the present writing. | 


- rer 
= pene tie ae 
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while the unilateral projective space À, is in effect the space of rays diverging . 
from a point in metric space Ff, ,;. 

The supernumerary coordinates Yo, .., Ya (III, IV) are most conveniently 
introduced in terms of a, .., 2, (I, I) by the formulas: 


. tn 
(n+ iyu Ent nA a, | (i= 0,1,..,N), 
oe i=0 i 
where x, is permanently 0, so that in the x's one has the identities: 
S n=; Yi— Yj =U tj, (i, j= 0,1, .., n). 
pyr) : x 


2. Denoting by a, a,..,@, any permutation a of the n+ 1 indices . 

0, 1, .. , n, we consider the sollineation S, which transforms the point (yo, +- Yn) ` 
to the point (yj, .:, Ya), where 

Yi = Ys í (i=0, Ly ace n): 


The (n+ 1)! collineations S, corresponding to the (n+ 1)! permutations are 
distinct, and form a group Gan: of collineations simply isomorphic to the sym- 
metric group on n + 1 letters. For the interpretation IV, this is Klein’s group* 
of collineations permuting in all ways n + 1 independent points of R,_.. 


3. In my paperf on the cross-ratio group of n! Cremona transformations of 
order n — 3 in flat space of n — 8 dimensions, there are contained general theo- 
remsf of considerable interest concerning the fixed points (r eal and complex) of 
the collineations of Klein’s group. 


4. It seems desirable to determine, for the six well-known groups Gq +1); of 
§2, the corresponding partitions of the respective spaces (Rupi Bas Ry, R,_:) 
into (n + 1)! regions. The regions are to be simply connected and conjugate 
or equivalent under the group. And a point P, which is invariant under exactly 
d collineations, is to belong to exactly d regions which permute transitively 
under those collineations, and two. distinct points of a region are never to be con- 











* Klein, ‘Ueber eine geometrische Hepiissntation der Resolventen algebraischer Gleichungen n 
(Mathematische Annalen, vol. IV, pp. 846-858, 1871). 

{ American Journal of Mathematics, vol. XXII, p. 379.—Of. 332 and 5, and the siens paragraphs of 
the paper. : 
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jugate under the group. Thus every region contains exactly one of every set of 
conjugate points. | | 


5. As is usual in the geometric group theory (after Klein), we take one of 
the regions as the fundamental region and denote it by Z. Then the collineation 
_ S, throws the région J to a region 8,. If the region J is defined by a system 
© (Yo: Yı» ++ ı Yn) Of conditions (equalities and inequalities) on the codrdinates 
You Yi ++ Y Of its general point, it is obvious that the region S, is defined by the 
system o (Ya Yar ++ » Yan) oF. conditions on the codrdinates %,..,Y, of its 
general point. 


` 


6. For the cases I, IT, D. IV, one has obviously the following very simple 


partition : 
The yee Sa contains all pods (Yos ++. Yn) for which 


Yar L Ya, Š = tt L Yn: 


7. For the cases II,, IV, the partition of 86 would assign a point in general 
‘to two regions, since the point is unchanged if its codrdinates suffer a. simulta- 
neous change of sign. By a proper determination of the codrdinates as to sign, 
we may, however, arrange to hold to the partition of §6 also for these cases. 

Let a point be given by the various sets (pxo, .., pm.) of codrdinates 
(Yo, +» » Yn), Where p is any real non-zero number. For the purpose of the par- 
tition of §6, we specify that p shall have such a sign that when the numbers 
Mo. ++, M are arranged in order* of increasing algebraic magnitude, 


Gate: . ° « ASRS) 


the first of the expressions: 


Sot on: Gite. ee, at Sy bead (m= 0, 1, … M), 


not zero, shall be negative.t - This lipnia tion, it, is important to notice, is inva- . 





‘In case of any equalities atoni the 7's, this order is not quite definite ; this fact does not, how- 
ever, interfere with the uses made o the order. 

t Thus the point ` i 
(Vos roses Yis» HA D A à 


. is in the fundamental region I. 
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riant under the collineations of the group. The stipulation fails only if 


O=O+ i= nine = On + Sqm = [+ 


(m = 0, i, . : , [n/2]). 


In such a case, letting p have each sign, we assign by §6 the point (no: ++ , M) to 
‘two regions; it is, indeed, invariant under the transformation interchanging the 
two regions, viz., the transformation interchanging its codrdinates ` 


Chi Gad “is Cai; ..} ni Cnm; © yn 4 


and accordingly it belongs in the two regions. 


8. For all cases the partitions which were in view have been obtained. In 
. illustration, I give the figure for the case IV,: n= 3. The 4 points P, P, P, P; 


(Ris) ` (Ria) 4 Rig) . Big) 
3021 \ 8201 a 2301 2081 
3012 | l | | | 2013 


Pa) 





1092 | 1023 


(Ri se (Rte) 
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are permuted in 4! ways, and the 4! parts of the projective plane have as boun- 
daries the 6 sides of the 4-gon P, P, P; Pa, and the 3 sides of its diagonal 3-gon 
Quas Qes Qose The w-codrdinate triangle being P] P, P, and the æ-unit point 
being P,, the y-codrdinate 4-side is the 4-side whose 6 vertices are the 6 simple 
intersections Ru, .., Ry of the 9 lines of the partition: Ry lies on the lines 
P, Pi, Qin Quye Ye = 0, yı = 0, where ijkl are the 4 indices 0128-in some order. 
The whole figure is a well-known fundamental figure of projective geometry. A 
convenient metrical specialization is given here. 

The 4! regions S,= S aaa, ate marked with the 4! permutations a. The 
‘fundamental region J is 0123 with. the vertices Po Qu.s Ro. The region 
Sanana, i8-the triangle P,, Qua.ae Ras: The vertices P belong each to 6 
regions, the vertices Q belong each to 8 regione; and the vertices À belong 
each to 4 regions. i 

The collineations 


A, = Sons = Say, Ag= Sas = Son, A= Shoo == Soan, 


- constitute a systém of generators of the group ; they are the projective reflections | 
‘which throw the region J into the adjacent regions. From the faie in the 
vicinity of the region J one has the generational relations : 


(a) O I= A= Ai = A = (44) = (44) = (4, A). 


These relations, easily verified analytically, are not sufficient fully to characterize 
the group, or the relation : 


(8) Sige = Sn = (ds A4) = I, 


is not derivable from them, since they are all even while it is odd i in the elements 
A,A,A. We come back to this matter* in §10. 





* The following remarks are of interest. If we introduce 
As = Stas = Sen = Sean Son Seman = 44s 4, 
we find that in the abstract group G(A,, Ap A)(a) =G (a) generated by A,, A;, A, subject to the 
- relations (a), the three elementa 4, = 44,4, 4,, A, satisfy the standard relations: ` 
- i I= A?= A= A= (4, 4;) = (4: Aa) (Aa A)’, 


for the symmetric group Gf, on 4 letters. (This fact was noticed by Mr. J.C. Hammond. ) They gen- : ‘ 


erate a subgroup G(4,,-4;, 4,;)=G,1 of the group G. Thatthe group “generated is not a subgroup of 
the G,1 appears from consideration of the collineation group G1, which is a quotient group of G, and 
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9. In general the flat spaces i T 
Yi— y= Gj; ii j=0,1,.., 7) 
and, in cases IT, and IV, , Ve | 
Yit y= (GEJ; t,7= 0, l, n) 


. effect the partition into the (n +1)! regions. The space y, — y, = 0 is invariant 
- point by point under the involutoric collineation interchanging the coördinates 
Yi, yy—a transformation which reflects the partition into itself on the space, 
Y:— y; = 0 interchanging the regions of the various pairs of regions lying on ` 
opposite sides of that space. The points of y: +y; = 0, however, apart from 
those lying in the boundaries just discussed, belong each to one region, with whe 
exception of those patpi ying relations of the type 


0 = y ty = sy t= 


as was explained in §7. (Only for n = 8 of IV, is y +y = 0 invariant Pa by 
point.) The- space y; + y; = O- is thus itself divided into regions, each of which 
belongs to one of the two fundamental regions of which it is a boundary. 

‘10. One might study more closely the topological interrelations of the 
regions and their boundaries of various dimensions. In particular, by considering 
the fundamental region J and the regions S, adjacent to it along boundaries of 
the highest dimension, one might (as usual*) determine a system of generators S, 
of the group, and by means of the régions adjacent to it along boundaries of the 
highest two dimensions, obtain a system of grouptheoretic relations amongst 
these generators. - . 





which is, moreover, generated by A1, As, As. On solving in the collineation group G,; for A in terms 
of A,, Aa, A, one finds : ‘ 
À = A,A,A,A,4,A4,. 
In this on replacing A, by AA,A one has a relation ; 
| | AmAA,AA,A,A,AA,AA,, x 


which is equivalent under (a) to the relation (8)., Thus the group G(4,, As, A) (a, pi is its own group 
G(A,, 43,45). Hence the relations (e, £) fully characterize the collineation group G4: as an abstract 
. group; and, further, the group G (a) is the direct product of its subgroup G(A,, Áa, 4,) and the ; 
invariant subgroup H whose elements reduce to the identity by the adjunction of the relation (£). | 
* C£. for example, Klein, ‘ Modulfunctionen,”’ I, P. 452, p. 455. Fricke u. Klein, “ Automorphe 
Functionen,’’ I, p. 168 fg. 
AB ` 
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` With ET to any geometrie group with E, region, it seems to 
be clear that the system of relations so obtained is a complete system of genera- 
tional relations of the group in the senset of Cayley and Dyck in case the funda- 
‘mental region is simply connected and the set of all-the equivalent neous forms 
a simply connected portion of all space. 

‘These conditions are fulfilled here in cases I, HI, and it was indeed ih this 
way, from the geometric symmetric group of case I and its alternating subgroup 
that I obtained the abstract generational determination of the symmetric and alter- 
nating groups on n letters, which, in pure grouptheoretic form, I exhibited in the 
Proceedings of the London Mathematical Society, Dec. 10, 1896, vol. XXVIII, 

p.367. One has the feeling that a generational determination of a group effected 
by geometric process is apt to be, as in the modular group and in the case just 
cited, of the utmost simplicity. - 

The conditions are, however, not fulfilled in cases II, IV,.since projective 
spaces, whether bilateral or unilateral, are not simply connected; a closed 
straight line which passes through the infinite region of the plane cannot, by 
continuous deformation, shrink up to a point.—Thus, for example, in the case 
IV,: n= 3, considered in §8, the broken line a a to the enn (8) 
is ‘closed through: infinity. 

Tor Untvursiry oF CHICAGO, September, 1900. 


-~ 


tOayley, " The Theory of Groupe,” American Journal of Mathematics, vol. I, 1D 60; Dyok, ‘ Grup- 
pentheoretische Studien,” Mathematische Anhalen, vol. XX, p-1. Of. also my paper: t On the Genera- 
tional Determination.of Abstract Groups,” s soon to be published in the Transactions of the American 
Mathematical Society. ; 


The Cross-Ratio Group of 120 Quadratic Cremona — 
. Transformations of the Plane.* 


Part First: Geometric Representation.t 


By HERBERT ELLSWORTH SLAUGHT. 


a 


§1.—INTRODUOTION. : es 


1. The group of Cremona transformations, whose geometric representation is 
the subject of the following paper, is a special case, n = 5, of the general cross- 
ratio group of order n!.{ If these cross-ratio transformations be expressed in 
homogeneous point coordinates, then each takes the form 


I 


giia 2h pla, Z, RAGE Pas 23) : Ÿ (a, Rey 2)» 


2 The fvenatormations of this system possess the following properties: : 
: (a). They are all algobraic of order 


u< 2. 


(b). They are birational, those of order u = 2 having 2*—1 fundamental 
points at which the functions 9, x, Ÿ vanish simultaneously. . 
| (c). If 8, &, S are the substitutions on the five indices with which the 
transformations 4,, A,; A, are respectively associated, and if 


SAS; = Si, 


* The study of this group was undertaken as a dissertation at the University of Chicago at the sug- 
gestion and under the direction of Professor Moore. A brief abstract of the chief results was printed 
in Science, July 29, 1888. . 

tin Part Second the complete form-system of PERT of the group is discussed. : 

TE. H. Moore, “ The Cross-Ratio group of ni Cremona Transformations of Order #—8 in Flat 
Space of n— 8 Dimensions’? (American Journal of Mathematics, vol. XXII, pp. 886-842, 1900). 
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-when compounded from left to right, then 


A, Ay= Ay, 


- when compounded from right to left. 


3. This system of transformations forms.a group Cee ues by the follow- 
ing characteristics : . 

(a). It is holoedrically isomorphic with the symmetric substitution group 
on. five indices. 

(b). It is a group of quadratic Oremona transformations of the plane indo 
itself. - 
(c). It has four fundamental points, some three of which belong to every 
-quadratic transformation in the group» See Art. 13. . 

(d). It is abstractly identical with, and under collineation equivalent to, the 
Cremona group of order 120 noted by Autonne* and Kantor; but it is distin- 
guished by the fact that its operators are all cross-raño transformations. 


4, In studying the geometric representation of this group, the following 
generational transformations are chosen. Corresponding to the substitutions 


(84), (23)(45), (45), (15)(84) and (12) 


-on the indices 1 .... 5, we find the transformations respectively, 
K; 444 = Z: Z Z, 
L; 21 52 ga = Zg — Z yw ihe, 
M; ete oe TRS 
T; ttm tty = 2 (21 — 2) : (%1 — 2) (2s — %) : 21 (25 — %), 
T"; yb Rg: Zg = Zap i By yt Éy Ze. 


5. Of these, K, L and M, are  collineations and 7’ and M are quadratic 

transformations. It is easily seen that all transformations „corresponding to, per- 

. mutations on the indices 1 .... 5 which leave 1 fixed are linear, and that all 

others are quadratic. Hens the 24 linear transformations by themselves form 

a subgroup GY, which, it will be found, may be generated by K, L, M (Art. 7), 
and then either T or T will extend aH) to the main group Gian: 





* Journal de Mathématiques, series 4, vol. I, 1886, 7 p. 485. - 
tł“ Theorie der endlichen Gruppen von eindeutigen Transformationen in der Ebene,” p. 105. 
E. H. Moore, American Journal of Mathematics, vol. XXII, p. 840, 1900. 
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§2.— Geometric Representation of GQ. 


6. The Klein’s* linear homogeneous substitution group G,, has been exhib- 
ited geometrically} in connection with the complete quadrangle (including the 
diagonals) whose vertices aret 


O; mire l: I: 1, 
O; Mimim= 1:—1: 1, (1) 
Os; mimi 1: 1:1, 
Oj ixa: xg = —l: 1: 1, 
where the boundaries of the fundamental region are defined byf 
| 2% 20, 
sn 50. | (2) 
—% 2 0. 
And the generators of the group are 
KT; ami = agiw w, 
L'; ici — a} (3) 
M; ximya = atit tg. 


7. The linear subgroup G$? possesses properties similar to those shown by 
Professor Moore for G,,. As a substitution group, it permutes among themselves 
the four indices 2, 8, 4, 5. 

Geometrically, it permutes among themselves certain four points of the 
plane which. may be found by considering the transformations K, L, M set uP in 
Art. 4. 

K is a projective “ect on the axis . 


| | —~%=0 
from the center 
Z i Zai Z = — 1:0:1. 
L and M are ordinary reflections on the axes respectively, ` 
2—2 =: 








* Klein, ‘* Veber eine geometrische Repräsentation der Resolventen eee Gleichungen ” 
(Mathematische Annalen, vol. IV, pp. 846-858, 1871). 

TE. H. Moore, “ Concerning Klein’s Groups of (n+ 1) 1 n-ary Collineations ’’ tés Journal of 
Mathematics, vol. XXII, pp. 886-849, 1900). 

t The fundamental region and the generators are here chosen in a way suitable for convenient use 
in this paper. 
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The plot of these-lines [Fig. I]* shows that K, L, M permute the 4 points: 
Qi aiaiga = 11:1, 


Qi. 4:%:%=0:0:1, | 
(4) 


Qui %2%i% = 1:0:0, 
Di 2% 2% i% = 0:1:0. 
Now, a transformation can be found which throws 
| O, O Où À 
to : j Q Os Q Ge 
in the order indicated, namely, 
direct : T : Gg i Ly = — h + Z À gt — 25 + My 2 + h — Ba (5) 
inverse : By Bg thy SF Le + Wy Ky FT + ay. 


8, Furthermore, this transformation also throws the generators 
; K L! M! 
to | KOL ME 


- Hence, it follows at once that K, L, M are the generators of GS}, and that 
Qs, Qs, Qu Qs are permuted among themselves by every transformation of the | 
linear subgroup. l 

Because ‘of the projective relation thus established between G,, and ay, 
the complete quadrangle [with its diagonal lines] whose vertices are Q,, Qs. 
Qu: Qs is the geometric representation for the latter group. See Fig. II. 

The fundamental region} for the new configuration is derived from that 
. defined in (2) by the transformation (5). “It is definedt by 


oa. %—% 20, | 
| = aao} (6). 
z + &—% 20. . 


The new generators are,-as they should be, edge-operators with reference to 
this region. 


*For convenience, Fig’s. I, VII, VIII, IX are placed together on the last page of plates. 
t An independent determination of the fundamental region (6) is given in Arts. 51 to 57, where the 
‘transformation names of all the regions are derived, and certain generational relations are discovered 
from the configuration itself. 
+ Where z4, Z3, #, are all + above z, = 0 and to the right of 2, = -0, 


Cremona Transformations of the Plane. ~ BAT 


The plane is divided into 24 regions which are permuted among themselves 
by every transformation of the group. That is, if we call this configuration IL, 


GB =. (7) 


 $3.— The Subgroups Conjugate with Gi. 
9: The general theory* of Cremona transformations may be illustrated for 
the quadratic operators of Gy, by considering the product M7'~ (1534)t [Art. 4], 


t t 


See a | 


of which the inverse is (1) 
Zy | Zg 123 == Za (Z3 — 21) : (23 — 21) (25 — 24) : ga (z4 — 4). J 
In the z-plane, the fundamental points are 
Qa; Zizi g= 1:1:1, 
Qi aan 0:0, (2) 
Quy %t%1%=1:0:0, 
and the fundamental lines are 
Qa Qs; %m—%=0, 
Q Qa; easel (3) 
Qs Q; z = 0, 
while in the z'-plane the fundamental points are 
| Ql; aid 1:11, 
35 deu 0:0: | (4) 
Qi; a: = 0 1:0, : 
and the fundamental lines are 
Qs 3 3 a zi = 0, 
Qs Qs; 4=0, 


* Clebsch, “ Vorlesungen über Geometrie,” vol I, pp. 474-496, 
t Read, ‘‘ The Operator MT Corresponding to the Substitution (1584).” 
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10. Evidently any operator whose square is identity, has the same funda- 

_ mental points and lines in both planes (considered as superposed), though they 
are not necessarily associated in the same order in the two planes. 

Indeed, this property is true of any one of the set of 6 transformations 

[Art. 19] 

© Dite {jkl} all (18), [osby, Fk; FL = 2,3 .... 5], 

In particular, any one of the set Dj’ has the coordinate vertices and aides i in : 

some order as its fundamental points and lines in each plane. 
r Of these the quadratic inversion [Art. 4], 


T! ~ (12); - 24129525 = Zy My 2h Za Z Za 


is the simplest, having always a vertex associated with its opposite side in the 
coordinate triangle. 


11. Ronse: the transformation under MT from the z-plané to the ‘@-plane : 
(a) A straight line (in general) 


Ott + Ba + 7% == 0 

goes into a non-degenerate conic 
. az (24 —-21) + 8 (3 — zi) (2 — a) + ya (es — 4) = 
passing through the three points (4). 
(b) A line through one of the points (2) 
az + B (a -— %) = 0 

goes into a degenerate conic. consisting of another line through | some one of the 
points (4) and its op posite fundamental side, 


a=, 

az — (a — 8)%=0. 
In particular, a side of the quadrangle TI, through one e e pomt poe 
into a degenerate conic consisting of two sides, thus: 


ty — m= 0 


*I use the notation of Cayley, Quarterly Journal, vol. 25, p. 78, except that I use the parentheses 
to indicate substitutions, and hence, indicate groups by { }, 80 thatthe above form means the group 
{jit} all multiplied by the substitution (1%) while {fkl} all {1} means the same group epics by the 
group 1, (19). 
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The plane is divided into 24 regions which are permuted among themselves 
by every transformation of the group. That is, if we call this configuration IL, 


GRT =I. - | (7) 


83.— The Subgroups Conjugate with GQ. 


9. The general theory* of Cremona transformations may be illustrated for 
the quadratic operators of @ by considering the product MT (1534)+ Art. 4], 


. en 
‘of which the inverse is 


(1) 
ieee ee 
In the z-plane, the fundamental points are 
Qe; Zii g= 1:11, 
Qs; nian 0201) (2) 
Qi %1%_2%%=1:0:0, 
and the fundamental lines are 
Q Qs; 4—%=0, | 
Q Qi. oy (3) 
Qs Qi; Z = 0, j 
while in the z'-plane the fundamental points are 
Qs; zigiz = 1:1:1, 
3 ai= 0:0:1, | (4) 
5) 2:2: z= 0:1:0, 
and the fundamental lines are 
Q Qs; i—= 0) (5) 
Os Vs; = 0,7. 





* Clebsch, “ Vorlesungen über Geometrie,” vol I, pp. 474-498. 
tRead, “The Operator MT Corresponding to the Substitution (1534). ” 
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10. Evidently any operator whose square is identity, has the same funda- 

= mental points and lines in both planes (considered as superposed), though they ~ 
are not necessarily associated in the same order in the two planes. 

Indeed, this property is true of any one of the set of 6 transformations 

[Art. 19] 

Dy ~ {jkl} all (1),* iE, Ek; EL = 2,3 .... 8], 

In particular, any one of the set Dj’ has the coordinate vertices and sides in - 

some order as its fundamental points and lines in each plane. 
r Of these the quadratic inversion pre 4], 


T' ~ (12); -2i : 2a: Zp = Zag: Z Ba ne 
is the simplest, having always a vertex associated: with its opposite side in the 
. coordinate triangle. 


11. “Candide the transformation under MT from the z-plané to the a. plane : 
(a) A ee line (in general) 


on + By +y4=0 
goes into a non-degenerate conic 


ax, (4 — e) + Boh — al) (2h — ah) + yah (3. — 4) = 


passing through the three points (4). 
(b) A line through one of the points (2) 


arts + B(a— %) = 0 


goes into a degenerate conic consisting of another line through some one of the 
points (4) and te opposite fundamental side, 


t 


a= 9, 

am — (a — 8) a= 0. 
In particular, a side of the quadrangle TI, through one fundamental pomt goes 
into a degenerate conic consisting of two sides, thus : 


a—%= 0 


` #I use the notation of Cayley, Quarterly Journal, vol. 25, p. 73, except that I use the parentheses 
to indicate substitutions, and hence, indicate groups by { }, so that the above form means the group 
{jkl} all multiplied by the substitution (1%) while {jie} all {15} means the same group means by thig 
group 1, (1). 
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goes into z= 0 and. pee a= 0. . ot 
(c) A fundamental line, joining two of the points (2), 


A —~ % = 0 


goes into a degenerate conic consisting of two of the fundamental lines (6), 
namely 


and | | gi — & = 


See also (f) below for the correspondence of the points on such a line. . 

(d) An ordinary point, defined by the intersection of two (general) lines, 
goes into the fourth (movable) point of intersection of the two corresponding 
conics, the other three intersections being the fundamental points in the z'-plane. 

(e) One of the fundamental points (3) corresponds to one of the funda- 
mental sides (6) in the following sense: to each ‘ direction” in which a movable : 
point may approach the given fundamental point in the z-plane, there corres- 
ponds a definite point situated on a certain one of the fundamental lines in the 
z'-plane. Any such ‘‘direction” is determined by a specific tangent in the fun- 
damental point and the corresponding point in the 7-plane is given by @) above. 
For example, to the direction given by the tangent 7 

az + B (a —%) = 0 (6) 
in the fundamental point | | 
2: 2%: g= 0:0:1 


there corresponds the point in the z’-plane given z the intersection of the line 
azs — (a — B) = 


with the fundamental side 
zg — 44 = 0. (7) 


Thus, when the tangent (6) varies through all directions, the fundamental side 
(7) becomes the locus of the corresponding points. | | 

(f) À fundamental point must, therefore, be regarded as a ‘‘ pencil of directions,” 
and this makes clear how a fundamental line in the z-plane goes, by (e), into 
two fundamental lines in the z/-plane. For to each point on such a line, there cor- 
responds, by (e), a specific direction in a certain pencil of the z/-plane. Among 
these points, however, are two fundamental points, to each of which corresponds, 

46 
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by the infinity of -directions through it, a certain fundamental line in the z/-plane. 
These lines are themselves, therefore, two dirèction-tangents in the above poga; 
which is, then, determined by their intersection. 


12. Since, under.the E E E MT, the pencils of, directions (2) go, in 
some order, into the. ranges of points (5), the former are called the critical points 
and the latter the critical lines of the transformation. All other bo ‘are non- 
critical under the transformation MT. 

Likewise (4) and (3) are the critical points and lines of the inverse trans- 


formation (M7')~*. Evidently (MTY throws any line of the plane into a conic. 


pansing through the critical points of MT. . 


13. Since, for every quadrats transformation in Gi, the critical points. are 
certain three (n? —1) of the four vertices, and the critical lines are three of the six 


sideg of the complete quadrangle II}, previously found [Art. 8], the group is ` 


said to have four critical points and six critical lines. 


_ Classification of the Quadratic Transformations, Arts. 14-16. 


14. It has been seen that all linear transformations in Gy» are associated 
with the substitutions which leave the index 1 fixed. The quadratic transfor- 
mations may be divided into four sets of 24 each, according as the index 1 is 
thrown to 2, 3, 4 or 5-by the corresponding substitutions. | 


15. Lemma. If 8, is a transformation corresponding to any particular sub- 
stitution throwing 1 toi, and if Sy represents the whole set of such transformations, 
then . 

- Su = GY su ~ {2345} all (11), [i= 2, 3, 4, 5]. 
For the set 8, must be such that when the corresponding substitutions are com- 
bined with the one belonging to sj;’, there will result all substitutions leaving 1 
fixed; that is, the substitution group corresponding to, Gj, thus : 


Dus = GQ. 
Hence, multiplying on the right by 8x, 


S= GP 8% . w (8) ` 


en f Eois Sp = (ay an) 1 — sh vn I Gy. ? à (9) 
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16. THeorem. The critical pointe are the same for all quadratic transforma- 

tions belonging to the same set Sy, . (i = 2, 8, 4, 5). | 
For if eg”, any particular transformation ‘of the set Sy’, be applied to the 
complete quadrangle IL [Art. 8] a definite configuration will result in which 
every line of IT, will have become a conic passing through three fixed points, 
namely, the critical points of są [Art. 12]. If the new figure be called Il, 

[i= 2, 8, 4, 6], then | | 
sp IL = Th. - (10) 


_ Any other transformation of the set S, when applied to IL, will produce the 
same figure IL, for, using equation (9), 


| SIL = og GPTL. 
By equations (7) of Art..8 and (10) above, 
er GTL = sp I4 = IL. ; 
Hence, | SL = Th. | (an) 


Since each transformation of the set 851 throws the lines of II, into conics inter- 
secting in the same fixed points in TL, therefore, all the transformations in the 
set Si, have the same critical points [Art. 12]. 


Configurations for the Subgroups Gy, Arts. 17-24. 


17. If G® be transformed by any one of the set.of transformations Su, the 
new subgroup is the same as that produced by any other transformer of the 
set, for if 

si GR 8u = GR, 
then, by use of (8) and (9), . : | 
Sx’ GQ Su = GY. (12) 


This G$} corresponds to the substitution group which leaves the index 7 fixed and 
permutes among themselves l,j, k,l, MEJ, +k, +1, = 2, 3, 4, 5]. 
To GË belongs a configuration related to IT, in the following manner: 

Let g and g’ be any pair of corresponding transformations in G{) and GY 


respectively, so that 
SR g 8u =g". 
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Suppose P to be any point of the pan and P its conjugate under g’, then, 


by (13), 
gt g Ssu P= P (14) 


If, now, su P = P, and gP, = P,, then must 
sq P= P. 


Thus P, and P,, a pair of conjugate points under g, are thrown by sr to P and 
P' respectively, a pair of conjugate points under g'. 

Since (13) holds for every g and for every sņ', therefore, any transforma- 
tion of the set 851, operating on a pair of conjugate points under Gf}, gives a 
corresponding sa of conjugate points under G9. Therefore, the configuration 
connected with G{? is derived by applying to IL, any transformation of the set 
Si? and the result is by (11) I}, (i=2.... 6) 


18. Tarorem. The configuration II; is thrown into itself by all transforma- 
tions of GY. . 


For by (12), GS? a Sy? GY) Sy, TI 
and by (11), l i = Si i. , 
Hence, Ge P= Sy Se M = Ih, 
and, Art. 8, i GQ SIL = CQM = TI}. 
. Then, by (11), Sy GY ST, = SIL =. 
Therefore, GTI, = IL. | (15) 


19. The notation for the 4 points in II, has been so chosen [Art. 7] that the 
three critical points for the set of transformers S; are 


Qj» Ves Q CE, Fk, El, = 2, 3, 4, 5]. 


These are the three points through which pass all conics in I}. 

Thus Q; plays a particular rôle in the passage from IT, to IL, in that by any 
of the six transformations in the set Dj’ [Art. 10], it is unmoved, and the 
other three critical points become ranges of points on 


QB OO, OO, 
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while, by any other* transformation of the system Si’, some one of the three is 
carried to Q; and the other two with Q, become ranges of points on 


Q Q Q On QQ 


20. It follows that in operating upon IT, by any one sof the set of transfor- 

mations 
Sp. (i= 2, 3, 4, 5), 

the ins configuration, IL, contains again the 4 pencils and 6 sides of IL, 
while the diagonal lines become proper conics in IT. It is convenient for this 
` purpose to choose the following special transformations : 

Big~ (12) ; 212: Zg hy Bg © hy Myth Zy, 

Bg ~ (132) 5 21:2: Zg = Zy (Zs — %) : Zy (zs — 2) : (%3 — BI) % — i 

eu (1452); glizh: al = g (21 — za) : (21 — z) (2 — 2) 2% (2 — 2), 

8m ~ (152) ; 2:23:23 = 2 (Za — Za) i (24 — Zs)(22 — 21) : 2a (a — 21). 

The generators of the subgroups G$? are found by transforming K, L, M. 
through 813» 818 84, 85 respectively. The three conics of Il; are given by operat- 
ing upon the diagonal lines of Il, by 451, s5!, sy, si! respectively. The boun- 
daries of the fundamental regions of II, are shown by operating upon those of 
Ti, by #35}, 8is', on), 8% i ONA 

The configurations, I, .... Iy, are shown in the i III, IV, V, VI. 


i $4: — Tar CONFIGURATION FOR Gig. 
. Algebraic Study of the Configuration, Arts. 21-27. 


21. If, now, the figures IT, be superposed upon the complete quadrangle II, 
the resulting configuration II admits the following algebraic: verification as to 
the intersections of the twelve conics with the sides and diagonals of IL. 

22. Since [Art. 19] the three conics of II; each pass through 

Q Ger Qo BEJ, Fk, £L = 9, 3, 4, 5], 


but none of them through the fourth vertex, therefore, through each vertex pass 
3.3 = 9 conics. 


23. Since [Art. 20] the 6 sides and 4 pencils of II, are reproduced in IL; 
while the 3 diagonals in each case become proper conics, the intersections of II 





*The set Dy’ is included in the set #5. See Art 15. 
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will evidently be of three kinds only, namely, (a) conics with the sides, (b) contes 
with the Hs (c) conics with conics.. 


24, Each side, in addition to the 2 vertices lying on it, through each of 
which pass 9 conics, has 2 other rational points through each of which passes one 
conic, thus : 


-On the sides lie the rational points. 
m= 0 — 0: 1: 2 and 0:2:1 
A — % = 0 : 1:—1: 1 and 2:1:2 
g= 0 1: 0: 2 and 2:0:1 
B—%=0  —1: 1: 1 and 1:2:2 
a—%=0 > 1: - 1:—1 and 2:2:1 
z, = 0 1: 2: O and 2:1:0: 


26. Each side has also one intersection with a diagonal line. It will be 
.found in the succeeding grouptheoretic study that these belong to the same class 
as the intersections with the conics. 


26. Each diagonal line has 4 points, through each of which pass 4 conics, 
one. belonging to each of the oe IL. 
Thus, on the lines 


Ate-me0, %— 4-40, 4—8+a—0 
lie respectively the systems of 4 points: 


—A:1L+A:1 - 2:—4/:1 — À : a:l 

—N:1+4/:1 | ÀA:—2:1 — y: À :1 

1+2: —2:1. 1+2: 2A:1 + LAIT 

1+: V1 14a: Wil. Nil+A:1 
wherein a = T+ /5- ye inn. 


2 $ 2 


27. The only real intersections of the 12 conics among themselves are at 
the 4 vertices and at the above 12 irrational points on the 3 diagonals. But 
there is a set of 20 imaginary points, through each of which pass 3 conics. These 
will be discussed in the succeeding grouptheoretic study. The configuration IT 
is shown in Fig. X. 
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Grouptheoretic Study of the Configuration II, Arts. 28—46. 


28. In order to discuss the systems of conjugate elements under the main 
group, a generating operator is needed which extends G{ to Gig. Any trans- 
formation of Gw not contained in G{ will serve, since the index of GP under ` 
Gao is a prime. | i 

It will be convenient to choose for this purpose 


T ~ (15)(34), [see Art. 4], 


. since K, L and Tare edge-operators for the region defined by 


z — % £o, 
Z + %— 23 20, 
21 2 — % Z + 2% % SO, [see Fig. XT]. 


The old generator M is now expressible in terms of K, L, T, thus: 
M = TKLKTLTR, 


so that K, L, T generate the group Gis. 


29. Under Gj) any element—point, line or conic—will, in general, go into 
120 conjugates. Certain elements may, however, go into fewer conjugates. 
Such a special element Æ is invariant under a subgroup @ {Æ}, whose index 
under Gx indicates the number of elements in the conjugate system. 

The element Æ may be designated by a notation n consisting of such a com- 
bination of the indices 1 .... 5 as will characterize the corresponding substitu- 
tion group G'{ E}. This notation may be indicated on the group by G71 Et. 

Let S be any transformation in Gig. Then, if Æ is invariant under G {E}, 
STE will be invariant under S-'G{E}S. 

Let s be the substitution corresponding to S. Then, if n is the notation 
for E,ns will be the notation for S-1E, wherein s acts as a substitution upon 
the indices in the cycles of the notation n. Likewise, the notation for SH 
is ns}, | i E oo 

The complete set of substitutions changing the notation of Æ to that of SE 
is given by @'{ Etļs™t, and the transformations corresponding to the inverse of 
the substitutions in the set are the only ones in G,,, which throw Æ to SE. 
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30. As an illustration of such a special element, the diagonal 
Z + Za — Zg = 0, | 


which is fixed by points under the transformation corresponding to the substitu- 
tion (23)(46), is found to be invariant under the subgroup 


. Gee Re 12485}, 
Its notation will then be 23 .45, provided we agree 
93,45 = 32.45 = 32. 54 = 45 .32 = D4 . 32 = 54.93, ete.; 


` 


that i is, the pairing is definitive, but not the sequence either of the pairs o or the indices 


in'a pair. . 

The transformation S~ (134) 
throws œ > | & + %— % = 0 
to the conic 2 Z — Dy ty + 22 = O. 


This conic is fixed by points under the transformation ~ (15)(24) and is inva- 
riant under the subgroup 


GBA — -IGIMS ~ (134)-1/ 24351, (134). 
Its notation ig >- 15. 24 = [283 . 45](134).t 


_ The complete set of transformations throwing the diagonal 23.45 to the conic 
15.24 is given by the substitutions 


[{2485},(134)]-1. 


31. Since the index of G2 under Gy) is 15, it would at once appear that 
the 3 diagonals and 12 conics form a conjugate system. This is shown in the 
. following table,f in which the generators K, L and T are applied successively to 
the diagonal, while its notation is transformed by the inverse of the correspond- 


*Notation of Cayley. See foot-note to Art. 10. 

+ Article 20. This means operate on the cycles of the notation 28.45 with the substitution (184). 

t The result of operating on any diagonal or conic of the configuration by any transformation of 
Gi.) may be read at once from this table without algebraic computation. 
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ing substitutions (these being the same as the direct, since K, L, T are all of 
period 2). | 


Diagonals and Conics. Notation. | K~ (84). |Z m (28)(45). | T ~ (15)(84). 


a + 2 — % | 23.45 
A — By By - 24.35 
EEE 25 . 84 
B— % Ry ; 12.34 
Bot o 12.35 


Zy 23 — B . =0-j 12.45 


of — 2g + m2 =0 | 13.24 


A Méta =0 | 13.26 
„Za Že — Zy Zg — hy Za k 4820 
By — Le F 2 z 14. 23 
nm agat = 14. 25 
nt E azs %%— =O | 14.35 
E E 0 | 10,28 
Z% — g tA =O 15. 24 


aa— antah =0 | 16.34 





The 3 diagonals | i i : 
l wijk (i, j, k, = 3, 4,5) - 
belong to the linear subgroups i j | 


AT. 
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The 12 conics _ | | 12.74 | | Gi, kh, = 2, 3, 4, 5) 
belong the quadratic subgroups | 
GA ~ {ijik}s. 


32. a a the side z=0 


is found to be fixed by points a the transformation ~ (24) and nt 
mney the subgroup ; 
GH ~ {185} all 124}.* 


Its notation will then be "+ © Q4 == 42, 


Since the index of G% is 10, the 6 sides do not form a complete system, but we 
have seen that under quadratic transformations a- pencil of directions plays the 
same rôle as a side of the quadrangle TI, , 80 that the 4 pencils and 6 sides may 
form a conjugate system. In fact the transformation 


| S~ (12)(34) 
throws the side l g= 0 
tore panora h'%!#=0:0:1.- 


This pencil i is fixed by directions under the transformation ~(13) and i is invariant 
under the subgroup 


= SG a Se r [(12)(84) 4135} all {24}][(12)(84)]. 


The notation for the pencil is 
13 = 24 [(12)(34)].+ 


The complete set of operators COWIE the side 24 iat the pencil 13 is s given by 
the substitutions 
[{135} all PORC se 


33. The notation for the 10 elements and the proof that isy in a closed 
system under the generators K, L, T, is as follows: 


* See foot-note to Art. 10. 
ae means operate upon the notation 24 with the substitution (12) (84). 
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Sides and Penoils. | Notation. | K.~ (84). | L~(28)(45). | 7~(15)(84). 


1:1:1 

' 0:0:1 
1:0:0 
0:1:0 
A = 0 
` = 0 
2 = 0 
a — % —0 
my — % = 0 
a 


The 6 sides, 


belong to the subgroups 


The 4 pencils 
belong to the subgroups 


12 


13 
14 


15 
23 
24 
25 


34 
85. 


45 


12 
14 
13 
15 
24 


23 


25 


34 
45 
35 


Gh ~ {1A} all {ÿ}, 
li = ¿l | 


Git ~ ju} all {1i}, 


‘18 


` 24 


(Fj, =2.... 


FESE D ar 


25 
12 45 
15 35 
te. 15 
23 24 
35 23 
34 12 
25 34 
14 
45 13 
(j,k, l Hi, = 2. 


-859 


5), 


8). 


° 5), 


5). 


34. Each line or conic in the above system is a locus of fixed points under 
the transformation corresponding to the substitution by which it ig named. 
These are the only such loci under the operators of Gw, as will at once appear 
by the following complete list of fixed points for the different types of transfor- 


mations: 
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35. Period 2, Two Types. 


(1). Type (ÿ). a 
(a). When i#j, = 2.... 5, the side ÿ is a locus of fixed points. 
One point not in the locus 4 is fixed, namely, the intersection of the diago- 
nal ij. kl with the side #1. (k,l, Ei j, = 2.... 6). 
One direction is fixed in each of the pencils, 14 and 1/, namely, that one 
whose tangent passes through the fixed point outside the locus if. 
(b). When i= 2 .... 5, the pencil 14 is a centre of fixed directions under the 
‘transformations 8y; ~ ai). ' 


One direction is also’ fixed under these transformations in sash of the 


pencils 
17, 1%, 11, (j, k,l, Æi, =2.... 5). 


And one point is fixed in each of the sides passing through the vertex 11, namely, 


. jk, jt, kl. 
(2). Type (ÿ)(#). | 
(a). When i,j, 4,1, —2.... 5, the diagonal 7. Æl is a locus of fixed points 

under the transformation ~ (¢,)(4) and one point not in 4. is fixed under the 
same transformation, namely, the intersection of the other two diagonals. 

‘(b). When i= 1 and j, k, I= 2 .... 5, the conic 17.4 is a locus of fixed 
- points under the transformation ~ (17)(&), and one direction also is fixed in the 
pencil 1£, that one whose tangent is common to the conics | 


1k.gl and 17.37%. 


36. Period 3. One type, (ijk). p (j, #=1.... 6). 


Thexe à is no locus of fixed points for this type, but there are two classes of 
discrete fixed points, namely, 
(a). A pair-of imaginary. points through which pass the three conie? 


- [Art. 42] ' | 
. ÿ.lm, tk. tn, gle tn, Gd, el, mes: 2 5). 


` (b). A pair of i imaginary points lying on the side (or imaginary directions in 
the PEACE) (Art, 46) | 
lm, . (@,m=1.... 5). 
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37. Period 4. One type, (ijkl). 


There is no locus of fixed points, but again two classes of discrete fixed points. 

(a). Real points where two sides meet two diagonals. Such a point on a 
side is conjugate with a direction in a pencil whose tangent (one of the sides) is 
common to the two conics corresponding to the two diagonals. See Art. 43. 


(b). Imaginary points which lie in pairs:on thé diagonals or conics. See 
Art. 45. 


38. Period 5. One type, (ijklm). 


The only fixed points are real, discrete points whose codrdinates involve the 
surd 4/5. These will be discussed in Art. 44. 


39. Period 6. One type, (ij )(klm). 


Again, the only fixed points are imaginary, discrete points of the same ds 
as class (b) under Period 3. See Art. 46. 


40. We have thus found no loci of fixed points (or directions) except the 10 
sides (and pencils) and 15 diagonals and c conics which are exactly all the curves 
in the configuration IT. 

In order now to discover all the systems of conjugate points with their 
respective notations, we take any known fixed point under a given type of trans- 
formation and find the. subgroup which leaves it unmoved and determine its 
notation by means of the corresponding substitution group. Then we operate 
upon it with the generators of Gs, transforming the notation as in Arts. 31, 33, 
and continue the process till the system is cloged. | 

The intersection points of II are classified as double, triple, quadruple and 
quintuple, according to the number of lines or conics passing through them. 

Corresponding to a double point lying on one of the sides will be a direction in 
one of the pencils, whose tangent belongs to one conic only, while to a quadruple 
point on one of the sides corresponds a direction in a pencil, whose tangent is common 
to two conics and coincides with:a side passing through the pencil. 

Following is a complete enumeration of intersection points and their conju- 
gate systems : 


12 
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41. Double Points. 
The point —1:0:1 
is invariant under romains of Period 2 corresponding to 
(84), (25) and (25)(34), 
and under no others except identity. It, therefore, belongs to the subgroup | 
GH ~ {(28)(34)} | 
The point > 1:2:1 


-is also invariant under the same subgroup. The notations for these two points 
are, then, = _ 
25.34 and 34. 25, 
where the sequence of pairs is definitive but not the sequence of indices in a pair. 
The first pair indicates the name of the side which is cut at the point by the 
diagonal 25.34. The stroke distinguishes the notation from that of the diago- 
nal 25.34= 34.96. [Art. 30.] | 

The complete list, consisting of 12 directions in the 4 pencils plus 18 
points on the 6 sides is as follows: 


“Direction”? Tangents in the Pencils. | Notation. 


— 22,+ m+ % =0 
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Intersections on the Sides. | Notation. 
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These points or directions, which lie by threes on the 6 sides and 4 pencils, 
are fixed by pairs under the 15 distinct conjugate subgroups of order 4. That is, 
the points as E 
| j. kl and kl.iÿ 


belong to the groups GEE ~ $07) (el). [i j, ey ty Sd arb, 
42. Triple points. | 
The two imaginary points* 
- 1—o:1—o?:1 and 1—:1—-0:1 


are fixed under the transformation ~ (254), and are invariant under the sub- 





*, and o? are imaginary cube roots of unity. 
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‘group | ” | 
GA ~ [{254} all {12}] pos. 


These points may be named respectively 
13,245 and 18. 254, 


where ` | . 13 . 245 = 81. 254 31. 245 
and | 13.264 = 31. 245 + 31. 264. 


- That is, the meaning of the notation is unchanged by reversing the cyclic order 
of indices in both parts simultaneously, but not in either part alone. 
The points of this system are as follows : | 


20 Triple Points. Notation. . 


12. 345 
12.364. 
13.245 
13.254 

` 14. 235 
14. 253 
15.234 
15. 248 
23.145 © 
23.154 
24.135 
24.158 
25.184 
25.143. 
34.125 
34.152 
35.124 
35.142. 
45.123 
45.132 


€ 


wo 
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o: 
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s © & © 
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These points belong in pairs to the 10 distinct conjugate subgroups 

Gym = [{m} all {ÿj}] pos. 

Namely, to GŸ-** belong the 2 ou 
| Him and ÿ.kml, ' [i j,k, l, m, =1 .... 5]. 
43. Quadruple points. 3 
The point | 0:1:1 
- is fixed under the E TE T to 
© (24)(86) and (2345), 


and is invariant under the subgroup 


. GABA 93451, 
LT he direction in the pencil 15, | | | 
| ay — 2 = 0, ` ge 


is fixed under the transformations 
(15)(34) and (1354), 
ee is invariant under the subgroup | 
GE- 11854}. 
We name this point and direction 
| 4.38 and 16.34 


respectively, where the pairing only is definitive, the strokes serving to distin- 
guish these from the conics 15 . 34, 24.85, and also from the double points 


15.34, 84.15, 24.35, 35. 24. 


The complete set is as follows: : 
© 48 


366 Suavant: The Oross-Ratio Group of 120 Quadratic 


“Direction”? Tangents in the Pencils. | Notation. 


12 
| 12 
/ 12 
13 
13 
13 
14 
14 
14 
15. 
15 
ie 





The points or directions of this system, tj. kl, are ane under the 15 
distinct subgroups | | 
GB fille, | (i,j, k, 0=1.... 5). 
44. Quintuple pointe. D 


The points* —A:1+24:1 and —4:1+4/:1 


are fixed under the transformation of period 5 corresponding to 


(12543), 
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and are invariant under the subgroup 
10 ~ {12543 ho = [ {12543} 59] pos. 
These points may be named respectively 
12543 and 14236, : 


with the understanding that the meaning of the notation is unchanged so long 
as the same direct or reverse cyclic order is maintained, thus 


12543 = 25431 = 64321 = .... = 13452 = 34521 = .... 
14236 = 42361 = 28614 = .... = 15824 = 53241 = .... 


This system is as follows: 


Quintuple Pointe. Notation. 





—A:1+2:1 | 12543 
—M:14+4:1 | 14285 
1A: —A:1 | 19468 : 
14+: —N:1 | 14525 

—A:1 | 15428 

—A:1 | 12534 


À ;1 | 16248 
14532 
15342 
14523 
13524 
12346 





These points are fixed by twos under the 6 distinct conjugate subgroups; thus 
the two points 
lijki and 1hkilj 
are fixed under the subgroup 
GY ~ [1 Like} oo] pos. (i,j, k,l, =2.... 5), 
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+ 45. There remain for consideration two systems consisting of imaginary 
fixed points which are not intersection points in the configuration IF. 
One such system belongs to transformations of Period 4. Thus, the points* 
1l—tisetit and 1+¢:7¢:1 | | 
are fixed under the transformation ~ (2345), and are invariant under the sub- 
group . 
GPS ~ 12345} cyc. 
These points may be named respectively 
2345 and 2543, 


with the understanding that the meaning of the notation is unchanged so long as 
the same direct cyclic order is maintained, thus: 

2345 = 3459 = 4593 = 5234, 

2543 = 6432 = 4325 = 3254, 


This system is as follows: 


80 Complex Points. 


1 
1 
2 
2 
k 
1 
1 
1 
2 
2 
1 
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80 Complex Points. 






Notation. 








. These points lie in pairs on the 15 conics and diagonals, namely, the two points 
+ r E 
jkim and jmlk 
lie on l À jl. km. | 


They also belong in pairs to the 16 distinct conjugate subgroups 
Gi ~ {jtm} cyc,  (j,k,l,m, = 1.... 5). 
46. Finally, the points- a pe 


—a:0:1 and — o’: 0:1 


are fixed under’ transformation of Periods 3 and 6, and belong to the sub- 
group | 
Git ~ 4184} cyc. {25}. 


And the directions 
f : où + %= 0 and a + 2=0 
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are invariant under | 
| GZS ~ {245} eye. {13}. 
These points and directions may be named respectively 
7 134, 148, 245, 254, 
the direct cyclic order only being definitive. 
This system is as follows : 


. “Direction ” Tangents in the Pencils. | Notation. 





@ 2 + % + a's, = 0 12 345 
o% +%+o%=0 | 12 | 354 
| O%+ %=0 13 | 245 
a+ g=0 13 | 254 
ty + @ 2% = 0 
ty + ae, = 0 
m+ O% = 0 








: 0 
:0 
:1 i 
1. 
al 
=l 
x 
Da 
ad 
i] 
:1 
1 





These points or directions lie in pairs on the 10 sides and pencils, and belong in 

` pairs to the 10 distinct conjugate subgroups; thus the points yk and iky belong to 
GY = GP ~ {ijk} cyc. {Im}, | 

` (ijik, l,m, =1.... 5). 


: 
et ee 
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Geometric Study of the Configuration XI, Arts, 47-60. 


47. In the preceding grouptheoretic study, we have found loci of two 
types: . ; | 

(a) The 6 + 4 sides and pencils #. 

(b) The 3 + 12 diagonals and conics if. x; 
and real intersection points of three types: 

(a) The 30 double points 77. ki. 

(b) The 15 quadruple points ý . A. | 

(c) The 12 quintuple points km, [i J, k, l, m, = 1... 5]. 


2 


48. These points are distributed in the following manner : 
(1) On the line of type ij. M are two points, 

ÿ. kl and Hl. ij. 
On the line (or pencil) of type # are 3 points or directions, 


Y kl, ÿ.km, ÿ.im. 
Hence we enumerate = 
2.15 = 8.10 = 30 double points. 


(2) On the line 7.4 are .2 points 
: EE GW end a fh, 
and through such a point 46.71 pass 2 curves 
| ij kl and il. ty. 
On the line of type tj are 3 points, 
and through such a point 27.4 pass 2 lines 


ij and xi, 
thus giving 
2.15 _ 3.10 __ 


= = 15 quadruple points. 


(3) On a curve of type if. kl are 4 points, 
© T miki, milhj, mkijl, migit, 
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and through such a point miklj pass 5 curves, 
kl, mi.kj, mkf, ml.ik, mj il, 
thus enumerating 


a == 12 quintuple points. 


49. A line of type if contains 6 intersection points, always in the cyclic 


order, | 
4, 2,4, 2, 4, 2, [see Fig. X], 


where the numbers indicate the multiplicity of the points, thus: 
(a) On the finite side 25: 
14.25, 25. 34, 13.25, 25. 14, 2%. 34, 95.18. 


(b) On the line at infinity 28, starting at 23.45, the intersection with ‘ils 
diagonal 23.45, and reading clockwise, 


93.45, 15.23, 23.14, 23.45, 35.15, 14. 23, 


(c) In a finite pencil 13, starting at 13.26, the intersection with the side | 
24, and reading counter-clockwise [see Fig. XI], 


. I3. 25, 13.94, 18.46, 13.25.13.24, 18.46, 


woa 
x 


' (d) In a pencil at infinity 14, starting at 14.23, where the parabolas 12.34 
and 13.24 are tangent to the line at infinity 23, and reading counter-clockwise, 





14.98, 14.25, 14.35,.14.23, 14.25, 14.35. 
50. A line of type if. kl has 8 intersection points always in the cyclic order, 


2, 5, 4, 5, 2, 5, 4, 5, - 
the numbers indicating the multiplicity, thus: 
(a) On a diagonal 23.45:- 
98.45, 12543, 24.35, 14325, 45.28, 14235, 25.84, 12458. 


(b) On the hyperbola 15. 23, starting in the pencil 15 and reading contin- 
uously along the curve ` | . 
15.23, 14523, 12.35, 15243, 23.15, 15342, 13.925, 14532. 


é 
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(c) On an equilateral hyperbola 15.34, starting in the pencil 14, 
14.35, 12543, 15.34, 12534, 18.45, 14235, 34.15, 15423, 
(d) On a parabola 12.35, starting at infinity and reading counter-clock- 
Wise, ` | | E | 
15.28, 12548, 35.12, 12345, 18. 25, 14235, 12.35, 13524. 


It is to be noted here that 15.23 is a direétion in the pencil 15, whose tangent 
23 is common to the two parabolas, 


12. 35 ana 13: -26, 


and thus ii pencil 15 is said to be cut by 
28, 12.35 and 13.925, 


forming the equivalent of a quadruple point. LArt. 40.] 


Fundamental Region for Go. Arts. 51-66. 


51. If the fundamental region is known. for any subgroup, that of the main 
group may be found by successively extending the subgroup and subdividing 
its region. 

Let F, represent iis fundamental region for the subgroup Gh, then for 


G,= 41}, R= the whole plane. 


52. The extender 
l L ~ (23)(45) 
leads to the subgroup 
G= |L} ~ {28.45}, 


with the relation ` -L =l. 
F, is then defined* by 


#20, | 
f 4 + 2% — z220. [See Fig. VIL] 
53. Again, the extender 
| M~ (45) 


leads to the subgroup 
| = =i Mj ~{(23)(45)} 





* With the understanding that 2,, 2,, 2, are all + above 2, = 0 and to the right of 2, = 0. 
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with the relations l | i | 
oe L=M(LM}=1. ; + 
The defining inequalities of F, are now | ws 
| _ a Z3 z 0, 
Z+ %, — %y > 0~ ey [See Fig. VIIL] 
- The generators L and M are edge-operators on the boundaries of F, and 
since the repetition of these operators can introduce no new lines, F; is at once 


a simple region. 


54. The extender ~- K (34) 
leads to the subgroup | | : 

i GQ = 1K, L, M}~ {2345} all 
with the relations [see Fig. IT], __ 
on APS M — (LM) = (MK) = LEY = 1. 

Since the index of G, under Gj is 6, it follows that F, should be partitioned 
into 6 simple. regions by the generators of G9. In fact, K, L, M are edge- 
operators on the. lines l i , j 
84, 23.45 and 45. 

It is easy to do that the repetition of these transformations gives no lines 
entering the region F, except 
23, 34, 35 and 23. 45, 


and these produce the six subdivisions defined as follows : 


D 4 +%—%20,'4—%20, a — % <0. 
(II). - %—% 20, &— B20, 4 — 2% —2%<0. 
(iT). Dé a —%20, se: n—A4—%<0. 
(IV). , m20, m—m20, m—%—2%20. 
QE mZ0, %—%2.0;, 4—%—#20. 
(VI). .#20, m@S0, 4 +%—%20. 


56. By use of these ipequenues and the three generators K, L, H, it may 
be readily shown : 
; (a) Each of these six ‘regions is noi: that i is, it is not subdivided by any 
line of IL. f 
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(b) Any point im the plane outside one of these regions, say (1), has one and 

only one conjugate point within that region. 
(c) Any ‘point eithin one of these regions has no other conjugate point l 
within it, | | 
We may then name region (1) Pipi in agreement with Art. 8, (6), and the 
others in order will be 
K, KM, KL. KL, KLE. See Fig. IX. 


Since each boundary of. F, „ is a fixed axis of reflection for one of the gene- 
rators, it follows that the boundaries, including the corner points, count as a 
part of the region Fy, and hence of every conjugate region in IL. 


57. Applying the six extenders to @,, we “get the rectangular table for GY: 





These are the operators of GS as shown in Fig. I. 


58. Finally, the extender. ` 
| T ~ (15)(34) 
leads to the mec group | 
Gin ~ {12346} all. 


It is to be shown that Fy is divided ‘into five simple regions by the lines and 
conics of the configuration H , Fig. X. | 
To show what curves enter Fy. 
(a) No curve of IL, can cut Fy, since this is a fundamental region for GQ. 
(b) Hence, the only possibilities of partition within Fẹ are by the 12 conics. 
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Of these, it has been shown [§4] that none pass through the vertex 25.34, 
none through the vertex 45.928, 9 through the vertex 12, one through point 
34.15, on the boundary 34, none ‘through any point on the boundary 45, and 4 
through the point 14235 on the boundary 23. 45. | 

There are thus only three possible points of entrance into F,, 


12, 34.15 and 14235. 


It remains to show which of the conics through these points actually cut the : 
boundary and enter the region. For this purpose it is convenient to use non- 
‘homogeneous coordinates, putting . i 


a = P a = o. 
59. The interior of Fy, is then defined by 
| EE © a) 
pe > 0, (2) 
pto—1>0. (3) . 
“From (1) and (3), oh g > 0. i = (4) 
From (2) and (3), l | p> oe (5) 
` Consider any one of the conics through 14235, say 13.24, 

f o — 20 +p=0, ` (6) 
from which > 3 p=20— 0, PS: 
Substitute (7) in (1), D — oF —-1 <0. 

Hence, oy © a (o— 1)? > 0. ` (8) 
_ Substitute (7) in (2). 26 — o® —o > 0, | 

or : gs —o>0. 

Hence, 5 >0. | ”. (9) 


which agrees with (4). | 

Substitute (7) in (3), © 20 — +0 —1>0, 
or | | d—(s—1} > 0. l 
Hence, © o>0. i - (10). 
which agrees with (4), i 
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Since, by (8), (9) and. (10), the defining inequalities of Fy, are consistent. 
with (7), therefore, the conic 13. 24 enters the region Fu. 
In like manner the other conics - 


12.35, 14.25 and 15.24- . 


may be shown to cut the boundary at 14235 and enter the region Fy. 


60. Of these four conics, 15.34 passes through the point 34.15, and hence 
must cut the boundary 34 at that. point. The other three pass through the 
vertex 12, and hence must pass out of Fi, at that point.. 

Moreover, none of the remaining 9 conics through 12 can enter the region Fy,, 
since the only pene of exit, 34.15 and 14235, have already their maximum 
number. 

Hence, precisely 4 conics pass through the region Fy, and, therefore, the 
partition into at least 5 parts is established. 


61. To show that each of ‘hess asin is a simple region, we name and define 
them in order as follows, starting at the vertex 25.34 and passing along the 
boundary 23.45 toward the vertex 45. 23. 


1 ; p—150, p.+o —120, po— p+1<0, 
T 3; p—1£0, po—p +620, o — 2+ p20. 
TL ; p—020, o — 26 +p <0. 

TLT ; p—0o<0, po — 2p +120. 
TLTL; p—o20; p +o —120, po —2ÿ+12Z0. 


_ The only possibility of subdivision in any one‘of these regions is by one 
of the 4 conics (just shown to enter Fy), which is not a boundary of the region < 
in question. For instance, the region 1, whose interior is defined by 


p to—-1>0, ©. (2) 
pope > Os | (3) 


` could be subdivided only by | 
| 12.35; p—o  —0,. © (9 
~ | 13.24; o® — 26 + p—0, (5) 
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or 14. 26; po — 2 +1=0. .(6) 
Substitute the value of o from (4) in (2), 

p+p—1>0. | | (7) 
Substitute the same in (3) and find 

Ptp-1<0 8) 


. As (7) and (8) are contradictory, 12.35 does not enter region 1. 
Substitute the value of p from (5) in (3), 


; . &—80—1>0... (9) 
Also in (2), C — 0 + 38¢—1>0. i - (10) 
Add (9) and (10), . < —2>0. 


As this is impossible, 12.34 has no points with region 1. 
Finally, substitute the value of p from (6) in (3) and find 


o — 80 +1>0. i (11) 


Also in (2), = G+ 89—-A2>0. - a) (12) 
Add (11) and (12), "  —1>0, 


Hence, 14. 25 does not enter the region 1. Therefore, 1 is a simple region, and 
in the same manner each of the other four regions may.be proved simple. 

The names already given to these four regions correspond to the transforma- 
tions by which they are respectively derived from the region 1. 


62. These transformations | 
TT TLT, TLTL, 


are the proper extenders with which to form the rctangular table for Gig) from 
the operators of GY, for 

(a) They are all different from bee of Ga since no two points in Fy, can 
be conjugate under GQ. 

(b) They are distinct from one another, since the supposition of equality 
between any two of them leads to a contradiction. 

Such a table would contain initially the four generators 

| K, L, M, T, 
from which, howéver, M may be eliminated by the relation | 
M= TKLKTLTK, = (3) 
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where 7, Land K are edge-operators on the boundaries of: region 1; that ts, each 
generator has for its awis of reflection one of ‘the boundary or curves ohiek it leaves 
Jixed by points. 

The table is not given in full, but the thirty subdivisions of F, are marked 
in Fig. XI, and the others (some of which are indicated), may be read at once 
by nppiying t to these the transformations of 


= {L, M} ~ {(23)(45)}, 


together with the relation ta 


63. Since Fy is shown to be partitioned into 5 simple regions, therefore, so 
is each of the 24 divisions of IL. À 

Hence the configuration II contains precisely 120 regions and the transfor- 
mations of Gp) throw region 1 to these 120 regions respectively, each bearing 
_ uniquely the name of the transformation by which it is derived from region 1. 
Therefore, the conditions are fulfilled for a fundamental region _ 


1= Fy, 


in which the boundaries and vertices count as a part of the region. 

(a) No two points of Fix are conjugate under any transformation of Gig, 
since every such operator throws each point of F to a conjugate point in the 
new region whose name is the transformation in question. . 

- (b) Any point in the plane has af least one conjugate point in Fim; for every. 
point belongs to one of the 120 regions, and hence is thrown to a PO in Figo 
by the inverse of the transformation naming that region. 

(c) No point in the plane can be conjugate to two points of Pile since. these 
two points would then be‘conjugate to each other, contrary to (a). 


64. Fig is a triangle, two of whose sides are of type ÿ.kl, and the third of. 
type if, while the vertices are double, quadruple, and quintuple points respec- 
tively, thus including all types of real points and lines in the configuration IT. 

Hence, each of the 120 regions. possesses the same characteristics. The 
apparently two-sided figures have a pencil as the third side of type 11, and direc- 
tions in that pencil as the double and quadruple vertices. [See Art. 40.] 

Thus, region TZ has the boundaries i 


13.24, 12.85 and the pencil 12 
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and it has the vertices 


nn eme —-. 


14235, 12.54 and 12.36. 


65. Certain generational relations may now be read. from the combination 
of transformations about the édges and vertices of the fundamental region. __ 
(1) Since K, L and T are reflections on the three boundaries of Fy), then 


. Ba BPo l=. 
(2) AT is a rotation about a double point in either direction through 180°. 
. (3) KL is a clockwise rotation about a quadruple point through 90°.- 
(4) LT is a clockwise rotation about a quintuple point through 72°. . 
Hence, (KTP = (KL) = (LT =.1. 


The abstract generational conditions also require other relations in addition 
to the above.* 
Tan UNIVERSITY oF CHICAGO, July 18, 1900. 


*E. H. Moore, “Concerning the Abstract Groups of Order kl and 4%! Holoedrically Isomorphio 
with the Symmetric and Alternating Substitution Groups on k Letters”? (Proceedings of the London 
Mathematical Society), vol. XXVIII, No. 697, pp. 857-866. Also, ‘‘Concerning Klein’s Group of 
(n+ 1)! n-ary Oollineations’’ (American Journal of Mathematics, vol. XXII, pp. 841-842, §10, 1900). 
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